Estimation of Average Treatment Effects With
Misclassification

Arthur Lewbel*
Boston College

May, 2003

Abstract

This paper provides conditions for identification, and an associated estimator, of the average effect
of a binary treatment or policy on a scalar outcome in models where treatment may be misclassified.
Misclassification probabilities and the true probability of treatment are also identified.

Misclassification occurs when treatment is measured with error, that is, some units are reported to
have received treatment when they actually have not, and vice versa. Conditional outcomes, treatment
probabilities, and misclassification probabilities are all nonparametric. The identifying assumption is
an exclusion restriction, specifically, the existence of a variable that can take on at least three different
values, affects the decision to treat, and is conditionally independent of the conditional misclassification

probabilities and the average treatment effect.
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1 Introduction

This paper provides conditions for identification, and an associated estimator, of the average effect (condi-
tioned on covariates) of a binary treatment, program, or policy on a scalar outcome in models where treat-
ment may be misclassified. Misclassification occurs when treatment is measured with error, that is, some
units are reported to have received treatment when they actually have not, and vice versa. The assumptions
provided also identify conditional on covariates misclassification probabilities and the true probability of
treatment, in addition to identifying the conditional average treatment effect.

Treatment is defined to be exogeneous or unconfounded (also known as selection on observables) if the
decision to treat or to enroll in a program is independent of potential outcomes conditional on covariates.
Assuming unconfoundedness, when treatment is observed without error the average treatment effect can
be estimated by matching, differencing within subpopulation averages of treated and untreated units, or by
propensity score methods. Relevant models and estimators include Heckman (1974, 1976), Rubin (1974),
Heckman and Robb (1985), Rosenbaum and Rubin (1985), Manski (1990, 1997), Robins, Mark, and Newey
(1992), Angrist, Imbens, and Rubin (1996), Heckman, Ichimura, and Todd (1998), Hahn (1998), Abadie
and Imbens (2002), and Hirano, Imbens, and Ridder (2002).

Assume that treatment is unconfounded, but the researcher has an imprecise measure of treatment, so
some individuals who were actually treated are recorded as untreated and vice versa. For example, if
treatment is schooling, some respondents may either lie or not know if the particular training or schooling
they’ve had counts as higher education. In a medical context, some patients may fail to follow a therapy
regiment that is assigned to them. In a study of pension plans, Gustman and Steinmeier (2003, table 6¢)
and Molinari (2002, table 5) found that 15% of respondents that actually had a defined benefit plan claimed
to have a defined contribution plan, and 26% that actually had a defined contribution plan claimed to have
a defined benefit plan. In this example, an analysis of treatment (plan type) on outcome (e.g., retirement
income) would suffer from substantial misclassification bias if respondent’s data on plan type were used.

Many structural treatment models, in particular some parametric or semiparametric latent variable se-
lection models, violate unconfoundedness. See, Lewbel (2002) for an example, and more generally Vyt-
lacil (2002) and Heckman and Vytlacil (2001) for relationships between latent variable selection models
and treatment effect estimators. Apparent violations of unconfoundedness, or of other conditions used to
identify and estimate treatment effects, could be due to misclassification, i.e., potential outcomes that are
unconfounded with respect to to true treatment could violate unconfoundedness with respect to treatments
observed with error. For example, the assignment of individuals to either treatment or no treatment could



be completely determined by some unknown function of observables, but because of misclassification there
will be apparent randomness in the assignments.

In linear outcome models, if observed treatment satisfied classical measurement error, then ordinary two
stage least squares methods could be used. However, binary regressors cannot satisfy classical measurement
error assumptions. Alternatives to two stage least squares for linear outcome models with mismeasured
binary regressors include Card (1996) and Kane, Rouse, and Staiger (1999).

Choice or assignment of treatment can be interpreted as a binary choice or binomial response model
Examples of recent papers that consider estimation of binomial response misclassification model parame-
ters or misclassification probabilities include McFadden (1984), Chua and Fuller (1987), Brown and Light
(1992), Poterba and Summers (1995), Abrevaya and Hausman (1999), Hausman, Abrevaya, and Scott-
Morton (1998), and Lewbel (2000). In binomial response models a distinction is made between misclassi-
fication that can happen to any unit with some probability, versus the case where some respondents (which
are unknown to the researcher) are always correctly measured while others provide natural responses,”
e.g., always claiming to be treated or untreated regardless of the truth. See, e.g., Finney (1964). For the
purposes of the present paper the distinction between these two types of misclassification is irrelevant; they
will be observationally equivalent.

