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1 Intr oduction

This paperstudiesthe econometig problemsassocatedwith estmation of a stoctastic processthatis
endagenousy sampled. Our interestis to infer the law of motion of a discree-time stochasc proces
{pt} thatis obsened only at a subsebf times{ti,...,tn} thatdependon the outcomeof a probabilistic
samplingrule thatdepend®n the history of the processaswell asotherobsened covariates x;. We focus
onaparicularexamplewherep; denoteghe daily wholesa¢ price of a standadizedsted product There
is no centrdized spotmarket for stee] which is bette descrbedasa “dealer market” whereindividud
transctionsresultfrom privatebilateral negotiations betwea buyersandsellers,typicaly intermediated
by middlemenknown assteé service centes.! Althoughthere is no centralrecod of daily transations
prices in the steé market, we do obsene transctionpricesfor a particulartrader— a middleman(i.e. a
steelservicecente) thatpurchaessteelin thewholesaé marketfor subsegentresat in theretal market.
Theend@enoussampling problem arisesfromthefact thatwe only obsere p; onthedaysthatthetrader
decidego male purchases.

We presat a parametic analysisof this problemunderthe assumptin thatthe timing of steelpur
chasess partof anoptimaltrading straegy thatmaximizegheintermedary’s expecteddiscounte trading
profits. We derive a parametit parial informationmaximumlik elihood (PIML) estimabr thatsolvesthe
endogenousampling problemand efficiently estimats the unknovn parametes of the Markov law of
motionfor {p;} togeherwith the strudural parametrsthatdetemine the optimaltrading rule. We also
introduceanalternative consisent,lessefficient, but computaibnally simplersimulatel minimumdistane
(SMD) estimatothatavoidshigh dimensionanumericaintegrationsrequredby the PIML estimabr. The
SMD estimato is esseritilly ananapplicationof the simulatednmomentsestmator(SME) introducedby
Leeandingram(1991)andDuffie andSingleton(1993)to the caseof endogenouyglsampleddata.Using
the SMD estmator, we provide estimaés of a truncded lognormalAR(1) modelof the wholesag price
processsfor partiaular typesof steelplate. We usethis to infer the fraction of the intermediarys dis-
countedprofitsthataredueto the markupsit chagesits retail cusbmers,andwhatfractionis dueto pure

commodityprice speculéion, i.e. its successn timing purchaesof steelin orderto profit from “buying

1it is a puzzlewhy centralizedexchangesxist for somecommoditiessuchas pork bellies, but not for steel. Rustand
Hall (2003 developatheoryof intermediatbn in which themicrostructue of tradein acommodityor assets endogenously
determined Dependingon the parametersf this modelthereareequilibria consistentvith all tradeoccuringvia a market
maler on a centralizedexchange por all tradeoccurringvia decentralizedransactionsvith middiemen or somemixture of
middlemenandmarket makers. This theorycouldexplainthevariety of differenttradinginstitutionsthatwe seein different
marlets.



low andseling high”

This paperwas motivatedby previous work (Hall andRust,1999,2000and 2001) on modelingthe
speculéive tradng andinventoly investmentdecisbns of a particular steelwholesale This firm does
minimal producton procesmg: its main actity is to stockpile quantties of varioustypesof steelvia
bulk purchassat wholesag pricesfrom produ@rsandotherlarge intermediariesn orderto profit from
subsequdrresaleto retal customersat a mark-up. This firm hasprovided uswith a uniqguenew dataset
with daily obsevationson purchaesandsales of themorethan2,300produdsit carries. While thesedata
areuniquein theirlevel of detal andquality, the firm doesnot recordary pricesin its computeized data
baseunlessa purchae, sale or adjusmentoccurs. Theessencef the end@enoussamplingproblemis
thatwe only observepurchaseprices on the daysthat purchasesoccur

Let {p: } denotehestochasic procesrepresentingthelowestprice offeredby ary sellerof apartiaular
steelproducton dayt. We assumehatthe firm obsenres p; at eachdayt, but it only record p; whenit
decidego placeanorder LetgP denotehequantiy ordergpurchasd)ondayt. Theendogenousampling
rule canbe statel asfoll ows:

p. isobsered <= ¢’>0.

