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Abstract: This paperstudiestheeconometricproblemsassociatedwith estimationof a stochasticprocessthat is endogenously

sampled.Our interestis to infer thelaw of motionof a discrete-timestochasticprocess
�
pt � that is observedonly at a subsetof

times
�
t1 ��������� tn � thatdependontheoutcomeof aprobabilistic samplingrule thatdependsonthehistory of theprocessaswell as

otherobservedcovariatesxt . Wefocusonaparticularexamplewherept denotesthedaily wholesalepriceof astandardizedsteel

product.Thereis nocentralizedspotmarket for steel,which is bestdescribedasa “dealermarket” whereindividualtransactions

resultfrom privatebilateralnegotiationsbetweenbuyersandsellers,typically intermediatedby middlemenknown assteelservice

centers. Althoughthereis no centralrecordof daily transactionspricesin thesteelmarket,we do observe transactionpricesfor

a particular trader— a middleman(i.e. a steelservicecenter)that purchasessteel in the wholesalemarket for subsequent

resalein the retail market. The endogenous samplingproblem arisesfrom the fact that we only observe pt on the daysthat

the traderdecidesto make purchases.We presenta parametricanalysisof this problem underthe assumptionthat the timing

of steelpurchasesis part of an optimal trading strategy that maximizesthe intermediary’s expecteddiscounted trading profits.

We derivea parametricpartialinformationmaximumlikelihood(PIML) estimatorthatsolvestheendogenoussamplingproblem

andefficiently estimatesthe unknown parametersof a Markov transition probability that determinesthe law of motion for the

underlying
�
pt � process.Theestimatoralsoyieldsestimatesof thestructuralparametersunderlying thatdeterminetheoptimal

tradingrule. We alsointroduceanalternative consistent,lessefficient,but computationally simplersimulatedminimumdistance

(SMD) estimatorthatavoidshighdimensionalnumericalintegrationsrequiredby thePIML estimator. UsingtheSMD estimator,

we provideestimatesof a truncatedlognormalAR(1) modelof thewholesalepriceprocessesfor particulartypesof steelplate.

Weusethis to infer thefractionof theintermediary’sdiscountedprofitsthataredueto themarkupsit chargesits retailcustomers,

andwhatfractionis dueto purecommoditypricespeculation,i.e. its successin timing purchasesof steelin orderto profit from

“buying low andsellinghigh.”
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1 Intr oduction

This paperstudiesthe econometric problemsassociatedwith estimation of a stochasticprocessthat is

endogenously sampled. Our interest is to infer the law of motion of a discrete-timestochastic process�
pt 	 that is observedonly at a subsetof times

�
t1 
��
����
 tn 	 thatdependon theoutcomeof a probabilistic

samplingrule thatdependson thehistory of theprocessaswell asotherobservedcovariates xt . We focus

on a particularexamplewherept denotesthedaily wholesale priceof a standardizedsteel product. There

is no centralized spotmarket for steel, which is better describedasa “dealer market” whereindividual

transactionsresultfrom privatebilateral negotiationsbetween buyersandsellers,typically intermediated

by middlemenknown assteel servicecenters.1 Although there is no centralrecord of daily transactions

prices in thesteel market, we do observe transactionpricesfor a particular trader— a middleman(i.e. a

steelservicecenter) thatpurchasessteelin thewholesalemarket for subsequentresale in theretail market.

Theendogenoussamplingproblemarisesfromthefact thatweonlyobserve pt on thedaysthat thetrader

decidesto makepurchases.

We present a parametric analysisof this problemunderthe assumption that the timing of steelpur-

chasesis partof anoptimaltrading strategy thatmaximizestheintermediary’sexpecteddiscounted trading

profits. We derive a parametric partial informationmaximumlikelihood (PIML) estimator thatsolvesthe

endogenoussampling problemandefficiently estimates the unknown parameters of the Markov law of

motion for
�
pt 	 togetherwith thestructural parametersthatdetermine theoptimal trading rule. We also

introduceanalternativeconsistent,lessefficient, but computationally simplersimulated minimumdistance

(SMD) estimatorthatavoidshighdimensional numericalintegrationsrequiredby thePIML estimator. The

SMD estimator is essentially ananapplicationof thesimulatedmomentsestimator(SME) introducedby

LeeandIngram(1991)andDuffie andSingleton(1993)to thecaseof endogenously sampleddata.Using

the SMD estimator, we provide estimatesof a truncated lognormalAR(1) modelof the wholesale price

processesfor particular typesof steelplate. We usethis to infer the fraction of the intermediary’s dis-

countedprofitsthataredueto themarkupsit charges its retail customers,andwhatfraction is dueto pure

commodityprice speculation, i.e. its successin timing purchasesof steelin orderto profit from “buying

1It is a puzzlewhy centralizedexchangesexist for somecommoditiessuchaspork bellies,but not for steel. Rustand
Hall (2003) developa theoryof intermediation in whichthemicrostructureof tradein acommodityor assetis endogenously
determined.Dependingon theparametersof this modelthereareequilibria consistentwith all tradeoccuringvia a market
maker on a centralizedexchange,or all tradeoccurringvia decentralizedtransactionswith middlemen,or somemixture of
middlemenandmarketmakers.This theorycouldexplain thevarietyof differenttradinginstitutionsthatweseein different
markets.
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low andselling high.”

This paperwasmotivatedby previous work (Hall andRust,1999,2000and2001)on modelingthe

speculative trading and inventory investmentdecisionsof a particular steelwholesaler. This firm does

minimal production processing: its main activity is to stockpile quantities of varioustypesof steelvia

bulk purchasesat wholesale pricesfrom producersandotherlarge intermediariesin orderto profit from

subsequent resaleto retail customersat a mark-up.This firm hasprovideduswith a uniquenew dataset

with daily observationsonpurchasesandsalesof themorethan2,300products it carries. While thesedata

areuniquein their level of detail andquality, thefirm doesnot recordany pricesin its computerizeddata

baseunlessa purchase,sale, or adjustmentoccurs.Theessenceof the endogenoussamplingproblemis

thatweonlyobservepurchaseprices on thedaysthatpurchasesoccur.

Let
�
pt 	 denotethestochastic processrepresentingthelowestpriceofferedby any sellerof aparticular

steelproducton day t. We assumethat thefirm observes pt at eachday t, but it only records pt whenit

decidestoplaceanorder. Letqo
t denotethequantity orders(purchased)ondayt. Theendogenoussampling

rulecanbestated asfollows:

pt is observed ��� qo
t � 0�

It is notationally convenientto treattheendogenoussamplingproblemasa censoredsamplingproblem:

i.e.,we setpt to somearbitrary valuesuchaspt � 0 whenqo
t � 0, andlet pt equaltheobservedpurchase

pricewhenqo
t � 0. Notethatwe alsoobserve theretail salesprices

�
pr

t 	 thattheintermediarychargesits

customers. Sinceretail sales occurmuchmorefrequentlythanpurchaseson thewholesale market, retail

pricedata
�
pr

t 	 canprovideakey sourceof informationfor learningabout
�
pt 	 . Howeveronthesubsetof

dayswhereboth pt andpr
t areobserved, we observe thatmarkupspr

t � pt arequitevolatile, andvary by

time, location, andtypeof thecustomer. In otherwords,thereis considerableprice discrimination in the

retail market for steel. As a result theretail priceof steel pr
t is bestregardedasa noisyandbiased signal

of thewholesalepricept andthereforemaynotprovide information thatis directly relevantfor estimating

theunknown parametersof thewholesalepriceprocess.

Ourtreatmentof thewholesalepriceprocess
�
pt 	 asanexogenously specified“forcingprocess” thatis

known upto afinite numberof parameters is admittedly only afirst approximationto reality. Theassump-

tionsthat
�
pt 	 is observedeachdayby the intermediaryandevolvesasanexogenousstochastic process

(i.e. its realizationsdo not dependon actionsof theintermediary) areparticularly strongrestrictionsthat

we intend to relaxin futurework. As we notedabove,pricesin thesteelmarket aredeterminedvia bilat-
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eralnegotiations: thereis no central market placewherethelowestpricecanbeeasily observed. Instead,

in orderto getprice quotes,purchasing agents within thefirm mustcommunicatewith steelproducers or

other intermediaries via telephone,fax, telex, or recently, the WWW. Thuseachprice quoteinvolvesa

smallmonetaryandtimecost.However this leadspotential endogeneity problems,sincethebestpricethe

firm is ableto negotiatedependson theintensity of its search/bargainingprocess, andthis intensity level

could vary depending on the conditions it faces. We defer the difficult issues associatedwith potential

endogeneity in
�
pt 	 to future research. However while a morerealisticmodelof speculationwould result

in a morecomplicated dynamicprogrammingproblem,we believe thegeneral approachesto estimation

of theunderlyingpriceprocessesdescribedin thispaperwill still apply, (although with somemodification

sincewhenthereis no spotmarket andthe“law of oneprice” doesnot hold,we would needto estimatea

conditionalprobability distribution representingthetrader’s beliefs aboutthedistribution of pricesin the

marketplacegivenhis information).

We ignore theclassical “simultaneousequations” endogeneity problems in
�
pt 	 sincethe intermedi-

ary’s purchasesin the wholesalemarket constitute a negligible fraction of total steeltransactions in any

givenday. Consequently, theassumptionthatthefirm hasno influenceon wholesale pricesis a goodfirst

approximation. We alsobelieve our assumptionthat thefirm is continuouslyawareof thebestwholesale

pricefor eachof its productsis a goodfirst approximation. Indeed,if this firm is to besuccessful it must

have a comparative advantagein “shoppingthemarket”. This canbeobtained by makinginvestments in

communicationstechnologiesandpersonal contactsto reducethemarginal costof searching for pricesas

low aspossible. Oncetheseinvestmentsarein place,it is reasonableto presumethatonany givenbusiness

day, thefirm is awareof thebestwholesaleprice pt for any oneof its products.If thefirm’sactionsdonot

haveasignificantimpactonthebestavailablepurchaseprice, weassumeits beliefsabouttomorrow’sbest

wholesale price pt � 1 canberepresentedby a transition densityg� pt � 1 
 zt � 1 � pt 
 zt � , wherezt is a vectorof

additionalobservablestatevariablesthathelp thefirm predict future wholesaleprices andretail demand

for its products.

Our initial interestis to summarizethelaw of motionfor wholesaleprices usinga flexibly parameter-

izedspecificationfor g� pt � 1 
 zt � 1 � pt 
 zt � . Oncewe have learnedmoreaboutthenatureof wholesale steel

prices andthe behavior of traderswithin this market, our ultimateinterestis to analyze the endogenous

determinationof
�
pt 	 in the context of a modelof equilibrium price dispersion that allows for positive

transactionscosts, costsof search,andotherfrictionsthatpreventthe“Law of OnePrice” from holding. If

it is possibleto developatractablemodelthatallowedfor search,bargaining,andtheendogenousdetermi-
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nationof equilibrium pricesin thesteelmarket,wecouldusethismodelandotheravailable aggregateand

market-level information to obtainmoreefficient estimatorsof theparametersof thewholesale pricepro-

cess
�
pt 	 . Howeveranestimatorthatrequiresnestedsolutionsof anequilibriummodelof pricedispersion

is likely to bea very computationally intensive. In this paperwe demonstrate that it is possible to obtain

consistentbut lessefficient estimatorsthatdonot requirea full blown modelof how pt is determined,and

ignorethemarket andfirm-level endogeneity issues associatedwith theendogenousdetermination of pt .

Evenso,theestimatorsweproposearestill computationallydemandingbecause they dealwith adifferent

setof endogeneity issues,namelythoseassociatedwith theway
�
pt 	 is sampled.

Themethodweproposerequiresrepeatedlysolvingarathercomplicateddynamicprogrammingprob-

lemto determinetheintermediary’soptimaltrading strategy for eachtrial valuefor theunknown parameter

vectorθ. Extendingaseminalresult by Scarf(1959)for asimplerclassof inventory investmentproblems,

Hall andRust (2001)proved that the optimal speculative investmentstrategy for a fairly generalclass

of commodityprice speculationproblemstakesthe form of a generalized � S
 s� rule wherep is the cur-

rentspotprice of steelandx representsa vectorof otherstatevariables(including interestrates, demand

shifters,andvariablesrepresentingunobservablecostshocks)affecting the firm’s investmentdecisions.

ThefunctionsS� p
 x� ands� p
 x� satisfy s� p
 x��� S� p
 x� . Thelowerbands� p
 x� is thefirm’sorder thresh-

old: it is optimal for thefirm to placeanorderwhenever its current inventory level q falls below s� p
 x� .
The upperbandS� p
 x� is thefirm’s target inventory level: whenever thefirm places an orderto replen-

ish its inventory, it ordersan amountsufficient to insurethat inventory on hand(the sumof the current

inventory plusnew orders)equalsS� p
 x� .
Theorderthreshold function s� p
 x� is thesourceof theendogenoussamplingproblemsincethefirm

only records the spotprice p on thosedayswherea purchaseoccurs. Therefore we have the following

endogenoussamplingrule:

pt is observediff qt � s� pt 
 xt ��� (1)

Conditional ona purchaseoccurring,weobserveanorderof sizeqo
t givenby

qo
t � S� pt 
 xt � � qt 
 (2)

andqo
t � 0 otherwise. Usingthegeneralized � S
 s� rule asour modelof theendogenousdeterminationof

samplingdates,weproposetractableestimatorsthatareableto consistentlyestimateθ despite theabsence

of completeinformationon
�
pt 	 .
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We have focusedon the issueof endogenoussamplingsincewe view it asa first orderproblemthat

impedesour ability to learnaboutthelaw of motionof
�
pt 	 . Our theory impliesthata profit-maximizing

intermediaryis morelikely to purchase steelwhen pt is low thanwhenit is high, which makesit clear

that ignoring theendogeneity problemandtreating theobservationsof
�
pt 	 asoccurring on a randomly

selectedsubsetof datescouldleadto misleading inferencesabout
�
pt 	 . For example,we show via simu-

lationsthatthesampleaverageof pt atobservedpurchasedatesis aninconsistentandsubstantially down-

wardbiased estimator of theunconditionallongrunmeanof wholesaleprices. By developingeconometric

methodsthatsuccessfully dealwith theendogeneity of thesamplingprocess,webelievewecanovercome

themostimportantendogeneity problemlimiti ngourability to learnaboutpricedeterminationin thesteel

market. In subsequent work we planto revisit theotherendogeneity problemsconnectedwith searchand

bargaining andequilibrium pricedeterminationthatwe have outlinedabove. In theremainderof this pa-

perwe proceed undertheassumptionthatour failure to modelequilibrium in thesteel market will affect

our ability to learn aboutpricedetermination in this market only to theextentthat theequilibrium law of

motion for
�
pt 	 cannotbewell approximatedby a flexibly parameterizedspecification for the transition

density g� pt � 1 
 zt � 1 � pt 
 zt � .
Theproblemof endogenoussamplingarisesin a variety of contexts, includingfinancialapplications

wheretransactionprices aresampledat irregularly spacedintervals (seeEngleandRussell, 1999,and

RussellandEngle,1998),andin marketing applications whereprices for householdpurchasesareonly

observedondatespurchasesaremade(seeAllenby, McCullochandRossi1996,ErdemandKeane,1998).

However we arenot awareof any econometric literature thatis directly relevantfor handlingendogenous

samplingissuesin a time series context. The mostdirectly related work is the literatureon likelihood-

basedmethodsfor correcting for endogenoussamplingin cross-sectional andpanelcontexts (Manski and

McFadden,1981,McFadden,1997).