For treatment effects, misclassification is closely related to the problem of identification in the presence
of imperfect compliance in an otherwise randomized experiment. See, e.g., Angrist, Imbens and Rubin
(1996) and Balke and Pearl (1997). Also related are cases where an instrument used for identification is
imperfect, as in Hotz, Mullin, and Sanders (1997), or when either covariates, treatment, or outcomes are
not observed for some subjects, as in Robins (1997), Horowitz and Manski (2000), and Molinari (2002).

This paper provides a set of minimal conditions for identification of probability of treatment, misclassi-
fication probabilities, and of average treatment effects when treatment may be mismeasured. An estimator
that employs these identification conditions is provided. The identifying condition is the existence of an
instrument, i.e., a scalar or vector of variables that can take on at least three different values, affects the
decision to treat, and does not effect the conditional misclassification probabilities or the average treatment
effect.

This source of identification is an example of an exclusion restriction, that is, a variable that affects some
relevant functions and not others. Exclusion restrictions are a common method of obtaining identification
in econometric models. See, e.g., Powell’s (1994, section 2.5) survey. However, what is perhaps peculiar

or surprising about this result is that a collection of potentially high dimensional unknown functions are



identified even though the instrument can be discrete, with as few as three mass points. A related result is
Abadie (2003), in which a binary instrument that affects treatment decisions in specific ways is considered.

2 Identification

Let Y be an observed outcome, 7* index the actual, unobserved treatment, and 7" index the reported treat-
ment. The possible treatments are ¢ = 1 corresponding to being treated or enrolling in a program, and ¢t = 0
for no treatment. Let Y (¢) denote the outcome from treatment 7* = ¢. Let X be a vector of covariates. The
goal is estimation of the conditional average treatment effect E[Y (1) — Y (0) | X = x]. Define

O =EX | X=x,T*=1)—E(Y | X=x,T*=0) (1)

ASSUMPTION Al: E[Y(¢f) | T*, X] = E[Y(¢) | X]

Assumption Al is the conditional mean weakening of the standard unconfoundedness assumption,
which is with respect to the true treatment 7*. Heckman, Ichimura, and Todd (1998) show that this version
of unconfoundedness implies that the conditional average treatment effect satisfies

E[Y()=Y(0) | X =x] = *(x)

If T* were observed without error, then equation (1) would provide an estimator for 7 *(x), by replacing
expectations with nonparametric regressions. Other estimators, e.g. those based on the propensity score,

would also be possible given unconfoundedness, as noted in the introduction.
ASSUMPTION A2: E(Y | X, T*, T)=E(Y | X, T").

Assumption A2 says that, conditional on X and on the actual treatment 7*, the measurement of treat-
ment does not affect the expected outcome. This is analogous to the classical measurement error assumption
that actual outcomes be independent of any measurement errors made by the researcher. This could be a
substantive assumption if the misclassification is due to a misperception on the part of the subject, for ex-
ample, if 7 indicates the treatment that the subject thinks he or she had, then Assumption A2 would rule
out placebo effects.



Make the following definitions.
r*(x) =E(T* | X =x)

bx)=E[I(T=1—=1) | X=x,T*=t]=Pr(T=1—¢t | X=x,T" =1)

Note that, conditioning on X = x, the function »*(x) is the probability of receiving treatment, while b1 (x)
is the probability of misclassifying the treated and bo(x) is the probability of misclassifying the untreated.

ASSUMPTION A3: bo(x) + b1(x) < I, E(T* | X =x,T =1]# E(T* | X = x,T = 0], and
0 <r*(x) < 1forall x € supp(X).