It is notatonally corvenientto treatthe endogenousamplingproblemasa censoed samplingproblem:
i.e.,we setp; to somearbitrary valuesuchasp; = 0 wheng? = 0, andlet p; equalthe obsened purchase
pricewheng? > 0. Notethatwe alsoobsere theretdl salesprices { p{} thattheintermediarychagesits
customers Sinceretdl sales occurmuchmorefrequentlythanpurchasson the wholesaé market, retai
pricedata{ p{ } canprovide akey soure of informationfor leamingabout{ p; }. However onthe subsebf
dayswhereboth p; and p{ areobsered we obsere thatmarkupsp{ — p; arequite volatile, andvary by
time, locaion, andtype of the customer In otherwords,thereis consideableprice disciimination in the
retal marlet for steel As aresut theretdl priceof steé p; is bestregardedasa noisy andbiasel signd
of thewholesag price p; andthereforemaynot provide information thatis directy relevantfor estimatig
theunknavn parametes of thewholesag price process.

Ourtreatnentof thewholesalericeproces { p; } asanexogenouly specfied “forcingprocess thatis
known upto afinite numberof parametesis admittedly only afirst approxmationto reality. Theassump-
tionsthat{p;} is obseredeachday by the intermediaryandevolvesasan exogenousstochatic proces
(i.e. its realzationsdo not dependon actionsof theintermedary) are pariculaly strongrestictionsthat

we intend to relaxin futurework. As we notedaborve, pricesin the steelmarket aredeteminedvia bilat-



eralnegotiaions: thereis no cental market placewherethelowestprice canbe easly obsened. Instead,
in orderto getprice quotes purchagg agens within the firm mustcommunicatevith steelproduces or
otherintemmediaries via telephone,fax, telex, or recenly, the WWW. Thus eachprice quoteinvolvesa
smallmonetaryandtime cost. However this leadspotental endogeneit problemssincethe bestpricethe
firm is ableto negyotiatedepend®on the intensty of its seach/bagaining processandthis intensty level

could vary dependig on the conditionsit faces We deferthe difficult issues assoctedwith potental

endogeneéy in {p;} to future reseach. However while amorerealistic modelof specuitionwould resut

in amore complicaed dynamicprogrammingproblem, we believe the geneal approacksto estimaton
of theunderlying price processeglescibedin this papemwill still apply, (althoudr with somemaodificaton

sincewhenthereis no spotmarket andthe “law of oneprice” doesnot hold, we would needto estimatea
conditional probalility distribution repregntingthe trader’s beliefs aboutthe distribution of pricesin the
marlketplace givenhisinformation).

We ignore the classcal “simultaneousequatons” endogeniy problemsin {p;} sincethe intermedi-
ary’s purchassin the wholesalemarket constiute a nggligible fraction of total steeltransationsin ary
givenday. Consequety, theassumptiorthatthefirm hasno influenceon wholesag pricesis a goodfirst
approximation. We alsobelieve our assumptiorthatthe firm is continuouslyaware of the bestwholesa¢
pricefor eachof its productsis a goodfirst approximaton. Indeed.,if thisfirm is to be succasfulit must
have a comparate advantagen “shoppingthe market”. This canbe obtaina by makinginvestmers in
communicatnstechndogiesandpersonhcontatsto reducethe marginal costof searchig for pricesas
low aspossibk. Oncethesanvestmend arein place,it is reasonble to presumehatonary givenbusiness
day, thefirm is awareof thebestwholesa¢ price p; for any oneof its products.If thefirm’sactionsdo not
have a significantimpacton the bestavailablepurchaserice we assuméts beliefs abouttomorrov’s best
wholesat price pi;1 canberepresentedy atranstion densityg(p:-+1,%+1|pt, %), wherez is a vectorof
additional obsevable statevariabkesthat help the firm predict future wholesaleprices andretal demand
for its producs.

Our initial interestis to summarizehelaw of motionfor wholesaleprices usinga flexibly parameter
ized specficationfor g(pt+1,%+1|Pt, z2). Oncewe have leanedmoreaboutthe natureof wholesad steé
prices andthe behaior of traderswithin this market, our ultimateinterestis to analyz the endogenous
deteminationof {p;} in the contet of a modelof equilibrium price dispesion that allows for positive
transactionscosts costsof seach, andotherfrictionsthatpreventthe“Law of OnePrice” from holding If

it is possbleto developatradablemodelthatallowedfor searchpamgaining, andtheendogenoudetemi-



nationof equilibrium pricesin thesteelmarket, we couldusethis modelandotheravailalde aggreate and
market-level informaion to obtainmoreefficient estimabrs of the parametrsof thewholesée price pro-
cess{ p; }. Howeveranestimatothatrequiresnestedsolutiors of anequilibriummodelof pricedispesion
is likely to beavery computaibnally intensve. In this paperwe demonstrat thatit is possibé to obtain
consisentbut lessefficient estimabrsthatdo notrequireafull blown modelof how p; is detemined,and
ignorethe market andfirm-level endogeneit issues asso@tedwith the endogenouseterminéion of p;.
Evenso,theestmatorswe proposearestill computatonally demandindecaus they dealwith adifferent
setof endogeneit isstes,namelythoseassocatedwith theway { p: } is sampled.