Themain ideabehindthe likelihoodbasedapproach is to write down a likelihoodthat reflects a cor-

rectly specifiedprobability law for theendogenoussamplingscheme.In somecases, consistent,but less

efficient quasimaximumlikelihood andGMM estimatorshave beenproposed. Theseestimatorswork by

appropriately re-weighting the observationsto adjustfor the effectsof non-randomsampling,similar in

somerespects to theway theconditionalprobabiliti esin thelikelihoodreflectanappropriateweightingof

theoutcomes.We follow this generalstrategy in this paper, andproposea partial informationmaximum

likelihood(PIML) estimatorthatis consistentandasymptotically normallydistributed.HoweverthePIML

estimator requireshighdimensionalnumericalintegrationsthatcanonly befeasibly donevia MonteCarlo
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or quasiMonteCarlomethods.

We introducean alternative lessefficient but computationally simplersimulated minimum distance

(SMD) estimatorthatdoesnotattemptto re-weighttheobservationsin orderto insureconsistency. Instead,

theestimatoris similar to thesimulatedmomentsestimator (SME) of LeeandIngram (1991)andDuffie

andSingleton (1993).TheSMD estimator only relieson theability to simulate realizationsof theoptimal

trading model. Thesesimulations can thenbe censored in exactly the sameway as the observed data

arecensored,similar in many respects to thestrategy of “dataaugmentation” usedin Bayesian inference

of latent variable models. The idea of the SMD estimator is simply to chooseparameter valuesthat

result in simulatedmomentsthatmatchtheobservedmomentsasclosely aspossible,whereboththereal

andsimulated dataarecensoredaccording to thesamesampling rule; namelytheonegiven in equation

(1). It shouldbe apparent that although the two estimationmethodswe present herearespecialized to

our particular steelexample,it shouldbe straightforward to generalize thesemethodsto other typesof

endogenoussamplingproblemsthatarisein awidevarietyof othercontexts.

Section2 introducesthesteel speculation andinventory problemthatmotivatedthis research.Section

3 presentsaparametric, full information approach to inferenceusingageneralization of amodelof optimal

commoditypricespeculation andinventory investmentdevelopedin Hall andRust(1999,2000,2001).An

independent contributionof thissectionis toprovideatractablespecificationfor unobservedstatevariables

affecting thespeculator’s trading decisionsthataccountsfor thefrequently bindinginequality constraints

that purchasesof steelmustbe non-negative. The fact that this constraint is strictly binding at qo
t � 0

preventstheuseof standard Eulerequationmethodsto uncoverthetrader’sdecisionruleandtheassociated

endogenoussamplingrule for wholesale steelprices. By introducinganunobservedstate variable,we are

ableto derive a nondegenerateconditional probability distribution for qo
t thatallows usto derive a partial

informationlikelihoodfunctionfor thefull setof datathatweobserve,ξ t � � qt 
 qo
t 
 pt 
 pr

t 
 zt � . Weestablish

theconsistency of thePIML estimatorby showing thatthevaluesof thejoint process
�
ξ ti 	 on successive

purchase datesti (whenall componentsof ξt areobserved)is anembeddedMarkov chain. This allows us

to invoke a standard InformationInequality argumentto establish theconsistency of thePIML estimator.

Via a standard Taylor seriesapproximation andan appealto an appropriateCentralLimit Theoremfor

mixing processes, it is possible to establish the asymptotic normality of the PIML estimator. Section 4

introducesthe simulated minimum distance estimator andderivesits asymptotic distribution. Section 5

presents someinitial MonteCarloevidenceon theperformanceof theestimatorsproposed in this paper.

Section6 presentstheresultsof anempirical applicationto severalplatesteelproductsfor whichwholesale
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prices areassumedto evolve according to a univariate truncated lognormal AR(1) process. We estimate

theunknown parametersof thepriceprocessandtheunknown parametersaffectingtheintermediary’scost

of purchasingandholding inventory. Wethenevaluatehow well ourgeneralized � S
 s� tradingstrategy fits

thesedata,anduseour results to infer thefraction of the intermediary’s discountedprofitsaredueto the

markupsit chargesits retail customers,andthefraction that is dueto purecommoditypricespeculation,

i.e., its successin timing purchasesof steel in orderto profit from “buying low andselling high.”

We find that a simpleversionof the modelthat posits that
�
pt 	 is a lognormal AR(1) processdoes

not fit the datawell: our modelpredicts too many small trades relative to what is observed in the data.

This suggeststhat it is necessary to estimatea model that allows for richer dynamicsin steelprices,

includingallowing for “macroshock”variablesandoverall indicesof steel prices thatcanprovideabetter

approximationof thefirm’s beliefs aboutfutureprice movements.However simulationsthatcomparethe

recommendedtradesfrom our optimal tradingrule to the actualtrades madeby the company over the

periodof our datasetreveal thatour modelresults in higherrealizedtrading profitsdespitethepotential

misspecificationin theAR(1) priceprocess.
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2 EndogenousSampling in a Price SpeculationProblem

Thissectionextendsan � S
 s� modelof commoditypricespeculationdevelopedin Hall andRust(1999,2000,2001)

to allow for additional covariatesandunobservedstatevariables. Theextended modelprovidesa frame-

work for conducting inferenceandanalyzing the endogenoussamplingproblem. Hall andRust’s work

links contributionsby Arrow et. al. (1951)andScarf(1959)who first provedtheoptimality of � S
 s� poli-

ciesin inventory investmentproblemsto morerecentwork by Wil liamsandWright (1992),Deatonand

Laroque(1992)andMiranda andRui (1997)on therational expectationscommoditystoragemodel.The

fixed � S
 s� thresholdsderived by Scarfarenot optimal in the classof problemswe areconsideringdue

to thepresenceof serially correlatedcostshockssuchasthespotpriceof steel. However Hall andRust

(2001)proved that the firm’s optimal speculative trading strategy is a generalizedthe � S
 s� rule where

S ands arefunctionsof certain underlying state variables including the spotprice p. In doing so, this

work followsa long tradition in theoperation research literatureonoptimalinventory policiesfor asingle

item whentheprocurementprice fluctuates.2 We now show how thegeneralized � S
 s� rule allows us to

formulateandsolve theproblemof endogenoussamplingof steelspotprices.

Themotivationfor this papera new databasethatwe acquiredvia personalcontacts with a largeU.S.

steelwholesaler. Thefirm provideduswith anongoingdatafeedtoonvirtually all aspectsof itsoperations,

includingthepurchaseandsalepricesandquantitiesandtheidentitiesof its customers for all of its 2300�
individual steel products on a daily basis. Theempirical results presented in section 6 arebasedon data

onevery transaction thefirm madebetween July1, 1997to June30,2001for severalof its highestvolume

steelproducts. For eachtransactionwe observe thequantity (numberof unitsand/orweightin pounds)of

steelboughtor sold,thesalesprice, theshipping costs,andtheidentity of thebuyeror seller.

Althoughthis is anexceptionally cleanandrich dataset, we only observe prices on thedaysthefirm

actually madetransactions: it doesnot record any price information on daysthat it doesnot transact

2In theoperations researchliterature,seeFabianet. al. (1959), Kingman(1969), Kalymon(1971),Golabi(1985), Song
andZipken (1993), Moinzadeh(1997), andOzekici andParlar (1999). While thesepapersargue(andseveral prove) that
the firm’s optimal decisionrule takes the form of a generalized� S� s� policy, we computationally solve andestimateour
modelandcomparetheoptimalpoliciesto inventory policieswe seein thedata. Besidesthework notedabove, themost
closely relatedrecentwork that we areawareof is the ambitiouspaperby Aguirregabiria (1999) that modelsprice and
inventory decisionsby a supermarket chain. A supermarket is similar to our steelwholesalerin that both typesof firms
hold inventoriesof a substantialnumberof differentproducts,purchasingthemin the wholesalemarket andselling their
inventoriesat a markupto retail customers.Thekey differenceis thatpricesin supermarketsarealmostalwayspostedso
thereis no direct price discrimination andthereis presumablya larger “menu cost” to changingpriceson a day by day
basis.Aguirregabiria alsodid not directly addresstheendogenoussamplingissue,usingmonthlypriceaveragesasproxies
for underlying daily prices. For this reasonwe areunableto directly employ his innovative andambitious approachto
estimation.
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(either asa buyer or seller of steel). This shortcoming of our datasetis muchmore importantfor steel

purchasesthansteelsales, since thefirm purchasesnew steelinventory in thewholesalemarketmuchless

frequently thanit sells steelto its retail customers.Indeed, evenfor its highest volumeproducts, it makes

purchasesonly aboutonceeverytwo weeks.The � S
 s� theory (aswell asplainold commonsense)suggest

that purchasesarenot madeat random. Instead, it is reasonableto presumethat the firm is continually

watchingthe wholesale market looking for buying opportunities. This suggests that the purchaseprices

weobservewill tendto beloweron thedaysthatit purchasesthanon thedaysthatit doesn’t purchase.

To ill ustrate this,we plot thetime seriesof inventoriesandpricesof oneof thefirm’s products in fig-

ures1 and2. This is oneof highestvolumeproductssoldby thisfirm andis consideredto beabenchmark

productwithin the industry, reflectedby the fact that the pricesof several othersteel products arecom-

putedasfunction of this product’s price. While it is possible to getaveragetransaction pricesfor certain

classesof steelproducts through trade publicationssuchastheAmericanMetalMarket,we arenot aware

of any datathatprovidesa randomsampleof daily transactionpricesfor individual steelproducts. The

purchase price trajectoriesplottedin figure2 usestraight line interpolatationsbetween observedpurchase

pricesatsuccessivepurchasedates. Theblackcircleateachpurchasedateis proportional to thesizeof the

purchase in pounds.This givesusa clearvisualconfirmation of theprediction thatthefirm is morelikely

to purchaselarge quantitiesof steelwhenwholesale pricesarelow. Above the interpolatedsequenceof

purchaseprices is theinterpolatedseriesof averagedaily retail salesprices. Weseethatthewholesale and

retail pricesmove in aroughlyparallel way, althoughthereappearsto beconsiderabledayto dayvariation

in retail prices pr
t that cannotbe explained by variation in the wholesale price pt . IndeedChan(1999)

estimateda componentsof variancedecomposition of retail prices,usingdaily time dummiesto account

for variationsin wholesaleprices(this is possibledueto thefactthatthefirm frequently sellsto morethan

oneretail customeronany givenbusinessday).Her resultssuggestthatroughlyonly 50%of thevariation

in retail prices pr
t canbeaccountedfor by variation in wholesale pricespt .

Figure1 plots theevolution of inventoriesover thesameperiod. Purchasesof steelareeasily recog-

nizable asthediscontinuousupwardjumpsin theinventory trajectories.As is evidentfrom thesaw-tooth

pattern of theinventory holdings,thefirm purchasestheproductmuchlessfrequently thanit sells it. The

wholesalerpurchasesthisproductonaverageonceonly every tenbusinessdays,while it sells thisproduct

3 outevery5 businessdays.Theevidenceof opportunisticpurchasebehavior is veryclearfor thisproduct.

As canbeseenin figures1 and2, duringthefirst tenmonthsof thesample,from July, 1997until March,

1998,thefirm heldrelatively low levelsof inventoriesat a time whentheaveragepricethefirm paidfor
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Figure1: Timesseries plot of theinventory for product4.
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steelwasabout20.5centsperpound.However theAsianfinancial crisisstarted to take a toll on foreign

steelproducers, which began cutting their pricesandincreasingtheir exportsin a big way during 1998.

Weseethisclearly in ourdata, wherein April 1998,wholesalepricesdroppedto 18.5centsperpound.At

that time thefirm madea large purchase. As theprice of steelcontinued to fall to historical lows during

the remainder of 1998thefirm madea successionof largepurchases that leadit to hold historically un-

precedentedhigh levelsof inventories. We view this asclearevidence thatthefirm is attempting to profit

from a“buy low, sell high” strategy.

We now introducea modelof commodityprice speculation anddescribe the � S
 s� trading strategy,

which in a broadclassof modelsconstitutesthe optimal strategy for buying low andselling high. We

assumethatmiddleman(whichwealsorefer to asthe“firm”) canpurchaseunlimited quantitiesof steelat

a time-varying spotprice pt thatevolvesaccording to a Markov transition density to bespecifiedin more

detail below. We assumethat the middlemansubsequently sells this steel to retail customersat a retail

price pr
t that includesa randomlyvarying markupover the current spotprice pt . We observe the firm’s

quantity on handqt andits ordersqo
t on eachbusinessday, but we only observe purchasepricesandretail

salespriceson the daysthe firm purchasesandsells,respectively. Using the convention that pr
t � 0 on

daysthat thefirm doesnot sell any steel to retail customers andpt � 0 on daysthat it doesnot purchase

any steel, our observationsconsistof time serieson thevector
�
qt 
 qo

t 
 pt 
 pr
t 	 , andpossibly a subsetof the

componentsof thevectorxt . Wewritext � � zt 
 εt � wherezt arestatevariablesaffectingthefirm’sdecisions

thatwecanobserveandεt denotesvariables thatwecannotobserve. Weassumethatthefirm observesall

of thevariables
�
qt 
 qo

t 
 pt 
 pr
t 
 xt 	 oneachbusinessday.3

Let t � 1
��
����
 T index T successivebusinessdaysoverwhichthefirm is observed.As discussedabove,

pt is observedonly whenthe firm placesan order, qo
t � 0, which occursat a subsetof n purchase dates�

t1 

������
 tn 	 satisfying 1 � t1 � t2 �
��� � tn � T. We now specify the firm’s problemin somewhat greater

detail in order to derive the likelihoodof observing the sequence
�
qt 
 qo

t 
 pt 
 pr
t 
 zt 	 . First, consider the

timing of thefirm’sactions.At eachbusinessdayt thefollowing sequence of actionsoccurs:

1. At thestart of dayt thefirm knows its inventory level qt , thecurrentspotprice pt , andthevaluesof

theotherstatevariablesxt .

2. Given � qt 
 pt 
 xt � thefirm ordersadditional inventory qo
t for immediatedelivery.

3In reality thefirm mayalsonot “observe” pt on certaindayswhereit decidesnot to undertake searchcoststo find the
bestavailablepurchasepricefor steel,andthereis no valuefor pr

t on dayswhenit doesnot receive any retail ordersby its
customers.
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3. Given � qt 
 qo
t 
 pt 
 xt � thefirm setsa retail price pr

t that is modeledasa randomdraw from a density

γ � pr
t � qt � qo

t 
 pt 
 zt � .
4. Given � qt 
 qo

t 
 pt 
 pr
t 
 xt � thefirm observesarealizedretail demandfor its steel, qr

t , modeledasadraw

from a distributionH � qr
t � pt 
 pr

t 
 zt � with a pointmassatqr
t � 0.