Assumption A3 says first that the sum of misclassification probabilities is less than one, so on average
our observations of 7 are more accurate than pure guesses. In a binomial response model with misclas-
sification, this assumption is what Hausman, Abrevaya, and Scott-Morton (1998) call the monotonicity
condition. Given failure to observe 7*, without an assumption like this, by symmetry one could never tell
if the roles of t = 0 and t = 1 were reversed, and so for example one could not distinguish whether any
estimate of 7*(x) corresponded to the treatment effect or the negative of the treatment effect. Similarly, the
second condition of Assumption A3 says that 7" provides some information beyond what x contains regard-
ing the probability of treatment. Assumption A3 also requires that for any x we may condition on, there is
a nonzero probability of treatment and a nonzero probability of nontreatment, which is needed because a
conditional treatment effect cannot be identified if everyone is treated or if no one is treated.

Define the following functions.
r(x)=E(T| X =x)

) =EXY | X=x,T=1)—EY |X=x,T =0)

ASSUMPTION A4: Assume r(x) and 7 (x) are identified.

The functions r(x) and 7 (x) are conditional expectations of observable data, so Assumption A4 will
hold given any data set that permits consistent estimation of these conditional expectations. If X is discretely
distributed, then only consistency of sample averages is required.

Note that »(x) and z(x) are the same as »*(x) and 7*(x), except defined in terms of the observed
treatment 7" instead of the true treatment 7%, so if treatment were observed without error, then 7 (x).would be
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the conditional probability of treatment and, by Assumption Al, 7 (x) would equal the conditional average
treatment effect
Define

_ 1 [ =bi1(x)]bo(x) [l = bo(x)]b1(x)
m(x) = (1 —bi(x) — bo(x)) (1 B r(x) B 1 —rx) ) ' @)
THEOREM 1: Let Assumptions A1, A2, A3, and A4 hold. Then

V*()C) _ I"(X) - b()(X)
1 =bo(x) = bi(x)’

7(x) =77 (x)m(x), (4)

and if bo(x) and b (x) are identified, then the probability of treatment »*(x) and conditional average treat-
ment effect E[Y (1) — Y (0) | X = x] are identified.

)

Theorem 1 shows that if the misclassification probabilities b;(x) are known to the researcher or can be
identified (for example from a validation sample), then the true conditional average treatment effect 7*(x)
is identified. Results similar to those of Theorem 1 have been used to construct bounds on treatment effects.
See, e.g., Hotz, Mullin, and Sanders (1997).

Now consider identification of the misclassification probabilities b;(x) without outside data. An in-
teresting implication of Theorem 1 is that the true conditional average treatment effect *(x) equals the
estimated treatment effect 7 (x) divided by a function m (x) where m (x) is determined entirely by treatment
and classification probabilities, not outcomes. This fact is exploited to obtain identification in Theorem 2
below.

Partition X into two subvectors J and Z, so X = (V, Z).

ASSUMPTION AS5: For some set Q C supp(V), forallv € Q, v9 € Q, and z € supp(Z), we have
b (v, z) = bs(vg, 2), * (v, z) = *(vo, 2), and * (v, z) # r*(vg, 2).

In a small abuse of notation, let b;(z) and 7 *(z) denote b, (v, z) and 7* (v, z), respectively, forv € Q. The
distribution of V" can be discrete; V' could be a scalar that only takes on a few different values. Assumption

AS says that there exists a variable V' that affects *, and hence the true treatment probabilities, but after



conditioning on other covariates Z does not affect either the measurement errors b, or the conditional
average treatment effect ¢ * (at least for some values that /" might take on).

Having a V' that doesn’t aftect the misclassification probability is a commonly employed assumption for
identification in binomial response models with misclassification. See, e.g., Abrevaya and Hausman (1999),
Hausman, Abrevaya, and Scott-Morton (1998), and Lewbel (2000). A typical assumption in misclassified
binomial response is that by and b; are constants, which would imply that any elements of X could serve as
V' for that part of Assumption AS.

Having V' affect »* but not 7* is a weaker version of the type of exclusion of assumption that is com-
monly used in the identification of selection models. For a job training program, an example of ' might be
nonwage related income or benefits, or more generally any variable that, after conditioning on other covari-
ates, does not affect the average effectiveness of the program but is correlated with eligibility or selection,
such as distance to the school as employed by Card (1995) and others. Another possibility is that /' could
be a second mismeasured observation of 7*, with an independent source of classification error, as in Kane,
Rouse, and Staiger (1999).