Themethodwe propo® requresrepeagdly solvingarather complicaeddynamicprogammingprob-
lemto determire theintermedary’s optimaltrading straegy for eachtrial valuefor theunknovn paramete
vectorf. Extendingaseminalresut by Scarf(1959)for a simplerclassof inventay investmentproblems,
Hall and Rust (2001) proved that the optimal specuétive investmentstraegy for a fairly generalclas
of commaodityprice specuhtion problemstakesthe form of a generlized (S s) rule wherep is the cur-
rentspotprice of steelandx representsa vectorof otherstatevariabkes(including interestrates, demand
shifters, andvariabksrepresentingunobsevable cost shocks)affecting the firm’s investnentdecisons.
ThefunctionsS(p, x) ands(p, x) satis s(p,x) < §(p,x). Thelowerbands(p,x) is thefirm’sorderthresh
old: it is optimalfor the firm to placean orderwheneer its current inventoy level g falls belav s(p, x).
The upperbandS(p, x) is the firm’s target invenbry level whenever the firm places an orderto replen
ish its inventow, it ordersan amountsuficient to insurethatinveniory on hand(the sumof the currert
inventay plusnew ordes) equalsS(p, x).

The orderthreshadl function s(p, ) is the sourceof the endogenousamplingproblemsincethe firm
only recods the spotprice p on thosedayswherea purchae occurs. Therefoe we have the following
endaenoussamplingrule:

pr is observedff o < s(pt,X). (1)

Conditioral ona purchaeoccurrng, we obsere anorderof sizeq? givenby

Qtozs(ptext)_qta (2)

andg? = 0 otherwise Usingthe generalted (S, s) rule asour modelof the endogenousetermiration of
samplingdateswe proposdractibleestimabrsthatareableto consisently estimated despietheabsene

of completenformationon { p; }.



We have focusedon the issueof endogenas samplingsincewe view it asa first orderproblemthat
impedesour ability to learnaboutthelaw of motionof {p;}. Ourtheor impliesthata profit-maximizing
intermediaryis morelikely to purchae steelwhen p; is low thanwhenit is high, which malesit clea
thatignoring the endogenigy problemandtreating the obsenatons of { p;} asoccurring on arandomly
seleted subsebf datescouldleadto misleadng inferencesabout{ p; }. For example,we shav via simu-
lationsthatthe sampleaverageof p; atobsevedpurchaedateds aninconsstentandsubstaritlly down-
wardbiasel estimabr of theunconditonallong runmeanof wholesalegrices By developing econometig
methodghatsuccesfully dealwith theendogendy of thesamplingprocess,we believe we canovercome
themostimportantendogendy problemlimiti ng our ability to learnaboutpricedetermirationin thesteé
marlket. In subsequet work we planto revisit the otherendogenigy problemsconneotdwith searchand
bamgaining andequilibrium price deteminationthatwe have outlinedabove. In the remaindeof this pa-
perwe proceel underthe assumptiorthatour failure to modelequiibrium in the steé market will affect
our ability to leam aboutprice determinabn in this market only to the extentthatthe equilibrium law of
motionfor {p;} cannotbe well approximagd by a flexibly paramegrizedspecfication for the transtion
densiy g(pti1.z+1|pt, ).

The problemof endogenousamplingarisesin a variely of contets, including financialapplicdions
wheretransaction prices are sampledat irregularly spacedntenals (seeEngle and Russell 1999, and
Russelland Engle,1998),andin marketing applicdions whereprices for householdourchagsareonly
obseredondatespurchasearemade(seeAllenby, McCullochandRossi1996,ErdemandKeane 1998).
However we arenot avareof ary economeic literatue thatis diredly relevantfor handlingendogenous
samplingissuesin atime series context. The mostdirecty relaed work is the literatureon lik elihood-
basednethoddor correcing for endogenousamplingin crosssectionhandpanelcontets (Mansk and
McFadden1981,McFadden,1997).