5. Thefirm cannotsellmoresteel thanit hasonhand,sotheactualquantity soldsatisfies

qs
t � min !qt � qo

t 
 qr
t " � (3)

6. Saleson dayt determinethelevel of inventorieson handat thebeginningof businessdayt � 1 via

thestandard inventory identity:

qt � 1 � qt � qo
t � qs

t � (4)

7. New valuesof � pt � 1 
 zt � 1 � aredrawn from aMarkov transitiondensity g� pt � 1 
 zt � 1 � pt 
 zt � .
8. A new valueof theunobservablestatevariableεt � 1 is drawn from thedensityφ � ε � .
Notethatweabstract from deliverylagsandassumethatthefirm cannotbacklog unfilledorders. Thus,

whenever demandexceedsquantity on hand,theresidualunfilled demandis lost. Thus,in addition to the

censoringof thepurchaseandretail prices � pt 
 pr
t � , weonly observeatruncatedmeasureof thefirm’sretail

demand,i.e., we only observe theminimumof qr
t andqt � qo

t asgivenin equation(3). Sincethequantity

demandedhassupportonthe ! 0
 ∞ � interval, equation (3) impliesthatthereis alwaysapositiveprobability

of astockout givenby:

δ � q
 p
 pr 
 z�#� 1 � H � q � pr 
 p
 z�
� (5)

Sinceretail sales occurmuchmorefrequently that purchasesof new inventory, the retail sales price pr
t

providesan importantsourceof informationaboutthe spotprice pt . Presumablyfor most transactions

we shouldhave pr
t $ pt , reflecting nonnegative markupsover the current spotprice of steel. However

asnotedabove markupsvary in anapparently randomfashionfrom day to day, soat bestpr
t is a biased

andnoisyindicatorof thewholesaleprice pt . In this versionof thepaperwe bypasssomeof thedifficult

issuesassociatedwith modelingendogenouspricesetting andpricediscriminationby adoptinga“reduced-

form” modelof pricesetting. Wemodelthedaily averageretail priceasadraw from aconditionaldensity
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γ � pr
t �qt � qo

t 
 pt 
 zt � . This way of modelingprices is sufficiently flexible to beconsistentwith a variety of

theoriesof bargainingandpricediscrimination by thefirm.4

We now discuss thederivationof the firm’s expected sales revenuefunction, ES� p
 q
 z� . This is the

conditionalexpectation of realizedsales revenueprqr giventhecurrentspotprice p, quantityon handq,

andtheobservedinformationvariablesz. This is easilyconstructedby notingthatthefirm’sretail saleson

anbusiness day t is a randomdraw qr
t from a conditional distribution H � qr

t � pr
t 
 pt 
 zt � thatdependson the

retail pricequotepr
t , thecurrentspotprice pt , andthevaluesof theotherobservedstate variableszt . We

assumethatthereis a positive probability η � pr 
 p
 z�%� H � 0 � pr 
 p
 z� thatthefirm will not make any retail

salesonaparticularday, soH canberepresentedby

H � qr � pr 
 p
 z�&� η � pr 
 p
 z� �'!1 � η � pr 
 p
 z� " ( qr

0
h� q � pr 
 p
 z� dq
 (6)

whereh is a continuousstrictly positive probability density function over the interval ! 0
 ∞ � . Given this

stochastic “demandfunction”, thefirm’sexpectedsalesrevenueES� p
 q
 z� is:

ES� p
 q
 z�)� E
�
p̃r q̃s � p
 q
 z	

� E
�
p̃rE

�
min !q
 q̃r " � pr 
 p
 q
 z	*� p
 q
 z	 (7)

� ( ∞

0
pr ! 1 � η � pr 
 p
 z� " ( q

0
qrh� qr � pr 
 p
 z� dqr � δ � q
 pr 
 p
 z� q γ � pr � q
 p
 z� dpr �

We now briefly describe the per periodprofit function. The firm incurs variouscostsof holding in-

ventorywhich we summarizeby theholdingcostfunctionch � q
 p
 z� . Following muchof theliterature on

commoditystorage(going backto Kaldor, 1939)we interpretethe costof storage ascomprising of not

only thephysical costof storage, but alsoa“convenienceyield.” Thismarginalconvienceyield represents

the amountthe middlemanis willi ng to pay to hold a buffer stock or precautionary level of inventories.

This capturesany otherreasonsbesidespurepricespeculation anda stockout motive thefirm may have

to wantto vertically raisetheorderthresholdbands. In particular anincreasetheorderthreshold reduces

4In Hall andRust (1998b), we solve a versionof the model in which the firm choosesboth qo
t and pr

t . In this case,
the valuefunction is no longerguaranteedto be K-concave, andthe solution to the inventory problemmay no longer be
of thegeneralizedS� s form. Solving this modeltakesconsiderablylongerthanthemodelpresentedherefor two reasons.
First, theHall andRust(1998b) modelrequiresa two-dimensionaloptimization insteadof anone-dimensionaloptimization
at eachiteration of theBellmanequation.Second,whensolving theHall andRust(1998b) we cannot restrictour search
to just generalized� S� s� policies as we can when we solve the model presentedhere. Consequently the computational
time requiredfor solving theHall andRust(1998b) modelis suchthat implementationof our estimationproceedureis not
currentlyfeasible.
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thefirm’svulnerability to interruptionsin deliveries.5 Finally, thefirm facesafixedcostK associatedwith

placing new orders for inventory, whichweembodyin theordercostfunctionco � qo 
 p
 ε � givenby

co � qo 
 p
 ε �&� � p � ε � � K if qo � 0
0 otherwise,

(8)

whereε constitutesadditional perunit costsassociatedwith placing anordersuchastransportation costs

andunexpectedshippingdelays.6 In what follows we will treatε asanunobservedstate variable. It will

playakey role in thederivation of thelikelihoodfunction in thenext section.

Assumption 1: The intermediary facesan ex post per unit “goodwill cost” of cg � p
 q
 z� $ 0 for any

unsatisfieddemanddueto a stockout.

Thespeculator’s ex anteexpected total goodwill costsat thebeginningof a business daywith a spot

procurementprice � p� andinventory onhandof q is givenby:

EG� p
 q�+� E
�
c̃g � pr 
 p
 z� max! � qr � q�

 0" � p
 q	

� ( ∞

0
cg � pr 
 p
 z� ! 1 � η � pr 
 p
 z� " ( ∞

q
� qr � q� h� qr � pr 
 p
 x� dqrγ � dpr � q
 p
 z��� (9)

Assumption2: Theintermediaryhasa maximumstoragecapacity equalto q � ∞.

Undertheseassumptions, theintermediary’s single-periodprofitsπ equalsits salesrevenues,lessthe

costof new ordersfor inventory co � qo 
 p
 ε � andinventory holdingcostsch � q � qo 
 p
 z� :
π � p
 pr 
 qr 
 q � qo 
 x�#� prqs � co � qo 
 p
 ε � � cg � qr 
 q � qo 
 z� � ch � q � qo 
 p
 z��� (10)

whereqs � min!qr 
 q � qo" . Theintermediary’s inventory investmentbehavior is governedby thedecision

rule:

qo
t � qo � pt 
 qt 
 zt 
 εt �

 (11)

wherethefunction qo is thesolution to:

V � pt 
 qt 
 xt �&� max
qo

E
∞

∑
j , t

β - j . t / π � p j 
 pr
j 
 qr

j 
 qo
j � q j 
 x j � pt 
 qt 
 xt � (12)

5The firm obtainsmuchof its steelfrom foreign sources. In the modelordersoccur instaneously with certainty. In
practice,however, delivery lagscanbeseveralmonthsandthesteeldeliveredcanoftenbeof lower quality thanagreedon.
Thefirm doeshave theoptionof refusingto takedelivery if thesteelis notof thequality promised.Having abuffer stockof
inventorieson handreducesthecostto firm of exercisingthis option. Also foreignproducersof steeldo from time to time
reneg ondealsandfail to deliver thesteelpromised.

6Our modelassumesthat all ordersaredeliveredinstantaneously which is obviously not the casein practice. Some
purchases,especiallythosefrom foreign steelproducersin Russiaor Japan,cantake morethanonemonthto arrive. The
randomεt cost is a crudeway of “monetizing” the inconveniencecostsof the delivery lag. It is obviously preferableto
modeldelivery lagsexplicitly, but doingsosubstantially complicatesour modelandat thepresenttime we seeno tractable
way of modelingsteelspeculationwhentherearearbitrarystochasticdelivery lags.This is anotheritem on our agendafor
futureresearch.
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ThevaluefunctionV � p
 q
 x� is givenby theuniquesolution to Bellman’sequation:

V � p
 q
 x�&� max
0 0 qo 0 q . q

W � p
 q � qo 
 z� � co � qo 
 p
 ε � 
 (13)

where:

W � p
 q
 z�#1 ES� p
 q
 z� � EG� p
 q
 z� � ch � q
 p
 z� � βEV � p
 q
 z� 
 (14)

andEV denotestheconditionalexpectation of V givenby:

EV � p
 q
 z�)� E
�
V � p̃
 max! 0
 q � q̃d " 
 x̃�2� p
 q
 z� (15)

� λ1 � p
 q
 z� (
p3
(

z3
(

ε
V � p4 
 q
 z4 
 ε � φ � ε � g� p4 
 z4 � p
 z� dεdp4 dz4

� λ2 � p
 q
 z� (
p3
(

z3
(

ε
V � p4 
 0
 z4 
 ε � φ � ε � g� p4 
 z4 � p
 z� dεdp4 dz4

� λ3 � p
 q
 z� (
p3
(

z3
( q

0

(
ε
V � p4 
 q � q4 
 z4 
 ε � φ � ε � h� q4 � p
 q
 z� g� p4 
 z4 � p
 z� dεdq4 dp4 dz4 


where

λ1 � p
 q
 z�)� (
pr

η � pr 
 p
 z� γ � pr � p
 q
 z� dpr (16)

λ2 � p
 q
 z�)� (
pr
!1 � η � pr 
 p
 z� " δ � pr 
 p
 q
 z� γ � pr � p
 q
 z� dpr

λ3 � p
 q
 z�)� (
pr
!1 � η � pr 
 p
 z� " γ � pr � p
 q
 z� dpr

h� q4 � p
 q
 z�)� (
pr

h� q4 � pr 
 p
 q
 z� γ � pr � p
 q
 z� dpr �
Theoptimaldecision ruleqo � p
 q
 x� is givenby:

qo � p
 q
 x�#� inf argmax
0 0 qo 0 q . q

W � p
 q � qo 
 z� � co � qo 
 p
 ε � � (17)

Notethatweinvoketheinf operator in thedefinition of theoptimaldecision rulein equation (17)to handle

thecasewheretherearemultiple maximizingvaluesof qo. We effectively breakthetie in suchcasesby

definingqo � p
 q� asthesmallestof theoptimizingvaluesof qo.

Definition 0: An � S
 s� policy is a decision rule of theform:

qo � p
 q
 x�#� 0 if q $ s� p
 x�
S� p
 x� � q otherwise

(18)

whereSandsare functionssatisfyingS� p
 x� $ s� p
 x� for all p andx.
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Candidatefunctions for the upperandlower bandsof thegeneralized � S
 s� policy canbe definedin

termsof theoptimaldecision rule qo � p
 q� . TheupperbandS� p� is definedastheoptimalorderquantity

whenthefirm hasno inventory onhand:

S� p
 x�#� qo � p
 0
 x��� (19)

Thelowerbands� p
 x� is thesmallest valueof q suchthatdesiredinventory investmentis zero:

s� p
 x�#� inf0 0 q
�
q �qo � p
 q
 x�#� 0	5� (20)

It is notdifficult to show thatdesiredinventory investmentattheupperS� p
 x� bandis 0: qo � p
 S� p
 x��
 x���
0. Sinces� p
 x� is thesmallestvalueof q satisfyingqo � p
 q
 x�#� 0 it follows thats� p
 x�&� S� p
 x� .

In this modelthevariables q andqo do not enterasseparateargumentsin thevaluefunctionW given

in (14): ratherthey enterasthesumq � qo asshown in equation(17). This symmetryproperty is a con-

sequenceof our timing assumptions: since new ordersof steelarrive instantaneously, thefirm’s expected

sales, inventory holdingcosts,andexpecteddiscountedprofitsonly dependonthesumq � qo, representing

inventory onhandat thebeginningof theperiodafter new ordersqo havearrived. It followsthatif thefirm

is holding lessthanits desired level of inventoriesS� pt 
 xt � at thestartof day t, it will only have to order

theamountqo � p
 q
 x�6� S� p
 x� � q in orderto achieve its target inventory level S� p
 x� . Anotherway to

seethis is to notethatwhenit is optimalfor thefirm to order, theoptimalorderlevel solvesthefirst order

condition:
∂W
∂qo � p
 q � qo 
 z� � � p � ε �&� 0� (21)

AssumingthatW is strictly concave in q, it is clear that there will bea uniquevalueof q � qo thatsolves

equation (21) for any valueof p. Call thissolutionS� p
 x� :
∂W
∂qo � p
 S� p
 x��
 z�#� p � ε � (22)

Thenwe haveq � qo � S� p
 x� , or qo � p
 q
 x�#� S� p
 x� � q.

In turnsoutthatthefunctionW � p
 q
 z� maynotnecessarily bestrictly concavebutHall andRust(2001)

show thatunderfairly general conditionsW is K-concave asa function of q for eachfixed p.7 Usingthe

K-concavity property we canprove thatwhenever q $ s� p
 x� , it is not optimal to order: qo � p
 q
 x�6� 0.

7A functionW � p� q� : 7 p� p8:9;7 0 � q8=< R is K-concavein its secondargumentq if andonly if > W � p� q� is K-convex in its
secondargument.More directly, W � p� q� is K-concavein q if f ? K @ 0 suchthat for every p AB7 p� p8 , andfor all z @ 0 and
b @ 0 suchthatq C z D q andq > b @ 0 we haveW � p � q C z�E> K D W � p� q�=C z 7W � p � q�E> W � p� q > b��8GF b.
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Whenq � s� p
 x� thesymmetrypropertyimpliesthatqo � p
 q
 x�&� S� p
 x� � q asdiscussedabove. In par-

ticularHall andRust(2001)proved:

Theorem1: ConsiderthefunctionW � p
 q � qo 
 z� definedin equation(14),whereW is definedin termsof

theuniquesolution V to Bellman’s equation (13). Underappropriate regularity conditionsgivenin Hall

andRust(2001)(includingAssumptions1 and2), theoptimalspeculativetradingstrategy qo � p
 q
 x� takes

the form of an � S
 s� rule. That is, there exist a pair of functions � S
 s� satisfying S� p
 x� $ s� p
 x� where

S� p
 x� is thedesiredor target inventory levelands� p
 x� is theinventory order threshold, i.e.

qo � p
 q
 x�#� 0 if q $ s� p
 x�
S� p
 x� � q otherwise

(23)

whereS� p
 x� is givenby:

S� p
 x�#� argmax0 0 qo 0 q . q W � p
 qo 
 z� � co � qo 
 p
 ε � (24)

andthelowerinventoryorderlimit, s� p
 x� is thevalueof q thatmakesthefirm indifferentbetweenordering

andnotorderingmore inventory:

s� p
 x�H� inf
q I 0

�
q �W � p
 q
 z� � ! p � ε" q $ W � p
 S� p
 x��
 z� � ! p � ε" S� p
 x� � K 	#� (25)

By a simplesubstitution of thegeneralized � S
 s� rule in equation (23) into thedefinition of V in equation

(13)we obtain thefollowing corollaries:

Corollary 1: ThevaluefunctionV is linear with slopep � ε on theinterval !0
 s� p
 x� " :
V � p
 q
 x�#� W � p
 S� p
 x�

 z� � ! p � ε" !S� p
 x� � q"5� K if q JK!0
 s� p
 x� "

W � p
 q
 z� if q JL� s� p
 x��
 q" � (26)

Corollary 2: TheS� p
 z
 ε � ands� p
 z
 ε � functionsarenon-increasingin p andε andarestrictlydecreasing

in p andε in theset
� � p
 ε � J R2 � 0 � S� p
 z
 ε �&� q	 .

Corollary 3: If fixedcostsof ordering is zero, K � 0, thentheminimumordersizeis 0 and

S� p
 z
 ε �&� s� p
 z
 ε ��� (27)

3 Maximum Lik elihoodEstimation

This sectionderives the likelihood for the commodityprice speculation problem presentedabove. The

problemis complicatedby theexistenceof frequently binding inequality constraintson inventory invest-

ment, qo. This implies that it is not possible to usestandard Euler equation methodsto estimate the
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unknown parametersof themodelvia generalizedmethodof moments.NotethatTheorem1 doesprovide

anappropriatefirst orderor “Euler equation” but only onthosebusinessdayswhenthefirm findsit optimal

to purchase:
∂W
∂q

� p
 S� p
 z
 ε �

 z� � p � ε � (28)

It is tempting to assumetheε hasmeanzeroandusetheEulerequation (28)asabasisfor GMM estimation

of theparameters of themodel.However there areseveralbig obstaclesto this approach. First, we do not

haveaconvenient analytical formulafor thepartial derivativeof thevaluefunction, ∂W M ∂q. Second,aswe

show in Theorem2 below, evenif theunconditionalmeanof ε is zero,theconditionalmeanof ε overthose

valuesof � p
 ε � for whichit is optimalto purchase(i.e. for whichq � s� p
 z� ), is generally nonzero.Finally,

thereis theissueof endogenoussampling,andthefactthatweobservepurchasesonly anarelatively small

subsetof businessdaysin ouroverall sample.