ASSUMPTION A6: There exists three elements vy € Q, k = 0, 1, 2, such that

(r(vo,z>_r<vl,z))( t00.2)  1(02,2) )#(T(UO,Z)_T(ULZ))( t00.2)  t(01,2) )
r(vy,z) r(vo,2) 1 —r(,z) 1—r(vo,z2) r(vay,z)  r(vo,z) 1 —r(@i,z) 1—r(og,2)

The main content of Assumption A6 is that /' can take on at least three values. The required inequality
in Assumption A6 will only fail to hold if z(vg,z) = 0, or if r(vg,z) = r(vy,z) = r(vy,z), or if a
complicated equality relationship holds amongst the three conditional outcomes and conditional treatment
probabilities, which would require a perfect coincidence between probabilities and outcomes. It is possible
to directly test this assumption, because these 7 (vg, z) and r(vg, z) functions are conditional expectations
of observable data, and so can be directly estimated (they are identified by Assumption A4). Finally, note
that if /' can take on more than three values, then Assumption A6 will hold as long as there exists any one

triplet of V" values that satisfies the necesary inequality.

THEOREM 2: Let Assumptions Al, A2, A3, A4, AS, and A6 hold. Then the conditional misclassi-
fication probabilities by(x) and b1 (x), the conditional probability of treatment »*(x), and the conditional
average treatment effect E[Y (1) — Y (0) | X = x] are all identified.



It follows from Theorem 1 that 7 (vk, z)m (v, z) = 7 (vg, z)m (vg, z). Substituting equation (2) into this
expression yields an equation that depends only on the identified functions 7 and » and on the two unknowns
bo and b;. Evaluating this expression for £ = 1 and k£ = 2 gives two equations in the two unknowns. These
equations are nonlinear, but the proof of Theorem 2 shows that these equations still uniquely define and
thereby identify by and b;. Each value that ' can take on provides another equation that by and b; must
satisfy, so in general the larger is the set Q of values that } can take on (which satisfy Assumption AS), the
greater will be the number of overidentifying restrictions determining bo(z) and b1 (z).

Here V' was required to take on at least three different values. These results may be immediately
extended to show that only a binary ¥ would be required if we had some additional equality restriction on
the misclassification probabilities by and b1. For example, in some applications it may be known that one
or the other of these probabilities is zero, or that these probabilities are equal to each other.

3 Estimation

For simplicity, assume that the distribution of X is discrete, and in particular that the number of observations
of each element of supp(X) goes to infinity with the sample size. Also for simplicity let Q = supp (V) =
{vo, ..., vg }. To estimate r*(v, z), bo(z), b1(2), and 7*(z) for any given z, restrict attention to the set of n(z)
observations Y;, T;, V; having Z; = z. All further mention of z may now be dropped, with the understanding
that all defined and estimated parameters are implicitly functions of z.
Define
ae =1/E[I(T =1,V =vp)],

te=E[[TYay+ (1 —T)Yau ]l (V = vi)]

a a
aok alk
COROLLARY 1: If Assumptions Al, A2, A3, A4, AS, and A6 hold then
q(bo, b1, aok, a1x)to = q(bo, b1, ao, a10) Tk, (5)
ri(vg) = —, (6)
aik + aok



and
q(bo, b1, ago, ar0)

(7)

T

Note that equation (5) comes from m(v)7 (vg) = m(vo)7z(v) = 0, which is the equation that provides
generic identification of by, b1 in Theorem 2.

Define
/
0 = (aoo, -.-, A0K » @105 ---, A1,K—1,70, bo, b1)

and define g(0, Y, T, V) as the vector consisting of the following 3K + 2 functions

IT=tV=0)—/ag), t=01; k=1, K—1
I(T =0,V =) — (1/aok)
[TYaio+ (1 = T)Yapll (V =vo) — 70
q(bo, b1, aok, arx)to — g (bo, b1, ao, a10) [TYaix + (1 — T)Yau] I(V = vy), k=1,.,K—-1

1 K-l -1
q bo,bl,GOK,(l—Zzl/azk-i-l/aw() 70—

t=0 k=0
1 K-1 -1
q (bo. b1, ago, aio) TY(I - > Vau+ l/aOK) + (1= T)Yaok | I(V =)
t=0 k=