The mainideabehindthe likelihood basedapproat is to write down alikelihoodthatreflecs a cor
rectly specifiedprobabilty law for the endogenousamplingscheme.ln somecasesconsisént, but less
efficient quasimaximumlikelihood andGMM estimabrs have beenpropose. Theseestimatorswork by
approprately re-weighing the obsenationsto adjustfor the effectsof non-raadom sampling,similar in
somerespetsto theway the conditional probaliliti esin thelik elihoodreflectanappropiate weighting of
the outcames. We foll ow this generalstraegy in this paper andproposea partial informationmaximum
likelihood(PIML) estmatorthatis consisentandasymptoically normallydistributed. HoweverthePIML

estimaor requireshigh dimensionahumericalintegrationsthatcanonly befeasibly donevia MonteCarlo



or quasiMonte Carlomethods.

We introducean alterrative lessefficient but computatbnally simpler simulged minimum distane
(SMD) estimatorthatdoesnotattempto re-weghttheobsenrationsin orderto insure consisengy. Instead,
the estmatoris similar to the simulaed momentsestimaor (SME) of LeeandIngram (1991)andDuffie
andSinglebn (1993). The SMD estimato only reliesontheability to simulak reaizationsof theoptimal
trading model. Thesesimulatons canthenbe censoed in exactly the sameway asthe obsened data
arecensoredsimilar in mary respeds to the straegy of “dataaugmentatn” usedin Bayesia inference
of latent variabke models. The ideaof the SMD estimabr is simply to chooseparamete valuesthat
resut in simulaed momentghatmatchthe obsened momentsasclosey aspossibé, whereboththereal
andsimulaed dataare censoredaccoding to the samesamplirg rule; namelythe onegivenin equaton
(). It shouldbe appaent that although the two estmation methodswe presat hereare specidized to
our particular steelexample, it shouldbe straghtforward to generake thesemethodsto othertypesof
endogenousamplingproblemsthatarisein a wide variety of othercontexts.

Section2 introduesthe sted speculéion andinventoly problemthatmotivatedthis resarch. Secton
3 presergaparametc, full informaion approat to inferenceusingagenealizaion of amodelof optimal
commaodityprice speculabn andinvenory invegmentdevelopedin Hall andRust(1999,2000,2001)An
independet contiibution of thissectbnis to provide atradablespeciicationfor unobsevedstatevariables
affecting the specuditor’s trading decisonsthataccountdor the frequenly bindinginequalty constrants
that purchaes of steelmustbe non-n@ative. The factthat this constrant is stricly bindingatqf =0
preventstheuseof standatl Eulerequaton methoddo uncoverthetrader'sdecisonrule andtheassocited
endogenousamplingrule for wholes#e steelprices By introducinganunobseredstat variabk, we are
ableto derive a nondgeneateconditional probalility distribution for gf thatallows usto derive a partid
informationlik elihoodfunction for thefull setof datathatwe obsere,&; = (q:, o, pt, pf,z). We estdlish
the consiseng of the PIML estmatorby shaving thatthe valuesof thejoint proces {, } onsuccesive
purchas dates; (whenall component®f &; areobsenred)is anembeddedarkov chain. This allows us
to invoke a standad InformationInequdity argumentto estdlish the consiseng/ of the PIML estimator
Via a standatl Taylor seriesapproximaibn and an appealto an approprate CentralLimit Theoremfor
mixing processs, it is possibé to estadlish the asymptott normalty of the PIML estimator Sectbn 4
introducesthe simulaed minimum distane estimabr andderivesits asymptott distibution. Secton 5
presend someinitial Monte Carlo evidenceon the performanceof the estimatorsproposd in this paper

Sectionb presatstheresuls of anempiricd applicationto severalplatesteelproductgor whichwholesag



prices areassumedo evolve according to a univariake truncaed lognomal AR(1) proces. We estimagé
theunknovn parametes of thepriceprocessandtheunknavn paramegrsaffecting theintermediarys cost
of purchasig andholding inventory. We thenevaluatehow well our generalzed (S, s) trading strategy fits
thesedata,anduseour resuls to infer the fraction of the intermediarys discounéd profits aredueto the
markupsit chagesits refail customersandthe fraction thatis dueto purecommodityprice speculabn,
i.e.,its succesi timing purchasesf steé in orderto profit from “buying low andseling high?