Theseproblemsmotivatea search for analternative likelihood-based approach. We show how to de-

rive a non-degeneratelikelihood function via the inclusionof a single IID unobservable statevariableε t

in thefirm’s optimization problem.Theresulting conditional probability distribution function for qo has

a masspoint at qo � 0 thatrespects thefrequently bindingconstraint that inventory investmentcannotbe

negative. This conditional distribution allows us to derive a full -informationmaximumlikelihood esti-

matorthatprovidesa completesolution to theproblemof endogenoussampling of thespotpriceprocess

by integrating out thevaluesof thespotpricesin periodswherethey areunobserved. This likelihood is

analogousto theChapman-Kolmogorov equations for computingmulti-steptransition probabiliti esfrom

singlesteptransition probabiliti es. We will discusssomeof the drawbacksof this approachin orderto

motivatecomputationally simplerbut lessefficientsimulatedminimumdistanceestimatorin section 4.

Someform of measurementerroror unobservedstatevariablemustbeincluded asoneof thestatevari-

ablesx in themodelpresentedin section2. Thereason is thatwithoutsuch“error terms”themodelyieldsa

deterministicoptimaldecision rule qo � p
 q
 x� which canbecontradictedby any observation � qo
t 
 qt 
 pt 
 xt �

that doesnot lie on its graph. We will considerthe casewherext canbe decomposedasxt � � zt 
 εt � ,
wherezt arevariableswhich areobservedby theeconometricianandεt is a scalar randomvariable thatis

unobservedby theeconometrician.This is themainreasonfor theinclusion of theIID process
�
ε t 	 in the

previoussection. We assumethatthedistribution of εt hassupport on theentire real line andcontinuous,

strictly positive densityφ � ε � . Theorem2 below derivesthe implied conditional distribution of qo given

� p
 q
 z� formedby integratingout ε from thedeterministicdecision ruleqo � p
 q
 z
 ε � .
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Theorem 2: Let
�
εt 	 bean IID processwhosedensity φ is continuousandstrictly positiveover theentire

real line. Thenwehave:

F � qo � p
 q
 z�+� Pr
�
qo � p
 q
 z
 ε �#� qo � p
 q
 z	

� ( � ∞

. ∞
I
�
qo � p
 q
 z
 ε �#� qo 	 φ � ε � dε

� ( ∞

sN 1 - p O zO q/ φ � ε � dε

� I
�
S� p
 z
 s. 1 � p
 z
 q���#� qo � q � q	 ( sN 1 - p O zO q/

SN 1 - p O zO q� qo / φ � ε � dε

� I
�
qo � q � q	 ( SN 1 - p O zO q/. ∞

φ � ε � dε 
 (29)

where

S. 1 � p
 z
 q�+� inf
�
ε �S� p
 z
 ε �#� q	

s. 1 � p
 z
 q�+� inf
�
ε � s� p
 z
 ε �#� q	5� (30)

Let f � dF denotethemixeddiscrete/continuousconditionaldensity of qo given � p
 q
 z� . It is givenby

f � qo � p
 q
 z�&�
P ∞
sN 1 - p O zO q/ φ � ε � dε if q0 � 0P SN 1 - p O zO q/. ∞ φ � ε � dε if q0 � q � q. φ - SN 1 - p O zO q� qo /Q/

∂2WR ∂2q- p O zO q� qo / otherwise

(31)

NotethatTheorem2 impliesthatthetransitiondensity for qo is mixeddiscreteandcontinuous,with mass

pointsatqo � 0 andqo � q � q, andstrictly positivedensityovertheinterval !S� p
 z
 s . 1 � p
 z
 q��� � q
 q � q" .
However thereis a “gap” wherethereis zerodensityfor qo in theinterval !0
 S� p
 z
 s. 1 � p
 z
 q�
� � q" since

thequantity S� p
 z
 s. 1 � p
 z
 q��� � q representstheminimumordersizeimplied by the � S
 s� modelin teh

stae� p� q
 z� . Thegap is problematic for maximumlikelihoodestimation sincea single observation with

an ordersmallerthanthe predictedminimum ordersizewould result in a zerovaluefor the likelihood

function. The formula for thedensity of qo in equation (31) canbederivedby differentiating thecondi-

tional distribution in equation (29) with respect to qo for qo in the interval !S� p
 z
 s. 1 � p
 z
 q��� � q
 q � q"
to obtain:

dF � qo � p
 q
 z�#� � φ � S. 1 � p
 z
 q � qo �
� ∂S. 1

∂qo � p
 z
 q � qo ��� (32)

Usingthedefinitionof S� p
 z
 ε �
∂W
∂q

� p
 S� p
 z
 ε �

 z�&� p � ε 
 (33)
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andtheinverseandimplicit functiontheoremsweobtain:

∂S. 1

∂qo � p
 z
 q � qo �#� 1
∂S� p
 z
 S. 1 � p
 z
 q � qo �
� M ∂ε � 1

∂2W � p
 q � qo 
 z� M ∂2q � (34)

Corollary 3 of Theorem1 implies thatwhenK � 0, S� p
 z
 s. 1 � p
 z
 q�
�6� q, so thatqo haspositive con-

ditional densityon the entire range !0
 q � q" of feasible valuesfor qo. An alternative way to get a non-

degenerate likelihoodwould be to eithera) assumethat qo wasmeasured with error, or b) adda second

unobservedstatevariable thatprovidesa distribution over fixedorderingcostsK. Sincewe obtain direct

computerizedrecords from the firm on all pricesandquantities,we do not think the measurementerror

modelis a plausible solution to this problem.However addinga secondstochastic shockcomplicatesthe

notation. So in what follows we will simply assumethat there areno observedorders thatarebelow the

minimumorderthreshold.

Let theconditionaldensity of next periodinventory qt � 1 given � pt 
 pr
t 
 zt 
 qt 
 qo

t � bedenoted by µ. From

ourdiscussionof themodelin section 2, it is easyto seetheµ is amixeddiscrete/continuousdensity with

threeclassesof outcomesfor qt � 1: 1) with probability η � pr 
 p
 z� the firm will not make any salesand

qt � 1 � qt � qo
t , 2) with probability � 1 � η � pr

t 
 pt 
 zt �
� δ � pr
t 
 pt 
 qt � qo

t 
 zt � thefirm will have a stockout and

qt � 1 � 0, 3) otherwiseqt � 1 is distributedcontinuouslyover theinterval � 0
 qt � qo
t � with densitygivenby

� 1 � η � pr
t 
 pt 
 zt �
� h� qt � qo

t � qt � 1 � pr
t 
 pt 
 zt � whereh is thedensity of retail salesandqr

t � qt � qo
t � qt � 1 is

theimplied valueof retail salesgiven � qt � 1 
 qt 
 qo
t � . We summarizethisas:

Theorem 3: The(mixed discrete/continuous)density of next period inventory q4 given � p
 pr 
 q
 qo 
 z� is

givenby:

µ� q4 � p
 pr 
 q
 qo 
 z�#� � 1 � η � pr 
 p
 z��� δ � pr 
 p
 q � qo 
 z� if q4 � 0
η � pr 
 p
 z� if q4 � q � qo

� 1 � η � pr 
 p
 z��� h� q � qo � q4 � pr 
 p
 z� otherwise
(35)

Underour setup,it is easyto seethat theobservables
�
pt 
 pr

t 
 qt 
 qo
t 
 zt 	 evolve asa joint Markov process

whichalsohasadiscrete/continuoustransitionprobability densityρ. WestatethisasTheorem4:

Theorem 4: Thejoint process
�
pt 
 pr

t 
 qt 
 qo
t 
 zt 	 is Markov with (discrete/continuous)transition densityρ

givenby:

ρ � pt � 1 
 pr
t � 1 
 qt � 1 
 qo

t � 
 zt � 1 � pt 
 pr
t 
 qt 
 qo

t 
 zt �)� g� pt � 1 
 zt � 1 � pt 
 zt �S µ� qt � 1 � pt 
 pr
t 
 qt 
 qo

t 
 zt �S f � qo
t � 1 � pt � 1 
 qt � 1 
 zt � 1 �S γ � pr
t � 1 � pt � 1 
 qt � 1 � qo

t � 1 
 zt � 1 ��� (36)
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Now consider thefull information casewhereall of thevariables
�
pt 
 pr

t 
 qt 
 qo
t 
 zt 	 areobservedover

thesampleperiodt � 0
����
��
 T.

Definition 1: Thefull informationmaximumlikelihood(FIML) estimatorθ̂ f
T is definedas:

θ̂ f
T � argmax

θ T Θ
l f � � pt 
 pr

t 
 qt 
 qo
t 
 zt 	 T

t , 1 � p0 
 pr
0 
 q0 
 qo

0 
 z0 
 θ �

 (37)

wherel f is givenby:

l f � � pt 
 pr
t 
 qt 
 qo

t 
 zt 	 T
t , 1 � p0 
 pr

0 
 q0 
 qo
0 
 z0 
 θ �#� T

∏
t , 1

ρ � pt 
 pr
t 
 qt 
 qo

t 
 zt � pt . 1 
 pr
t . 1 
 qt . 1 
 qo

t . 1 
 zt . 1 
 θ ��� (38)

whereθ denotesa vectorcompromisingthe unknown parameters of the densities
�

f 
 g
 h
 η 
 µ
 γ 
 φ 	 and

unknown parameters entering the firm’s cost functions
�
co 
 ch 	 andthe firm’s discountfactor β, andΘ

denotesacompactparameterspace.

Now consider the partial informationcasewherewe only observe wholesale priceson the subsetof

n trading days,Tn 1 �
t1 

������
 tn 	 at which purchasesoccur. To simplify notation we assumethat thedata

are truncatedto begin on the day of the first observed purchase, so t1 � 0, andendon the day of the

lastobservedpurchase, tn � T. Therelevant likelihoodin this caseis a marginal likelihood l p formedby

integrating thefull likelihood function l f in equation(38) over spotprices pt for all time indicest in the

complementof Tn. For simplicity, wewill considerthecasewhereretail salesareobservedin everyperiod.

Otherwise, anadditionalsetof integrationswouldneedto beperformedover thevaluesof pr
t for business

dayst whereno retail sales occurred.As notedin theIntroduction,it is notationallyconvenientto convert

the endogenous samplingproblem into a censoredsamplingproblem by definingan observed censored

pricesequence
�
pt 	 in termsof theunderlying uncensored price process

�
p Ut 	 . Thus,theobservedprices

pt aregivenby:

pt � pUt if qo
t � 0

0 otherwise.
(39)

Definition 2: ThePartial Information MaximumLikelihood(PIML) estimator θ̂p
T is definedas:

θ̂p
T � argmax

θ T Θ
lp � � pt 
 pr

t 
 qt 
 qo
t 
 zt 	 T

t , 1 � p0 
 pr
0 
 q0 
 qo

0 
 z0 
 θ �

 (40)

wherelp is givenby:

lp � � pt 
 pr
t 
 qt 
 qo

t 
 zt 	 T
t , 1 � p0 
 pr

0 
 q0 
 qo
0 
 z0 
 θ �#�( �
��� ( T

∏
t , 1

ρ � pt 
 pr
t 
 qt 
 qo

t 
 zt � pt . 1 
 pr
t . 1 
 qt . 1 
 qo

t . 
 zt . 1 
 θ � ∏
t RT Tn

dpt � (41)
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For subsequent reference it is useful to sketch the derivation of the asymptotic distribution of both the

FIML andPIML estimators.Theasymptotic distributionof theFIML estimator providesabenchmarkfor

assessing thelossof informationentailedby only beingableto observe pt whenqo
t � 0. In orderto derive

theasymptotic propertiesof both thetheFIML andPIML estimators, we needto introduce theconcepts

of anembeddedMarkov chain anda segmentedMarkov chain. Let
�
ξt 	 denotethejoint Markov process

in Lemma3, i.e., theprocesswhosevalueat t is givenby:

ξt 1 � pt 
 pr
t 
 qt 
 qo

t 
 zt ��� (42)

Definition 3: ThepurchasesetΓ is givenby:

Γ � �
ξ � qo � 0	 (43)

andthesetof purchasedatesTn � �
t1 
�������
 tn 	 is definedrecursivelyas:

ti � 1 � inf
�
t � ti � ξt J Γ 	#� (44)

Definition 4: Let
�
ζi 	 denotetheembeddedprocessassociatedwith

�
ξt 	 andΓ. Thisis thediscrete time

Markov processwhich is observed at successivepurchasedatest J Tn, i.e.,

�
ζi 	V� �

ξti 	W� �
ξt � ξt J Γ 	&� (45)

A simpleapplication of theChapman-Kolmogorov equation allowsusto derivethetransitiondensity ν for

theembeddedprocess
�
ζi 	 asa ti � ti . 1-steptransition density for successivevisits to thepurchasesetΓ.

Lemma 4: Theembeddedprocess
�
ζi 	 is a Markov chainwith transition density ν givenby:

ν � ζi � ζi . 1 �&� ρ � ξti � ξti N 1 �&� ( ���
� ( ti X 1

∏
t , ti � 1

ρ � ξt � 1 � ξt � dξti � 1 ���
� dξti X 1 . 1 � (46)

Definition 5: Let
�
ωi 	 be the segmentedprocessassociated with

�
ξt 	 , i.e. theprocessfor which ωi is

definedas the realized values of
�
ξ 	 for thesequenceof t i � ti . 1 timeperiodsfollowing thepurchaseat

ti . 1 until thepurchaseat ti :

ωi � � ξtiN 1 � 1 
�������
 ξti ��� (47)

Notice that the numberof componentsin the segmentωi is a randomvariable, equalto the difference

ti � ti . 1, in thesuccessive timesthat
�
ξt 	 visits thepurchasesetΓ.

Lemma 5: Thesegmentedprocess
�
ωi 	 is a Markov chainwith transition density ν givenby:

ν � ωi �ωi . 1 
 θ �H� ρ � ξti 
 ξti . 1 
�������
 ξti N 1 � 1 � ξtiN 1 
 θ �#� ti X 1

∏
t , ti � 1

ρ � ξt � 1 � ξt 
 θ �
� (48)
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Noticethatdueto theMarkov property, only thelastelementof thesegmentω i . 1, ξti N 1, is neededto fully

determine theconditional probability of ω i � � ξ1� ti N 1 
����
��
 ξti � . Let τ � ti � 1 � ti , be theduration between

successive purchases, or in the language of Markov processes, the recurrence time for successive visits

to thepurchasesetΓ. If themeanrecurrencetime to Γ is finite, E
�
τ 	Y� ∞, theprocess

�
ξ t 	 will visit Γ

infinitely often andthenumberof visitsn observedoverany horizonT tendsto infinity with probability 1

asT Z ∞.

Assumption 4: TheMarkov chain
�
ξt 	 is ergodic(i.e. it possessesa uniquestationary distribution), and

thepurchasesetΓ is recurrent(i.e. E
�
τ 	[� ∞), andtheembeddedandsegmentedprocesses

�
ζ i 	 and

�
ωi 	

arealsoergodicMarkov chains.