COROLLARY 2: If Assumptions A1, A2, A3, A4, AS, and A6 hold then E[g(Y, T, V,0)] =0

Now E[g(Y, T, V,0)] = 0. This is a total of 3K + 2 moment conditions, and # has 2K + 4 elements, so
assuming identification (which by Theorem 2 holds for K > 2), we may apply Hansen’s (1982) Generalized
Method of Moments (GMM) to obtain a consistent, asymptotically normal estimate 0 of 0 at rate root n
under standard conditions. In particular, if we have n independently, identically distributed draws Y;, T;, V;,

efficient GMM gives
V@ —0) >4 N, (SwTsH™h



where S = E[og(Y, T, V,0)/00'land W = E[g(Y, T, V,0)g(Y, T, V,0)]. A technicality is that GMM
assumes parameters have compact support. This could be imposed, consistent with (and slightly strength-
ening) Assumption A3 by assuming thaté < 1/ajx < 1 —0,0 < b;, and by + b; < 1 — ¢ for some small
0> 0.

Equation (7) defines 7 *(0), so the estimate of the conditional average treatment effect is 7 * (@). Applying
the delta method yields the limiting distribution

.G a 0TO) (gry-1g) ! 970)
Valr* @) —(0)] ¢ N (0, 2 (577's) ae)

Similarly, the estimate of the probability of treatment is * (5) as defined by equation (6), and the estimated

misclassification probabilities are 30 and 31.

4 Conclusions

This paper provides a set of minimal conditions for identification of treatment probabilities, misclassifi-
cation probabilities, and average treatment effects when treatment may be mismeasured. An estimator
that employs these identification conditions is provided, based on direct estimation of relevant conditional
expections. It would useful to explore whether other treatment effect estimators such as matching and
propensity score based methods could be adapted to the present application where treatment may be mis-
measured.
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S Appendix

PROOF OF THEOREM 1: Recall 7*(x) = E(T* | X = x).
By the definition of r(x),

rx) = Pr(T=1|X=x,T*=D)Pr(T*=1|X=x)+Pr(T=1|X=x,T*=0)Pr(T* =0 | X =x)
= [1=b1(x)]r*(x) + bo(x)[1 —7*(x)]

So r*(x) = [r(x) = bo(x)]/[1 = bo(x) — b1 (x)].
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Next, define
pi(x) = E[I(T"=t)|X=x,T =t]
ri(x) = E[I(T*=1t)| X =x]
sor{(x) =r*(x)andr;(x) =1 —r*(x). By Bayes rule

Pr(T =t | X=x,T*=t)Pr(T* =1 | X = x)

pi(x) = Pr(T =t | X =x)
B Pr(T =t | X=x,T"=0)Pr(T* =t | X =x)
T O P(T=t|X=x,T*=0)P(T* =t | X=x)+Pr(T =t | X=x,T*=1—-0)Pr(T*=1—1| X =x
_ [1 = b (07 ) _ [1 = b)) @)
[1—=b:(x)]r/ (x) + b1— ()1 —r/ ()] [1=bi(x) = bi—s ()]r/ (%) + b1—(x)
So
) [1 = b1 @) )
[1 = bi(x) — bo(x)]r*(x) + bo(x)
_ =@ () — )]
[1—=b1(x) — bo(x)]r (x)
_ [1 —bo(x)][1 —r*(x)]
polx) =

[1 —bo(x) = b1()][1 —r*(x)] + b1 (x)
_ [ =beM)]I = r(x) = bi(x)]
[1 = b1(x) = bo(x)][1 —r(x)]

Now define 4;(x) = E(Y | X = x, T* = t). By Assumption A2, h;(x) = E(Y | X =x,T* =1¢,T)

and so
EY | X:x,T:t):Z}:OE(YlX:x,T:t,T*:j)Pr(T*:t|X:x,T:j)
= h(@)pi(x) + h1— ()1 = p(x)]
Substituting this expression into the definition of 7 (x) gives
t(x) = m&)p1(x) +ho(x)(1 — p1(x)) — [o(x) po(x) + h1(x)(1 — po(x))]
= [h(x) = ho(x)][p1(x) + po(x) — 1]
= 7 ()[p1(x) + polx) — 1]