To studytheasymptotic propertiesof theFIML andPIML estimators,it is usefulto rewrite thelikeli-

hoodfunctionsl f andlp asfollows:

l f � � pt 
 pr
t 
 qt 
 qo

t 
 zt 	 T
t , 1 � p0 
 pr

0 
 q0 
 qo
0 
 z0 
 θ �&� n . 1

∏
i , 1

ti X 1

∏
t , ti � 1

ρ � ξt � ξt . 1 
 θ � 
 (49)

lp � � pt 
 pr
t 
 qt 
 qo

t 
 zt 	 T
t , 1 � p0 
 pr

0 
 q0 
 qo
0 
 z0 
 θ �#� n . 1

∏
i , 1

( ����� ( ti X 1

∏
t , ti � 1

ρ � ξt � ξt . 1 
 θ � dpti � 1 ����� dpti X 1 . 1 � (50)

By Assumption4 andthe Renewal Theoremfor Markov chains (see,e.g. Resnick1992),we have with

probability 1

lim
T \ ∞

n
T � 1

E
�
τ 	 � (51)

Thus,as long asE
�
τ 	]� ∞, the process

�
ξt 	 visits Γ infinitely often andn Z ∞ with probability 1 as

T Z ∞. Thereforewe will carry out theasymptotic analysis indexing thesamplesizeby thenumberof

purchasesn rather than the total numberof time periodsthat the processis observed, T. To establish

consistency of theFIML andPIML estimators,it is convenientto work with thenormalizedlog-likelihood

functions. Multiplying anddividing the likelihoodsl f and lp in equations (49) and(50) by the product

term
n . 1

∏
i , 1

Pr
�
ti � 1 � ti � ξti 
 θ 	V� n . 1

∏
i , 1

( ����� ( ti X 1

∏
t , ti � 1

I
�
ξt J Γ � � ti � 1 	5�
	 ρ � ξt � ξt . 1 
 θ � dξt 
 (52)

where

Γ � � ti � 1 	^�#� �
ξt � qo

t � 0
 t _� ti � 1 	6` � ξt � qo
t � 0
 t � ti � 1 	5
 (53)

andthentaking logsanddividing by n � 1 we obtainfor j � f 
 p
1

n � 1
logl j � � pt 
 pr

t 
 qt 
 qo
t 
 zt 	 T

t , 1 � p0 
 pr
0 
 q0 
 qo

0 
 z0 
 θ �
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� 1
n � 1

n . 1

∑
i , 1

logρ j � ωi � 1 �ωi 
 ti � 1 � ti 
 θ � � 1
n � 1

n . 1

∑
i , 1

logPr
�
ti � 1 � ti �ωi 
 θ 	

� 1
n � 1

n . 1

∑
i , 1

v1 � ωi � 1 
 ωi 
 θ � � 1
n � 1

n . 1

∑
i , 1

v2 � ωi � 1 
 ωi 
 θ ��
 (54)

where

ρ f � ωi � 1 �ωi 
 ti � 1 � ti 
 θ �&� ti X 1

∏
t , ti � 1

ρ � ξt � ξt . 1 
 θ �
( ����� ( ti X 1

∏
t , ti � 1

I
�
ξt J Γ � � ti � 1 	5�
	 ρ � ξt � ξt . 1 
 θ � dξt (55)

and

ρp � ωi � 1 �ωi 
 ti � 1 � ti 
 θ �&� ( ����� ( ti X 1

∏
t , ti � 1

ρ � ξt � ξt . 1 
 θ � dpti � 1 ����� dpti X 1 . 1

( ����� ( ti X 1

∏
t , ti � 1

I
�
ξt J Γ � � ti � 1 	5�
	 ρ � ξt � ξt . 1 
 θ � dξt � (56)

Note that both ρp andρ f areconditional densities for the segmentω i � 1 given ωi andthe lengthof the

segmentti � 1 � ti . The main differenceis that dueto the censoring, ρp canbe regardedasthe marginal

density associatedwith ρ f , wherewe have integratedout the unobserved pricesover the interval � t i �
1
 ti � 2
����
��
 ti � 1 � 1� whenno purchasesoccurred. Undersuitable regularity conditionson themoments

of thefunctionsv j , j � 1
 2, Assumption4 andtheErgodicTheoremfor Markov processes imply thatas

n Z ∞ wehavewith probability 1:

1
n � 1

n . 1

∑
i , 1

v j � ωi � 1 
 ωi 
 θ �#� � E v j � ω4 
 ω 
 θ � 
 (57)

wheretheexpectation is takenwith respect to theinvariantdistribution for � ω 4 
 ω � andis givenby

E v j � ω4 
 ω 
 θ � � (a(
v j � ω4 
 ω 
 θ � dν � ω4 �ω 
 θ U � dψ � ω 
 θ U ��
 (58)

whereν � ω4 �ω 
 θ U � is thetransition densityfor thesegmentedprocessgivenin equation (48) andψ � ω 
 θ U �
is the invariant distribution for the segmentedchain

�
ω i 	 . We now provide alternative expressions for

theseexpectationsthatenablesusto verify theconsistency of theFIML andPIML estimators.Notethat

asn Z ∞ wehave

1
n � 1

n . 1

∑
i , 1

logρ j � ωi � 1 �ωi 
 ti � 1 � ti 
 θ �#� � E logρ j � ω4 �ω 
 τ 
 θ � 
 (59)
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and
1

n � 1

n . 1

∑
i , 1

logPr
�
ti � 1 � ti � ξti 
 θ 	b� � E

�
logPr

�
τ �ω 
 θ 	^	#
 (60)

whereτ is therecurrencetime to thepurchasesetΓ. Wehave

E log ρ j � ω4 �ω 
 τ 
 θ � (61)

� E
�
logρ � ξ1 
��
����
 ξτ � ξ0 
 τ 
 θ ��	

� (
ξ0

∞

∑
τ , 1

(
ξ1
����� (

ξτ

logρ � � ξt 	 τ
t , 1 � ξ0 
 τ 
 θ � p� � ξt 	 τ

t , 1 � ξ0 
 τ 
 θ U � τ

∏
t , 1

dξt Pr
�
τ � ξ0 
 θ U 	 dψ � ξ0 ���

Notethatgivenany ξ0 andτ, theInformation Inequality guaranteesthattheexpression in brackets in (61)

is maximizedat θ � θ U . Similarly we have

E
�
log !Pr

�
τ � ξ0 
 θ 	 " 	W� (

ξ0

∞

∑
τ , 1

log !Pr
�
τ � ξ0 
 θ 	 " Pr

�
τ � ξ0 
 θ U 	 dψ � ξ0 � (62)

will alsobemaximizedatθ � θ U givenany � ξ0 � . This impliesthatthelimiting log likelihoodis maximized

at θ U , andstandard uniform consistency arguments canbe usedto show thatwith probability 1 we have

θ̂ j
n Z θ U asn Z ∞.

We concludethis section with a brief sketchthederivation of theasymptoticdistribution of thePIML

andFIML estimators. If modelis correctly specifiedandappropriateregularity conditionshold, thefirst

orderconditionsfor θ̂p
n andθ̂ f

n canbeexpandedin Taylor series aboutthetrueparameter θ U . Applying a

CentralLimit Theoremfor mixing processesto thekey scoretermin thisTaylor series expansiononecan

show that: c
n θ̂ j

n � θ U � Z N � 0
ed j
. 1 � θ U �
��
 j � p
 f (63)

where

d j � θ U �#�fd 1
j � θ U � � d 2 � θ U �

where

d 1
j � θ U �#� E

∂2

∂θ∂θ4 log ρ j � ω4 �ω 
 τ 
 θ � θ � θ U
and

d 2 � θ U �&� E
∂2

∂θ∂θ4 log !Pr
�
τ � ξ0 
 θ 	 " θ � θ U �

Furtherit is notdifficult to show thatsinceρp is amarginaldensity of ρ f , wemusthavethatthedifference

betweenthe informations d 1
f � θ U � � d 1

P � θ U � is a positive semi-definitive matrix. This implies that there is

indeeda lossof information, andtherefore an increasein variance,causedby the endogenoussampling
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problem.However aslong asour modelis correctly specified, thePIML estimatorwill beconsistent. If

the model is misspecified, thena modification of argumentsin White (1982)canbe usedto show that

thePIML andFIML still converge andhave anasymptotically normaldistribution, but they converge to

a valueof θ U that minimizesthe Kullbeck-Lieblerdistancebetweenthe parametric modeland the true

datagenerating process. The formulas for the asymptotic variance of the estimators must be changed

to the outerproduct of the informationandthe inversehessians of the log likelihood whenthe modelis

misspecified, sincein thatcasethecovarianceof θ̂ j
n is no longergivenby the inverseof the information

matrix,seeWhite (1982).

Thedrawbackof thePIML estimator is thatit is computationally intensivedueto thehighdimensional

integrationsthatarerequired to evaluatel p. Sinceno purchasesof steelareobserved on themajority of

businessdaysin oursample,themeantimebetweensalesis about10businessdays,sothatonaverage10

dimensional integrals mustbecalculatedfor eachtermentering thelikelihood. Althoughtherehave been

importantadvancesin simulationestimationandlow discrepancy methodsfor computinghighdimensional

integrals(see,e.g. Rust,TraubandWoźniakowski, 2002),thePIML will still bea fairly computationally

burdensomeestimator. A seconddrawbackis that if our interestis primarily on makinginferencesabout

the law of motion for
�
pt 
 zt 	 , the otherstructural parameters that must be estimatedto adjustfor the

endogeneity of the sampling processamountto nuisanceparameters. Errors in the specification of the

firm’s optimal investmentandspeculationproblemwill result in inconsistentestimates of theparameters

of interestin thetransition density g� pt � 1 
 zt � 1 � pt 
 zt � .
It is possibleto consider theuseof flexible reduced-form specificationsfor thedensitiesentering the

overall decomposition of thetransition densityρ givenin Theorem3. Howeverwithoutsomestrongprior

parametric restrictions on someof thesedensities, it is doubtful that an unrestricted model wherethe

densities � g
 µ
 f 
 γ � aretreatedasunknown objects to beestimatednon-parametrically is even identified.

In particular the � S
 s� modelcombinedwith theobservationsof retail transaction pricesprovidesstrong

identifying restrictions,limit ing how far the wholesalepriceprocess
�
pt 	 candrift away from observed

retail price for a given sequence of observedpurchases. In particular, asthe implied markupgetslarger

or smaller, the � S
 s� modelpredicts that the numberof ordersshouldbe increasinganddecreasing in a

correspondingfashion.Giventheobservedsequenceof purchases,this property enablesusto separately

identify theparametersof g� p4 
 z4 � p
 z� andthestructuralparametersof the � S
 s� model.However if anon-

parametric modeldoesnot imposeany sortof profit maximizingor lossminimizingbehavioral motivation

on thepartof theintermediary, thenit appearsthatthewholesale market price
�
pt 	 coulddrift arbitrarily
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farawayfrom theretail prices
�
pr

t 	 without therebeingany strongeffectonthelikelihoodof theobserved

sequencesof purchases. This is why we think thatit is impossible to non-parametrically identify theform

of g� p4 
 z4 � p
 z� andthetrading rule usedby thefirm whenwe only have accessto endogenously sampled

data.

4 SimulatedMinimum DistanceEstimation

This section introducesa simulated minimumdistanceestimator (SMD) that may be lessefficient than

the PIML estimator, but which doesnot require the high dimensional integration andis mucheasierto

compute.Similar estimatorshave beenproposed in othercontexts by LeeandIngram(1991)andDuffie

andSingleton(1993).TheideabehindtheSMD estimatoris quitestraightforward,andis similar in spirit

to thecalibrationprocessdescribedin section2 thatwe usedto getour initial “ballpark estimates”of the

parameter values.Themaindifferenceis thattheSMD estimator is basedonanexplicit statisticalcriterion

function thatenablesusto computeasymptotic distributionsfor theparameterestimator, evaluatethefit of

alternativespecifications, andto conductgoodnessof fit tests.

Theestimator is simplytheparametervaluethatminimizesthedistancebetweenasetof simulated and

samplemomentsusingtheobservedcensored observations. First we calculatesamplemomentsusingthe

censored observationsin thedata, i.e. with pt � 0 whenqo
t � 0. Thenwe generate oneor moresimulated

realizations of the � S
 s� modelfor a giventrial valueθ of theunknown parametervector. We defineθ̂smd

asthevalueof θ thatminimizesa quadratic form in thedifferencebetweenthesamplemomentsfor the

actualdataandthe samplemomentsof the simulated data,wherethe simulated datahasbeencensored

in exactly thesamefashion astheactualdata,i.e. we setpt � 0 whenever thesimulatedvalueof qo
t � 0.

Thuseventhoughvariousmomentsbasedon censoreddatamaybebiasedestimatesof thecorresponding

momentswhenthereis nocensoring,thisdoesnotpreventusfrom deriving aconsistentSMD estimatorfor

θ U . In factweshow thattheSMD estimator is consistentevenif weuseonly asinglesimulatedrealization

of the � S
 s� model.

The asymptotic varianceof the SMD estimator is multiplied by a factor � 1 � 1M S� whereS is the

numberof simulations.Consequently, thereis anefficiency gain to runningadditionalsimulationssinceit

reducesthevariance of theestimator. However the“penalty” to forminganSMD estimator basedon only

a singlerealization appearsrelatively small: theasymptotic variance is only twiceaslargeasthevariance

of anestimatorthateliminatesall simulationnoiseby letting S Z ∞. This increasein varianceseemssmall
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in comparisonto thesubstantial reduction in computationalburdenfrom usingonly asinglesimulation of

themodel.Estimation will still requireanestedfixedpointalgorithmto solvesfor theoptimal � S
 s� policy

anda re-simulationof themodelusinga fixedsetof randomshocks(seebelow) eachtime theparameter

θ is updated,so theSMD estimatoris still fairly computationally demanding.Its otherdrawbackis that

it requires the analystto determinean appropriate set of momentsto represent the relevant metric for

assessing thedistancebetweenthepredictionsof themodelandthedata. In principle aninfinite number

of differentmomentconditionscouldbespecified, but only afinite numbercanbeusedin practice.

Let
�
ξt 	 denotethecensored processintroducedin section 3 (i.e. with pt � 0 whenqo

t � 0), andlet θ

denotetheK S 1 vectorof parameters to beestimated.TheSMD estimator is basedonfindingaparameter

valuethatbestfits aJ S 1 vectorof momentsof theobservedprocess:

hT 1 1
T

T

∑
t , 1

h� ξt 
 ξt . 1 ��
 (64)

whereJ $ K. By Assumption3, theprocess
�
ξt 	 is ergodicsothat,with probability 1, hT converges to a

limit E
�
h� ξ4 
 ξ ��	 wheretheexpectation is takenwith respect to theergodic distribution of � ξ 4 
 ξ � (i.e. the

limiti ngdistributionof � ξt � 1 
 ξt � ast Z ∞). Undersuitableadditional regularity conditions,acentral limit

theorem will hold for hT , i.e. we havec
T !hT � E

�
h	 " � � N � 0
 Ω � h�
��
 (65)

where

Ω � h�#� E � h� ξ4 
 ξ � � E
�
h	5� � h� ξ4 
 ξ � � E

�
h	5� 4 
 (66)

wheretheexpectation in (66) is takenwith respectto theergodic distributionof � ξ 4 
 ξ � .
Now assumeit is possibleto generatesimulatedrealizationsof the

�
ξ t 	 processfor any candidatevalue

of θ, andthat this processis censored in exactly thesameway astheobserved
�
ξ t 	 process is censored,

i.e., with pt � 0 whenqo
t � 0. Thesesimulations dependon a T S 1 vector, u, of IID U � 0
 1� random

variablesthataredrawn onceat thestart of theestimationprocessandheldfixedthereafter in orderfor the

estimator to satisfy stochasticequicontinuity conditionsnecessary to establishasymptotic normality of the

SMD estimator. Wewill considersimulated processesof theform

�
ξt � � us	 s0 t 
 θ 
 ξ0 �
	5
 t � 2

������
 T (67)

wherefor eacht � 1, ξt � � us	 s0 t 
 θ 
 ξ0 � is acontinuously differentiablefunctionof θ. Thenotation
�
us 	 s0 t

reflects thefact that thesimulated processis adaptedto therealization of the
�
ut 	 process,i.e. thefirst t
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realizedvaluesof
�
ξt � � us	 s0 t 
 θ ��	 dependonly on thefirst t realizedvaluesof

�
us 	 andnotonsubsequent

realizedvaluesof us for s � t. Notethatwe allow thesimulated process to dependon thefirst valueξ0 of

theobserveddataasaninitializing condition.