14



so 7(x) = t*(x)m(x) where

m(x) = [p1(x) + po(x) — 1]

[1 —b1(x0)][r(x) — bo(x)] n [1 —bo(x)][1 —r(x) — b1 (x)]

[1=b1(x) —bo()]r(x) [ —=bi(x) —bo(x)][1 —r(x)]

( 1 ) (1 =@k [1- bo(x)]bl(x)) |
1 = b1(x) — bo(x) r(x) I —r(x)

For identification, E[Y (1) — Y(0) | X = x] = *(x) by Assumption Al, and 7*(x) = 7(x)/m(x), where

m(x) is identified by bo(x), b1(x), and 7 (x). Assumption A3 ensures that m (x) is finite and nonzero.

PROOF OF THEOREM 2: For a given z, we have for all v € Q, using Theorem 1,
t(v,z)  m(,z)
t(vo,z)  m(vo,2)

To ease notation further, drop z. Then m(v)7 (vg) — m(vo)7 (v) = 0 and substituting in for m gives

(by — Dby (bo — 1)by (by — Dby | (bo — )by
0= (1 + r(v) + 1 —r(@) ) ©(v0) = (1 + r(vo) + 1 —r(vo) ) t®) ®

0=<1—b1)bo(’(“°) ’(”))+<1—bo)b1( ) _ () )+T(D)—T(vo)

r@) (o) I—r() 1—r()
Evaluate this equation at v = vy, and rewrite it as

0 = Bowor + Biwix + wok

where B, = (1 —b1_,)b; and each w j is a function of 7 (vg), 7 (v%), 7 (vo), and 7 (v%). Given that Q contains
three elements vg, v1, and vy, we have two equations 0 = Bowoi + Biwir + wyy for k = 1, 2 that are
linear in the two unknowns By and By, and so can be uniquely solved as long as the matrix of elements w j,
j = 0,1,k = 1,2, is nonsingular. The inequality in Assumption 6 makes the determinant of this matrix

nonzero, as required. Let s = 1 + By — By. Given By and By, the equations B; = (1 — b1—;)b; imply
0= b% —sb; + B

bop=14+b1 —s

This pair of equations has two possible solutions

by =[s £ (s> — 4B))"/?])2
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by =1~[s F (s* — 4B1)' ]2
Summing these two equations gives
bo+ b =1+ (s> —4B)'/?

so the restriction that by + b1 < 1 means that b1 is uniquely determined by the negative root, and so by
and b; are uniquely determined. Then, by applying Theorem 1, the conditional average treatment effect
E[Y(1) = Y(0) | X = v, z] is identified.

PROOF OF COROLLARY 1: By the definitions of » and ,

1 ark 1 aok
=14 —, — = — 9
r(vk) aok 1 —r(vr) aik ©)
t(vp) = E[(Taik + (1 = Tao) L (V =vp)Y]. (10)
Substitute equations (9) and (10) into equation (8) with v = v to get
aik aok
0 = [1 + (b1 — Dby (1 + a—) + (bo — )by (1 + a—)] E[(Taio+ (1 — T)ao) I (V = v9)Y]
Ok 1k
alo aopo
- [1 o= 00 (14 22) 4 o - 1o (14 a—)] El(Taw + (1 = Tao) [ (V = o))
00 10

which gives equation (5). Next, from Theorem 1, t* = 7(vg)/m(vg) = 7(v9)(1 — by — bg)/q0(8), which

gives equation (7).

PROOF OF COROLLARY 2 It follows from Corollary 1 and the definitions of as, 74, and ¢ that

E[I(T=t,V=00)—(l/ag)] =0, t=0,1; k=0,..,K

Elto—[TYaio+ (1 — T)Yagl I(V =v9)] =0
El[q(bo, b1, aok, a1x)To — q(bo, b1, ago, aio) [TYaix + (1 = T)Yaox] L (V = vi)] =0, k=1,.,K
Also, by construction Z}:O Z/If:o 1/a; = 1. The corollary follows after using this equality to substitute

out for ag.
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