To show that it is possible to construct suchsmoothsimulators, considerthe unidimensional case

whereξt J R1 for all t. Let ρ � ξt � 1 � ξt 
 θ � denoteits transition densityandP� ξt � 1 � ξt 
 θ � bethecorresponding

conditionalCDF. Thefirst valueof thesimulatedprocess is simplysetto theobservedvalueξ0. Usingthe

probability integral transform,we candefineξ1 � u1 
 θ 
 ξ0 � by:

ξ1 � u1 
 θ 
 ξ0 �#� P. 1 � u1 � ξ0 
 θ ��� (68)

Clearly ξ1 � u1 
 θ 
 ξ0 � will bea continuously differentiable function of θ if P . 1 � u1 � ξ0 
 θ � is a continuously

differentiable function of θ. Now definerecursively for t � 2
 4

�����
ξt � � us	 s0 t 
 θ 
 ξ0 �#� P. 1 � ut � ξt . 1 � � us	 s0 t . 1 
 θ 
 ξ0 ��
 θ �
� (69)

We canseerecursively thatξt � � us	 s0 t 
 θ 
 ξ0 � will bea continuously differentiable function of θ provided

thatP. 1 � u � ξ 
 θ � is acontinuouslydifferentiable function of ξ andθ.

In thecasewhere
�
ξt 	 is themultidimensionalprocesswith ξt � � pt 
 pr

t 
 qt 
 qo
t 
 zt � , wecandoasimilar

simulation asin theunivariate casedescribedabove,usinga factorization of thetransition density of
�
xt 	

into a productof univariate conditionaldensitiessuchasgivenin Theorem3. For example,if ξ t hastwo

components,ξt � � ξ1 O t 
 ξ2 O t � , supposethatits transition densityρ canbefactored as

ρ � ξt � 1 � ξt 
 θ �#� ρ2 � ξ2 O t � 1 � ξ1 O t � 1 
 ξt 
 θ � ρ1 � ξ1 O t � 1 � ξt 
 θ ��
 (70)

with correspondingconditionalCDFsdenotedby P1 andP2. Now wecangeneratesimulationsof
�
ξt 	 that

will besmoothfunctionof θ justasin theunivariatecase,exceptthatin thetwo-dimensional caseweneed

to generate two randomU � 0
 1� variables ut � � u1 O t 
 u2 O t � for eachtime periodsimulated. For exampleto

generateasimulatedvalueof ξ1 � � ξ1 O 1 
 ξ2 O 1 � we compute

ξ1 O 1 � P. 1
1 � u1 O 1 � ξ0 
 θ �

ξ2 O 1 � P. 1
2 � u2 O 1 � ξ1 O 2 
 ξ0 
 θ ��� (71)

Clearly the resulting realization for ξ1 is of the form ξ1 � u1 
 ξ0 
 θ � and will be a smoothfunction of θ

providedthatP1 andP2 aresmoothfunctionsof � ξ 
 θ � . Continuing recursively we have:

ξ1 O t � 1 � P. 1
1 � u1 O t � 1 � ξt 
 θ �

ξ2 O t � 1 � P. 1
2 � u2 O t � 1 � ξ1 O t � 1 
 ξt 
 θ �
� (72)
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The resulting simulations take the form
�
ξt � � us	 s0 t 
 θ 
 ξ0 ��	 andwill be smoothfunctions of θ provided

thatP1 andP2 aresmoothfunctionsof their conditioningarguments� ξ 
 θ � .
Now consider usinga single simulatedrealizationof

�
ξt � � us	 s0 t 
 θ 
 ξ0 �
	 to form a simulated sample

momenthT � � us	 s0 T 
 ξ0 
 θ � givenby

hT � � us	 s0 T 
 ξ0 
 θ �#� 1
T

T

∑
t , 1

h � ξt � � us	 s0 t 
 θ 
 ξ0 ��
 ξt . 1 � � us	 s0 t . 1 
 θ 
 ξ0 ���^� (73)

Let � � u1
s 	 s0 T 
����
��
 � uS

s 	 s0 T � denoteSIID T S 1 sequencesof U � 0
 1� randomvectorsusedto generate the

S independentrealizations of theendogenously sampledprocess
�
ξt � � ui

s 	 s0 t 
 θ 
 ξ0 ��	 , i � 1
��
����
 S. Define

hSO T � θ � astheaverageof S independent timeaverageshT � � ui
s	 s0 T 
 ξ0 
 θ �

hSO T � θ �#� 1
S

S

∑
i , 1

hT � � ui
s	 s0 T 
 ξ0 
 θ ��� (74)

Definition 6: Thesimulatedminimum distanceestimator θ̂T is definedby:

θ̂T � argmin
θ T Θ

� hSO T � θ � � hT � 4 WT � hSO T � θ � � hT ��
 (75)

whereWT is a J S J positivedefiniteweightingmatrix.

In order to simplify the asymptotic analysis, we initially assumethat we have a correct parametric

specificationof theendogenoussamplingproblem.Thatis wemake

Assumption5: Theparametric modelintroducedin section 2 is correctly specified,i.e., there is a θ U J Θ

such that: �
ξt � � us	 s0 t 
 θ U 
 ξ0 ��	bg �

ξt 	 (76)

thatis,whenθ � θ U , thesimulatedsequenceinitializedfromtheobserved valueξ0 hasthesameprobability

distributionastheobservedsequence
�
ξt 	 .

Later we will relax assumption 5 to allow the parametric modelto be misspecified. In that casethe

asymptotic propertiesof theSMD estimator still hold, exceptthatnow θ U is interpretedasthevalueof θ

the minimizesthe distancebetweenthe momentsof the true datagenerating process andthe parametric

simulatedprocess,wheretheexpectation is takenin thelimit asbothS Z ∞ andT Z ∞.

We now sketch the derivation of the asymptotic distribution of the SMD estimator, showing how its

variancedependson thenumberof simulationsS.

Assumption 6: For any θ J Θ the process
�
ξt � � us	 s0 t 
 θ 
 ξ0 �
	 is ergodic with uniqueinvariant density

ψ � ξ � θ � givenby:

ψ � ξ4 � θ �#� (
ρ � ξ4 � ξ 
 θ � dψ � ξ �θ ��� (77)
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DefinethefunctionsE
�
h � θ 	 , ∇E

�
h � θ 	 , and∇hSO T � θ � by:

E
�
h � θ 	 � (

h� ξ4 
 ξ � dρ � ξ4 � ξ 
 θ � dψ � ξ � θ �
∇E

�
h � θ 	 � ∂

∂θ
E
�
h � θ 	

∇hSO T � θ �)� ∂
∂θ

hSO T � θ ��� (78)

Assumption 7: θ U is identified; that is, if θ _� θ U , then E
�
h � θ 	 _� E

�
h � θ U 	h� E

�
h	 . Furthermore,

rank� ∇E
�
h �θ 	5�&� K and limT \ ∞WT � W with probability 1 whereW is a J S J positivedefinitematrix.

The consistency of the SMD estimatorcanbe establishedby providing appropriate regularity con-

ditions underwhich the simulated processis uniformly ergodic, i.e., underwhich with probability 1 we

have

lim
T \ ∞

sup
θ T Θ

� hSO T � θ � � hT � 4 WT � hSO T � θ � � hT � � � E � h � θ 	 � E
�
h � θ U 	^� 4 W � E � h � θ 	 � E

�
h � θ U 	^� � 0� (79)

Assumption6 guaranteesthat theuniqueminimizerof � E � h � θ 	 � E
�
h � θ U 	5� 4 W � E � h � θ 	 � E

�
h � θ U 	5� is θ U ,

and this combinedwith the uniform consistency result implies the consistency of θ̂T . The asymptotic

normality of θ̂T canbeestablishedby aTaylor series expansion of thefirst ordercondition

� hSO T � θ̂T � � hT � 4 WT∇hSO T � θ̂T �&� 0� (80)

ExpandinghSO T � θ̂T � aboutθ � θ U wehave

hSO T � θ̂T �&� hSO T � θ U � � ∇hSO T � θ̃T � � θ̂T � θ U ��
 (81)

whereθ̃T denotes a vectorthatis (elementwise)on theline segmentbetweenθ̂T andθ U . Substituting (81)

into thefirst ordercondition for θ̂T in equation(80)andsolvingfor � θ̂T � θ U � we obtain

� θ̂T � θ U �&� � ∇hSO T � θ̃T � 4 WT∇hSO T � θ̂T � . 1 ∇hSO T � θ̂T � 4 WT !hSO T � θ U � � hT " 
 (82)

wherewe assumethat ∇hSO T � θ̃T � 4 WT∇hSO T � θ̂T � is invertible, which will be thecasewith probability 1

for sufficiently largeT dueto assumptions6 and7. Now multiply bothsidesof equation (82) by

c
T and

applya Central Limit theorem to thedifference

c
T ! hSO T � θ U � � hT " to obtainc

T !hSO T � θ U � � hT " � � N � 0
 � 1 � 1M S� Ω � h
 θ U �
�5� (83)

Tounderstandthisresult, notethathSO T � θ U � isanaverageof Sindependentrealizationsof
�
ξt � � us	 s0 t 
 θ 
 ξ0 ��	 ,

which by Assumption5 hasthesamedistributionas
�
ξt 	 . As a result eachof thetermsentering hSO T � θ U � ,
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hT � � ui 	5
 θ U � , hasthe sameprobability distribution ashT andaredistributed independently of hT . The

CentralLimit Theoremappliedto hT yieldsc
T !hT � E

�
h � θ U 	 " � � N � 0
 Ω � h
 θ U ���5� (84)

Similarly, for eachi � 1

������
 Swe havec
T hT � � ui

s	 s0 T 
 θ U � � E
�
h � θ U 	 � � N � 0
 Ω � h
 θ U ���^� (85)

Notethat

!hSO T � θ U � � hT " � 1
S

S

∑
i , 1

! hT � � ui
s 	 s0 T 
 θ U � � E

�
h � θ U 	 " � E

�
h � θ U 	 � hT 
 (86)

sothatwe have c
T ! hSO T � θ U � � hT " � � 1

S

S

∑
i , 1

X̃i � X̃0 
 (87)

where � X̃0 
 X̃1 
����
��
 XS� areIID N � 0
 Ω � h
 θ U ��� randomvectors.It follows immediately that theasymptotic

distributionof

c
T !hSO T � θ U � � hT " is N � 0
 � 1 � 1M S� Ω � h
 θ U ��� . Usingthis result andequation (82)wehavec

T θ̂T � θ U � � N � 0
 � 1 � 1M S� Λ . 1
1 Λ2Λ . 1

1 ��
 (88)

where

Λ1 � !∇E
�
h � θ U 	 " 4 W∇ !E � h � θ U 	 "

Λ2 � !∇E
�
h � θ U 	 " 4 WΩ � h
 θ U � W !∇E

�
h � θ U 	 " � (89)

Borrowing from the literatureon generalizedmethodof momentsestimation,theoptimalweightmatrix

W � !Ω � h
 θ U � " . 1 results in anSMD estimatorwith minimal variance. In this casetheasymptotic distri-

butionof θ̂T simplifiesto:

Theorem 5: ConsidertheSMDestimator θ̂T formedusinga weighting matrixWT equalto theinverseof

anyconsistentestimatorof Ω � h
 θ U � . Thenwehave:c
T ! θ̂T � θ U " � � N � 0
 � 1 � 1M S� Λ . 1 � (90)

where:

Λ � ∇E
�
h � θ U 	 4�!Ω � h
 θ U � " . 1∇E

�
h � θ U 	 � (91)

Themostimportant point to noteaboutthis resultis that thepenalty to forming anSMD estimator using

only asinglerealizationS � 1 of theendogenously sampledprocess
�
ξt � � us	 s0 t 
 θ 
 ξ0 ��	 is fairly small,the
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varianceof theresulting estimator is only twice aslargeasanestimatorthatcomputestheexpectation of

hT � � u	5
 θ � exactly, suchaswouldbedonevia MonteCarlointegrationwhenS Z ∞.

TheSMD estimatorcanbeimplementedin practiceby solving

θ̂T � argmin
θ T Θ

� hSO T � θ � � hT � 4 Ω̂ � h
 θ � . 1 � hSO T � θ � � hT ��
 (92)

where

Ω̂ � h
 θ �H� 1
T

T

∑
t , 1

εt � θ � εt � θ � 4 (93)

where

εt � θ �#� h � ξt � � us	 s0 t 
 θ 
 ξ0 �

 ξt . 1 � � us	 s0 t . 1 
 θ 
 ξ0 ��� � hT � � us 	 s0 T 
 ξ0 
 θ ��� (94)

Thus,an estimateof the optimal weighting matrix Ω � h
 θ � is recomputed eachtime the parameter θ is

updated.

Moreefficient estimatorscanbeobtained by selecting “efficientmomentfunctions” h suchasthescore

of thepartial informationmaximumlikelihoodfunction derivedin section 2. Suchanestimatorcanattain

the Cramer-Raoefficiency boundderived for the PIML estimatorin equation (63). However the score

involvesa ratioof integrals,andit is not clear thatthese integralscanbereplaced by simulation estimates

andstill obtainaconsistentSMD estimator. If accuratenumericalintegralsarerequired,thecomputational

advantageof the SMD estimatoris lost andit may be lesscomputationally burdensometo computethe

PIML estimatordirectly. This is a topic for futurework. Wenotethatthedefinition of theSMD estimator

canbeextendedto allow momentsformedfrom thesegmentedMarkov chain
�
ω i 	 definedin section 2.

This formulation would berequired in thecasewhereh is thescoreof thepartial information likelihood

function, since the componentsof the scoreinvolve the segmentedchainasshown in section2. Using

momentsfrom thesegmentedchaininvolvessomeminormodificationsof theargumentsgivenabove. We

now do theasymptoticsasa function of thenumberof purchasesn rather thanthe total numberof time

periodsT overwhich theprocess is observed. In thiscasewe definethesamplemomentshn by

1
n � 1

n . 1

∑
i , 1

h� ωi � 1 
 ωi ��
 (95)

andthesimulatedmomentshSO n � θ � canbedefinedaccordingly, usingthesimulatedprocess
�
ξt � � ui

s	 s0 t 
 θ 
 ξ0 ��	 ,
i � 1

������
 S to constructSIID realizationsof thesegmentedprocess.

Finally, we notethat it is appears that it is possible to relax Assumption 5 that theparametric model

is correctly specified. As long asassumptions6 and7 hold, there will still exist well definedlimiti ng
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momentsfor the simulated process,E
�
h � θ 	 , for eachθ J Θ. Defineθ U asthe valuethat minimizesthe

distancebetweenthesimulated modelandthetruedatagenerating process:

θ U � argmin
θ T Θ

!E � h � θ 	 � E
�
h	 " 4 W !E � h � θ 	 � E

�
h	 " 
 (96)

whereE
�
h	 denotesthelimit of hT asT Z ∞ for thetruedatagenerating process.If thevalueof θ U that

minimizesthis distanceis interior to theparameter spaceΘ, thenthefollowing first ordercondition must

holdatθ U :
� E � h � θ U 	 � E

�
h	5� 4 W∇E

�
h � θ U 	b� 0
 (97)

whereE
�
h	 denotesthe long run or ergodic expectation of h with respectto the true datagenerating

process. This impliesthatast Z ∞ therandomvector

Xt 1 ∇E
�
h � θ U 	 4 W � h� ξt � � us	 s0 t 
 θ U 
 ξ0 ��� � h� ξt ���

 (98)

satisfies

lim
t \ ∞

E
�
Xt 	 � 0

lim
t \ ∞

cov � Xt �)� Λ2 (99)

for someJ S J covariancematrixΛ2. Howeverin themisspecifiedcase,Λ2 maynotequalthesameformula

astheΛ2 givenin equation (89). Usinga suitable Central Limit theoremfor mixing processes,we should

have c
T∇E

�
h � θ U 	 4 W !hT � � u	5
 θ U � � hT " � � N � 0
 Λ2 �
� (100)

Following a Taylor expansionargumentjustasin thecorrectly specified caseabove,we shouldbeableto

derive thesamegeneralform for theasymptotic distributionof θ̂T in themisspecified case,i.e.c
T θ̂T � θ U � � N � 0
 � 1 � 1M S� Λ . 1

1 Λ2Λ . 1
1 ��
 (101)

where

Λ1 � ∇E
�
h � θ U 	 4 W∇E

�
h � θ U 	 (102)

andwhere c
T∇hT � � us	^
 θ U � 4 WT !hT � � us	^
 θ U � � hT " � � N � 0
 Λ3 �
� (103)

Themainoutstandingissueis to actually establish thelimiting asymptotic distribution thatis conjectured

in (103)andrelate theasymptotic covariancematrix Λ3 to theasymptotic covariancematrix Λ2 in (100).
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Thesimilarity of thetwo expressionsin (103)and(100)suggeststhatΛ2 � Λ3, but furtherwork, including

careful attention to regularity conditions,would requiredto determinewhetherthis is thecase.Thiswork,

together with MonteCarlotestsandanempiricalapplicationof theSMD is currently in progress.

5 Estimation

To illustratethesimulatedminimumdistance estimator, we considera specialcaseof themodelin which

therearenoadditionalstatevariablesx. In thiscase,the � S
 s� bandsareonly functionsof thecurrent spot

price, S� p� ands� p� . We first estimate themodelusingdatageneratedfrom themodelitself. In this case,

weknow themodelis correctly specified, andweknow thetrueparametervector. Second,weestimatethe

modeltwiceusingactual datafor two products from thesteel servicecenter.

Consideraversionof themodelin which thefirm’sgeneralmanagersolvesthefollowing problem:

maxi
qo

t j E
∞

∑
t , 0

1
1 � r

t

pr
t q

s
t � co � qo

t 
 pt � � ch � qt � qo
t 
 pt � � cg � qr

t 
 qt � qo
t � (104)

subjectto (3) and(4), andwhere

co � qo
t 
 pt �)� ptqo

t � K if qo
t � 0

0 otherwise,

ch � qt � qo
t 
 pt �)� φ � qt � qo

t ��
 and

cg � qr
t 
 qt � qo

t �)� γ if qr
t � qt � qo

t
0 otherwise.

As before, themanagertakesthespotprice pt andquantity demandedqr
t asgiven.Themanagerknows pt

beforedecidingqo
t . Themanagerthendrawsqr

t . Theordercostfunction, co � �Q
��k� , andthestock-outpenalty

function, cg � �Q
��l� , areasdescribedin section 2. Theholdingcostfunction, ch � �Q� , is linear, sothemarginal

costof storageis aconstant.

We assumethespotpriceevolvesaccording to a truncatedlognormalAR� 1� process:

log� pt � 1 �#� µp � λplog� pt � � wp
t (105)

wherewp
t is an IID N � 0
 σ2

p � sequence.If we let µ̄p and σ̄p denotethe uncensored meanandstandard

deviation of thespotprice distrubution,wecancompute

σ̃p � log� σ̄2
p � µ̄2

p � � 2log� µ̄p �
� (106)

Usingσ̃p wecancomputeµp andσp by:

µp � � 1 � λp � � log� µ̄p � � σ̃2
p M 2� and σp � σ̃p

S 1 � λ2
p � (107)
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Thefirm setstheretail price by usingafixedlinear markupruleover thecurrent spotprice:

pr
t � α0 � α1pt � (108)

Thefirm draws a quantitydemandedqr
t eachperiod.Theprobability thatqr

t � 0 is a fixed,time-invariant

constant denotedby η. Themeanof thedemanddistribution is decreasing in pt .

Let µ̄q andσ̄q denotetheunconditional meanandstandard deviation of thequantity demandeddistru-

bution. Wecancompute

µ̃q � log� µ̄q � � σ̃2
q M 2 and σ̃q � log� σ̄2

q � µ̄2
q � � 2log� µ̄q ���

Thenthe meanandstandard deviation of quantity demandedconditionedon pt anda sales occuring, µq

andσq, arecomputedby:

µq � µ̃q � ξ S µp M^� 1 � λp � and σq � σ̃2
q � ξ2 S σ̃2

p M^� 1 � λ2
p �
�

Finally θ denotesthe1 S p (with p � 13)parametervectorto beestimated:

θ � �
r 
 K 
 α0 
 α1 
 λp 
 µ̄p 
 σ̄p 
 µ̄q 
 σ̄q 
 ξ 
 γ 
 η 
 φ 	^�

TheSMD estimation procedurerequiresusto solvefor theoptimalinventory investmentruleeachtime

we evaluatethecriterionfor a new parameter vector. We solve themodelby themethodof parameterized

policy iteration (PPI).ThisPPIalgorithm amountsto thefollowing iterativeprocedure:

1. Approximate the valuefunction V � p
 q� given in equation (12) with a finite linear combination of

basis functions.

2. Discretizethestatespaceinto afinite numberof � p
 q� pairs.

3. For eachiteration i useequation (16) to computethe optimaldecision rule qo
i � p
 q� at eachof the

discretized � p
 q� pairs. Although we discretized the statevariables,qo
i is a continuousvariables

thoughit is subjectto thefrequently bindingconstraint: 0 � qo
i � q̄ � q.

4. Perform apolicy iteration step.Thatis compute

Vi � p
 q�#� E
∞

∑
j , 0

� 1
1 � r

j

π � p j 
 pr
j 
 qs

j 
 qo
i � p j 
 q j � � qs

j � p
 q � (109)
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5. Regressthe updatedvalue function, Vi � p
 q� , on the discrete set of p and q’s to computea new

parameterized approximationof thevaluefunction.

6. Iterateover i on steps3–5 until the coefficients on the parameterized approximationof the value

function converge.

Weapproximatedthevaluefunction by acompletesetof Chebychev polynomialsof degree3 in p and

q. We discretized thestatespacewith 225grid points(15 in the p dimension and15 in theq dimension).

Thegrid points arefixedat theChebychev zeros,sothegrid pointsaremoreheavily weightedtowardthe

boundariesof thestate space.

As canbe seenby Bellman’s equation (13) eachiteration of the algorithm requires the solution of

a constrained optimization problem involving the threefunctionsES� p
 q� , EG� p
 q� , andEV � p
 pr 
 q� ,
eachof which is a conditional expectation of functionsof two continuousvariables(sales, prqs, andthe

valuefunction, V � p
 q� ). Sincenoanalytic solutions to theseconditionalexpectationsexist, weresortedto

numericalintegration. We implementeda “quadrature” approach thatapproximatesEV by a probability

weightedsum:

ÊV � p
 pr 
 q�#� 1
Np

1
Nq

Np

∑
i , 1

Nq

∑
j , 1

I
�
q j � q	 V̂ � pi 
 q � q j � h� q j � pr � g� pi � p� (110)

whereh� q j � pr � is adiscretizedapproximationto theconditionalprobability density h� q � pr 
 q� , andg� pi � p�
is a discretized approximation to the transition probability densityg� p 4 � p� . Further adjustmentsto this

formula weremadein orderthat ÊV � p
 pr 
 q� reflects that masspointson stockouts andzerosales asin

equation (16).

Wehaveconsiderablefreedomin ourchoiceof momentsfunctions,theh vector, to usein thecriterion.

Themostefficientmomentfunctionswecouldusewouldbethescoreof thepartial informationmaximum

likelihoodfunction derivedin section 2. Suchanestimator couldattain theCramer-Raoefficiency bound

derivedfor thePIML estimator. However asdiscussedin section 4 thescoreinvolvesa ratio of integrals.

It is notclearthattheseintegralscanbereplacedby simulation estimatesandstill obtainaconsistentSMD

estimator. Instead we matchthemeansandhistogramsof the p, pr , qo, qs, andq processes.For example

for product2, we usefive momentsfor thewholesale price,p:

1
N

∑T
t , 1 pt wherept � 0 if qo

t � 0 (111)

1
T

∑T
t , 1 100 S I � pt � 0� (112)
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1
N

∑T
t , 1 100 S I � pt � 15� 85andpt � 16� 95� (113)

1
N

∑T
t , 1 100 S I � pt � 16� 95andpt � 19� 60� (114)

1
N

∑T
t , 1 100 S I � pt � 19� 60� (115)

whereI is anindicator function, andN is thenumberof daysanorderis placed: N 1 ∑T
t , 1 I � pt � 0� . So

themomentin equation (111) is themeanof thecensoredorderprice process. Themomentin equation

(112)measuresthepercentageof daysapurchaseis made;it is just100 S N M T. Themomentsin equations

(113),(114),and(115)arethesecond,third andfourth quartiles of thecensored price process. Similarly,

we constructedmeansandquintile histogrambinsfor theremaining four series, pr , qo, qs, andq. Finally

we computedthepercentageof daysa saleoccurs.Sothetotal numberof momentsusedin thecriterion,

J, is 26. Wesetthenumberof simulations,S, to 10.

The indicator functions in themomentconditionsareof coursenot smooth.However thecriterion is

visually asmoothfunctionof theparameterswith theexception of thefixedcostparameter K. In thiscase,

concentrated“slices” of thecriterion function have “steps” and“cli ffs.” Therefore to verfiy MATLAB’ s

constrainedminimizationroutinefmincon.m foundaglobalminimumin eachcase,wevisually inspected

variousconcentratedslicesof thecriterionfunctionaftereachestimation.

parameter truth point standard
estimate error

K 100 81.7 22.2
α0 0.90 1.34 0.30
α1 1.16 1.09 0.02
λp 0.970 0.965 0.002
µ̄p 18.00 18.73 0.32
σ̄p 3.50 3.08 0.11
µ̄q 250.0 255.2 9.3
σ̄q 300.0 311.19 24.3
ξ 0.70 0.73 0.18
γ 500 593 229
η 0.350 0.334 0.002
r 0.075 0.039 0.036
φ -0.06 -0.039 0.006

criterion 0.0944

Table1: Estimation resultsondatagenerated by themodel.

In ourinitial exercise,therearetwosetsof simulations:first,wefixedtheparameter valuesin themodel
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to thosein secondcolumnof table1; wesolvedthemodelandcreatedasimulateddatasetof 1013periods

from the model; secondusingthe simulated data,we estimated the modelvia our simulated minimum

distanceestimator. The results from this experimentarereported in table 1. The estimation procedure

providesa formal criterion of thevalidity of model. In bottomrow of table1 we reportthevalueof the

objective function evaluatedat theSMD pointestimates:0.0944.Sincethenumberof momentconditions

exceedsthenumberof parametersestimated(J � p) themodelis overidentified. Following Hansen(1982),

weusetheobjective function to testtheoveridentifing restrictions.

� hSO T � θ̂ � � hT � 4 Ω̂ � h� . 1 � hSO T � θ̂ � � hT � Z χ2 � J � p� (116)

We alsoreport in table1 the point estimatesandstandarderrorsfor eachof the thirteenparameters

alongwith theparametervaluesusedto createthesimulateddata. Thequantity dataarein hundred-weight

(i.e. in 100’s of pounds)so the price parametersarein dollars-per-hundredweight(or centsper pound).

Thefixedcost,K, is setto $100perorder. Thevalueof a lost sale, γ, is $500.Theparameter choicesfor

µ̄p andσ̄p implies theuncensoredpriceprocesswith ameanof $18.00perhundred-weightor 18centsper

poundandstandard deviation of $3.50dollarsper hundred-weight. The parameter valuesof µ̄q, σ̄q and

ξ imply theaveragesaleis 250hundred-weightor 2,500pounds.The interestrater is setto 7.5 percent

perannum.Thelinearstoragecostnetof convenienceyield, φ is set-6 centsperhundred-weight,sothe

convenienceyield dominatesthestoragecost.

For mostof theparameters,thepointestimatesarewithin oneor two standard errorsof thetruevalues.

Thereareseveralexception,however. Thepoint estimatefor φ, thelinearstoragecostnetof convenience

yield, is biasedtoward zero. The arealsoseveral large deviationsbetweenthe trueparametervalueand

point estimates. The widest divergence is the interest rate r. Its point estimate is abouthalf the true

value. Both φ andr capture the“cost” of holding inventories: r capturestheopportunity costof holding

inventories,while φ capturesthephysicalholdingcostsandconvenience yield of holding inventories. So

a positve r anda negative φ couldoffseteachother. Thepoint estimatefor thefixedcostparameter, K is

alsoabout20 percentlower thanits truevalue. This parameterlargely determinesthe distancebetween

theSands bands.To accurately identify this parameter requiresnumerousobservationsof daysin which

thefirm is holdinginventory levelsclose to s. Giventherelatively few daysthefirm purchases, thereare

very few daysthefirm holdsinventoriescloseto s.

We now estimatethemodelfor two products independently. In table2 we reportthepoint estimates
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Product2 Product4
parameter point standard point standard

estimate error estimate error
K 83.0 10.1 95.6 23.9
α0 1.10 0.50 1.13 0.77
α1 1.07 0.02 1.11 0.04
λp 0.979 0.00006 0.981 0.0003
µ̄p 18.34 0.17 18.03 0.30
σ̄p 2.80 0.08 3.85 0.16
µ̄q 258.6 7.7 289.8 9.6
σ̄q 215.3 12.5 219.1 15.7
ξ 0.68 0.24 0.74 0.30
γ 471 215 501 362
η 0.344 0.006 0.353 0.003
r 0.0796 0.041 0.071 0.072
φ -0.0705 0.005 -0.0423 0.006

criterion 0.58 0.31

Table2: Estimation Results usingdatafor product2 andproduct4.

andstandard errors for theparametersof themodelfor productswe call product2 and4. We alsoreport

theminimized SMD estimation crtiterion.Althoughthemodelis formally rejectedfor, it is consistentwith

themainstylizedfactsof inventory investmentbehavior thatweobservein ourdata(for further discussion,

seeHall andRust,1999).

Althoughweestimated theparametersfor eachof theseproductsindependently, it is reassuringthatthe

point estimatesfor almosttheentireparametervectoraresimilaracrossthetwo products. It is reasonable

to expectthattheparameters,K, r shouldbeidentical acrossproducts. We alsoexpecttheparametersα0,

α1, λp, ξ, γ, andφ to bequitesimilar, if not identical, acrossproducts.8 Indeed, with theexceptionof φ,

this is thecase.Theestimatesfixedordercostparameter, K arewell within two standard errors of each

other. Whenwe askedthegeneralmanagerfor his estimate of this parameter hefirst stated$50. We then

askedhim whether$80to $90seemedreasonable,hesaidyes.Themainfixedcostto ordering is thevalue

of thegeneral managerandhisadministrativeassistant’s time in takesto completethepaperwork.

Thepointestimatesacrossthetwo productsof theinterestrateusedby thefirm to discount futurecash

flows, r, arewith onestandard deviation of eachother, andthe point estimatesarequite sensible. The

estimated nominalinterest ratefor the two productsis between7 to 8 percent (7.96%for product2 and

8Wecouldhaveestimatedthemodeljointly acrossthetwo products,constrainingthesevalueto beequalacrossproducts.
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7.11%for product4). TheCEOof thecompany drew theline atprovidingusdataon thefirm’sborrowing

andlending(many sales involve tradecredit), but told us that oneandthree-quarter pointsover a short-

termLIBOR ratewasa goodestimate of theinterest ratethey faced.Theaverageof the3-monthLIBOR

rateof thefour-year periodstudiedis about5.75,which impliesanaverageborrowing ratefor thefirm of

about7.5%.

Whenwe askedthegeneralmanagerfor his estimate of thegoodwill costof turningaway a customer

dueto stockout, hestatedit wasaround$200. Whenaskedwhether$400-$500wasreasonable, he felt

that this valuewasa lit tle too high. For both products,the standarderrors for this parameterarequite

large. Thecriterionis clearly very flat alongthisdimension.Themarginal costof storageparameter, φ, is

negative for bothproductssothemarginalconvenienceyield dominatesanphysical costsof storage.This

result is consistent with theobservation in thecommoditystorageliterature thatnegativestoragecostsare

akey determinateof theautocorrelation in commodityprices.

Onediagnostic of themodelandtheestimationprocedureis to comparetheestimatedvalueof η in the

two modelsto thefraction of daysno salesaremade.Thepercentageof daysa saleoccursis oneof the

momentsusedthecriteriaandshouldpin down thevalueof η: 1
T ∑T

t , 1100 S I � pr
t � 0�6m 100 S � 1 � η � .

For product2, thefractionof daysin datawithoutasaleis 0.355while thepointestimateof η is .344with

a standard errorof .006.For product4, thefraction of daysin datawithout a saleis 0.366while thepoint

estimateof η is .353with astandard errorof .003.While thepointestimatesfor η arecloseto themoment

The endogenoussamplingproblemis illustrated in figures3 and4. In figure 3 we plot we the S� p�
ands� p� bandsderived from the optimal decisions rulesfor the manager’s problem usingthe estimated

parameter vector for product2. Due to the fixed costsof ordering, the S� p� bandis strictly above the

s� p� bandalthoughthedifferencebetweenthetwo bandsdecreasesasthepriceincreases.In otherwords,

as implied by Corollary 2, the ordersizeat s is a decreasing function of the price. In figure 3 we also

scatterplot a setof simulatedstatespacepairs (pt 
 qt). Accordingto the firm’s optimal trading rule, the

firm only makespurchaseswhenthe � pt 
 qt � pair is below the s� p� band(in the southwestcornerof the

graphs). In thesimulation presented,thisoccurslessthan15 percent of time.

Theinfrequency with whichpurchasesaremadeis alsoillustratedin figure4. Thisfigurepresentsthe

censored anduncensoredpurchasepriceseries, pt . Thesolidline is theanalogueof whatweobservein the

data:we linearly interpolatedbetweenthepricesatwhich transactionstookplace;thedotted line includes

theunobservedpricesatwhichno transactionsoccurred.Duringperiodsof low prices(e.g.days325-350,

475-500and575-595)thefirm aggressively madepurchasesto build up large levelsof inventories. The
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Figure3: Scatterplotof purchasepriceandinventory holdingpairs from a simulation for product2. The
solid linesaretheS� p� ands� p� bandsfrom themodel.
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large levelsof inventorieswereslowly drawn down aspricesinevitably rose.Thusafterexploiting a low

priceopportunity, thefirm maysubsequently make nonew purchasesfor many days.

Figures3 and4 highlight someof the strengths of the model. The modelcancapture severalof the

salient featuresof theinventory andpricedata.First,in thedatapurchasesaremadeinfrequently. It is clear

from bothgraphsthatthemodelimpliespurchasesareonly madeabout15percentof thetime. Second,we

observe bothsmallandlarge purchasesin thedata.Again this canbeenin bothgraphs.In figure3 when

the � pt 
 qt � pair (dot) is below thes� p� band,thesizeof theorderis theverticaldistancebetweentheS� p�
bandandthe � pt 
 qt � pair (dot). Whenthepurchasepriceis lessthan16 centperpound,we observe both

largeandsmallorders. Whenthepurchasepriceis above18centsperpoundweonly observesmallorders.

In figure4, thesizeof themarker is proportional to thesizeof thepurchase. Again oncecanseethatthe

modelpredicts relatively large purchaseswhenthe price is low andrelatively small purchaseswhenthe

priceis high. Third, in thedataweobserveperiodsof with high levelsof inventoriesandperiodswith low

levels of inventories. From the scatterplot in figure 3 we canseethat the modelpredicts that inventory

levelswill varyover thesamplebetween0 and1.8million pounds.

Theability of themodelto matchthedatacanbeseenvisually in figure5-16. In thesegraphswe plot

time seriesfor inventory holdings, prices, anddays-supply, histogramsfor orderandsalesquantities,and

a stemplot of orders. On theleft handside,we plot theactual datafor product2. On theright handside

weplot theoutputof asimulation for themodelusingtheestimatedparametervaluesfor product2.

The main shortcoming of the estimation is our inability to matchthe downward trendof the price

process. We assumethatpricesarestationarythoughhighly persistent.Conseqently, ascanbeenseenin

the � S
 S� bandplotted in figure3, theoptimaldecision rules imply counterfactually that thefirm should

make only small purchases andhold low levels of inventorieswhenever the procurmentprice is above

17 dollars per hundred-weight. From figures7 and 9 we seethat, for product2, the firm madelarge

purchasesaround19 dollars perhundred-weightin theearlypartof thesampleandaround15 dollarsper

hundred-weightin thelaterpartof thesample.

If we concentrateout all the otherparametersexceptλ p the criterion surface is a steepandsmooth

cupcenteredaround0.978sothesmallstandard errorassociatedwith theAR(1) is not surprising. But the

concentratedcriterion surfaceactualy turnsdown slighty between.995and1.01. (Themodelstill solves

numericaly for valuesof λp slightly greater thanone.)Theglobalminimumis still centeredaround0.978,

but there appearsto bea localminimumjustabove 1.00.However if we assumetheprice process follows

a(or averynearly) random-walk, theoptimaldecisionrulesimpliesfrequentsmall-to medium-sizeorders

44



0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
Inventory Holdings, Product 2

in
ve

nt
or

y 
(in

 1
,0

00
,0

00
 p

ou
nd

s)

Ju
l 1

, 1
99

7

Ja
n 

1,
 1

99
8

Ju
l 1

, 1
99

8

Ja
n 

1,
 1

99
9

Ju
l 1

, 1
99

9

Ja
n 

1,
 2

00
0

Ju
l 1

, 2
00

0

Ja
n 

1,
 2

00
1

Ju
l 1

, 2
00

1

Figure5: Actual inventory datafor product 2.
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Figure6: Simulatedinventoriesfor product2.
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Figure7: Orderandsell pricesfor product2.
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Figure8: Simulated prices for product2.
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Figure9: Ordersizefor product2.
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Figure10: Simulatedordersizefor product2.
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Figure11: Days-supply for product2.
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Figure13: Histogramof procurmentsfor product2.
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Figure14: Histogramof simulatedordersfor prod.2.
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G.M.’sactual Model’s Policy Long-run
performance Prescription simulation

markup $251,493 76% $230,108 43% $352,129 55%
capital gain 92,503 24% 333,223 58% 278,482 45%
holdingcost 447,641 501,680 500,365
lostsales 0 -28,726 -18,533
ordercosts -10,804 -12,820 -11,607
totalprofits 780,833 1,023,464 1,100,836

Table3: ProfitDecomposition For Product2 UsingEquation117
Profitsin thefirst two casescover the1013daysin oursampleandarediscountedbackto startof thesample.
Thethird casedecomposedtheprofitsimpliedby themodelfor a simulationof 1,000,000periods.
Totalprofitsarethesumof thefirst five rows.

so that the invnetory level fluctuatesclosely arounda fixed target level. Thusthemodelwhich assumes

pt follows a randomwalk will not imply thelargevariation in inventory holdingsthatwe seein thedata.

Theotherpossible solution is to detrendthedata.However whenwe first startedworking on this project,

no onewe talked to expectedsteel price to declineover 25% in four years. To someextent we arejust

workingwith tooshortasampleperiod.

Finally, from thesimulationswecandeducetheimportanceto thefirm’sprofitsof themarkuprelative

to the capital gainsand lossesfrom the firm’s optimal speculation strategy. By substituting the law of

motion for inventories, (4), into the firm’s objective function, (104) the discounted presentvalueof the

firm’sprofitscanbeexpressedby

T

∑
t , 1

1
1 � r

t

π � pt 
 pr
t 
 qr

t 
 qt � qo
t �#� T

∑
t , 1

1
1 � r

t � pr
t � pt � qs

t � T

∑
t , 2

1
1 � r

t � pt � � 1 � r � pt . 1 � qt �
T

∑
t , 1

1
1 � r

t

I � qo
t � K � T

∑
t , 1

1
1 � r

t

ch � qt � qo
t 
 pt � � T

∑
t , 1

1
1 � r

t

cg � qr
t 
 qt � qo

t �
� (117)

Thefirst termontheright handsideof equation (117)canbeinterpreted asthediscountedpresentvalueof

themarkupover thecurrent spotpricewhile thesecondterm canbeinterpretedasthediscountedpresent

valueof thecapitalgainsor lossfrom holdingthesteelfrom periodt � 1 into period t. Thethird, fourth,

andfifth termsarethediscountedpresentvaluesof theordercosts,theholdingcosts,andthelostsalegood

will costsincurred by thefirm over thesampleperiod.

This decomposition is reported in tables3 and4. We first employ this decomposition to evaluatethe

generalmanager’s actualperformanceover thefour-yearsampleperiodfor product2. Sincethis decom-

position dependson the wholesaleprice pathbetweenpurchases,we interpolatebetweenthe observed

purchasedatesvia importancesampling.Thatis, wesimulatepathsconditioningontheintial andterminal
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G.M.’s actual Model’s Policy Long-run
performance Prescription Simulation

markup $287,488 72% $238,096 41% $502,721 56%
capital gain 116,829 28% 346,861 59% 394,716 44%
holdingcost 363,858 166,107 382,479
lostsales 0 -47,772 -27,168
ordercosts -14,494 -21,134 -15,509
totalprofits 753,681 682,158 1,237,239

Table4: ProfitDecomposition For Product4 UsingEquation117
Profitsaretheaveragefor 100simulatedpricepathsof 1013businessdayseach.
For thefirst two casesthesimulatedpricepathis constrainedto equaltheobservedpricesfor thedayspurchasesweremade.
Totalprofitsarethesumof thefirst five rows.

conditions.In particularwenote

ptnN 1 
 ptn 
 ptnN 1 � 1 
 ptnN 1 � 2 

����� ptn . 1 4 � A ηtnN 1 
 ηtn 
 ηtnN 1 � 1 
 ηtnN 1 � 2 
������ ηtn . 1 4 (118)

whereptnN 1 is thepriceobservedat dateandptn is thenext observedprice. Thematrix A is theCholesky

decomposition of the variance-covariancematrix of the p vector implied by the autoregressive process

estimated above. The vector η is a vectorof i.i.d. Normal (0,1) draws. This samplingprocedurede-

liverssimulations of
�
ptnN 1 � 1 
 ptnN 1 � 2 
��k�Q�l
 ptn . 1 	 conditionedon ptnN 1 and ptn that areconsistentwith the

autoregressiveprocessestimated above.

Sinceourtheory impliesthatthefirm placesanorderanytimethequantity fallsbelow theorderthresh-

old, s� p� , we truncate the simulated price processby rejectingany pathssuchthat pt � s. 1 � qt � for any

draw whithin the . Usingthe interpolatedpriceseries,we decomposedthefirm’s profitsusingtheactual

datafor qt , qs
t , andqo

t andour point estimatesfor K, r, γ, andφ. We report theaveragedecompostion for

100simulatedwholesale pricepaths.As onecanseefrom thefigure7 theprice of product2 fell steadily

over the sampleperiod. Never the less,by our accounting, the firm madewell over $300,000from the

markupandcapital gainson eachof thesetwo productover the four-yearperiod.9 Ignoring any returns

from the convenienceyield, about75 percentof theseprofits camefrom markup,while only about25

percentcamefrom thecapital gains. We find it remarkable that thefirm madepositive capital gainsover

thisperioddespitethefactthepriceof steelfell almost50percentduring thisperiod.

As adiagnostic of ourmodelwe thencomparedthegeneral manager’sperformace to theperformance

of ourmodel.In thisexperiment,wetakeasgiventhe100interpolated wholesale priceseries,thequantity

9Profitsarediscountedbackto July1, 1997.
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Figure17: Actual (dashed line) andcounter-factual(solid line) inventory holdingsfor product2.
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Figure18: Counter-factualuncensoredpurchaseprices(dottedline), censored purchaseprices(solid line),
andretail prices (dashedline) for product 2. For thecensoredpurchasepriceseries,thesizeof themarker
is proportional to thesizeof thepurchase.
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demandedseries,andinitial levelof inventoriesfor eachof theproducts. But in thiscase, welet themodel’s

optimaldecisionrulesdictatewhenandhow muchto order. Inventoriesfollowedtheaccumulation identity

givenby equation 4. As reported in tables3 and4, hadthegeneral managerfollowed theoptimal order

strategy implied by our model,his discounted profits from the markupwould have beenten to twenty

percentlower, but his discountedcapital gainswould threetimeslarger. Themodelimplies that thefirm

shouldaggresively pricespeculate.In figures17 and18 we plot thepricesandinventory holdingsfor one

simulation of themodel. In figure 17 we plot both theactualinventory holdingsalongwith the implied

holdingsunderthe model’s decision rules. In the beginning of the sample,1997-1998,whenpricesare

high, thefirm holdsalmostno inventories. Themodelrecommendsthat thefirm turn away customerand

facethe lost salepenaltyratherthanbuy whenprices arehigh. Noticethediscountedvalueof thefirm’s

lostsalepenaltiessuggeststhatthefirm’soptimally stocksout roughly 50 to 100days(5-10percentof the

days)duringthesample.

During themiddlepartof thesampleperiod,1999-2000,thecounter-factualinventory holdingstrack

the firm’s actualinventory holdingsreasonablewell. Wherethe model’s inventory policy divergessub-

stantially from the observed policy is at the endof the sample. In Decemberof 2000,the firm hadthe

opportunity to buy steel at 10 centsper pound. The model suggests that the firm shouldhave bought

a hugeamount(about3.5 milli on pounds)of product2. In fact the firm only boughtabout0.5 milli on

pounds. Finally we decomposited the firm’s profits for 100 simulations,eachof 1013periods, for the

model. We find that conditional on the modelbeingcorrectly specified,44 percent of the firm’s profits

areduethecapital gainscomponentwhile theremaining 56 percentareattributedto themarkup. While

the modelpredicts that the firm shouldaggressively speculate on the price of steel,the returnsto price

speculation still accountfor lessthanhalf of thefirm’sprofits.

6 Conclusion

In this paper, we motivatedour simulatedmimimumdistanceestimatorwith new databasefrom a single

steelwholesaler. While mostreaders maynot beinterestedin thesteelservicecenter industry, themodel

we presentedcould be easily modifiedto apply to any middlemanin any assetor commoditymarket in

whichtheprocurementpriceis stochasticandtakenasgiven.Furthermore, in mostmarketstheonly prices

recordedarethetransactionprices. For example,theoptimaltrading problem facing adealerin themarket

for U.S.Treasury securitiesmaybeverysimilar to onepresentedhere.
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[26] Rust,J.Traub,J.andH. Woźniakowski (2002)“Is Therea Curseof Dimensionality for Contraction

FixedPointsin theWorstCase?”Econometrica70-1285–329.

[27] Scarf, H. (1959)“The Optimality of � S
 s� Policiesin theDynamicInventory Problem” In Mathemat-

ical Methodsin theSocialSciencesK. Arrow, S.Karlin andP. Suppes(ed.),Stanford, CA: Stanford

University Press.

[28] Song,J.andP. Zipkin (1993)“Inventory Controlin aFluctuatingDemandEnvironment” Operations

Research 41-2,351-370.

[29] White, H. (1982)“Maximum LikelihoodEstimation of Misspecified Models” Econometrica 50–1,

1–26.

[30] Wil liams,J.C.andB. Wright (1991)Storage andCommodityMarketsCambridgeUniversity Press,

New York.

54