We find that a simple versionof the modelthat posit that { p; } is a lognomal AR(1) process does
not fit the datawell: our modelpredics too mary small trades relative to whatis obseredin the data.
This suggestghat it is necessy to estimatea model that allows for richer dynamicsin steel prices,
including allowing for “macroshock”variabkesandoverallindices of steé¢ pricesthatcanprovide abette
approxmationof thefirm’s beliefs aboutfuture price movements However simulatonsthatcomparehe
recommendedradesfrom our optimal tradingrule to the actualtrades madeby the compaly over the
periodof our datasetreveal thatour modelrestts in higherrealzedtrading profits despitethe potential

misspedicationin the AR(1) priceproces.



2 EndogenousSamplingin a Price SpeculationProblem

Thissectonextendsan(S s) modelof commoditypricespeculéion developedn Hall andRust(1999,2000,2001)
to allow for addiional covarigdesandunobsered statevariables. The extendel modelprovidesa frame-
work for conductiy inferenceand analyzirg the endogenousamplingproblem. Hall and Rust’s work
links contibutionsby Arrow et. al. (1951)andScarf(1959)who first provedthe optimality of (S, s) poli-
ciesin inventol invesimentproblemsto morerecentwork by Williams andWright (1992), Deatonand
Laroque(1992)andMiranda andRui (1997)on therationd expectatonscommoditystoragemodel. The
fixed (S s) thresholdsderived by Scarfarenot optimalin the classof problemswe are constderingdue
to the presace of serialy correltedcostshockssuchasthe spotprice of steel However Hall andRust
(2001) proved that the firm’s optimal speculéive trading stratgy is a generlizedthe (S's) rule where
S ands arefunctions of certan underlyng stak varialdes including the spot price p. In doing so, this
work follows along tradition in the operdion reseach literatue on optimalinvenory policiesfor asingle
item whenthe procuremenprice fluctuates’ We now shav how the genealized (S, s) rule allows usto
formulake andsolve the problem of endogenousamplingof steelspotprices

Themotivationfor this papera newv databas¢hatwe acquiedvia personaktontads with alargeU.S.
steelwholeséer. Thefirm provideduswith anongoingdatafeedto onvirtualy all asped of its operatons,
including the purchasendsalepricesandquanttiesandtheidentitiesof its customes for all of its 2300+
individud steé producs on a daily basis The empirical resuts presenédin secton 6 arebasedon data
oneverytransation thefirm madebetwea July 1, 1997to June30, 2001for severalof its highestvolume
steelproducs. For eachtransctionwe obsenre the quantiyy (numberof unitsand/orweightin pounds)of
steelboughtor sold, the salesprice, the shipping coss, andtheidenity of thebuyeror selle.

Althoughthis is an exceptimally cleanandrich datasetwe only obsere prices on the daysthe firm

actualy madetransctions it doesnot recod ary price informaion on daysthat it doesnot transact

2|n the operatiors researchiterature seeFabianet. al. (1959, Kingman(1969), Kalymon (1971),Golabi(1985), Song
andZipken (1993, Moinzadeh(1997) andOzekiciand Parlar (1999). While thesepapersargue (and several prove) that
the firm’s optimal decisionrule takes the form of a generalized S, s) policy, we computatioally solve and estimateour
modeland comparethe optimal policiesto invertory policieswe seein the data. Besidesthe work notedabove, the most
closely relatedrecentwork that we are aware of is the ambitiouspaperby Aguirregabiria (1999) that modelsprice and
inventol decisionsby a supermarkt chain. A supermarktis similar to our steelwholesalerin that both typesof firms
hold invenbries of a substantiahumberof differentproducts,purchasinghemin the wholesalemarket andselling their
inventores at a markupto retail customers.The key differenceis that pricesin supermarktsarealmostalwayspostedso
thereis no direct price discriminaton andthereis presumablya larger “menu cost” to changingpriceson a day by day
basis.Aguirregabria alsodid not directly addresghe endogenousamplingissue,usingmonthly price averagesasproxies
for underlying daily prices. For this reasonwe are unableto directly employ his innovative and ambiticus approachto
estimation.



(either asa buyer or seller of steel) This short@ming of our dataseis much moreimportantfor steé
purchassthansteelsales since thefirm purchasenew steelinventol in thewholesalemarket muchless
frequently thanit sells steelto its retal customersindeal, evenfor its highes$ volumeproductsit makes
purchassonly aboutonceevery two weeks.The (S, s) theoly (aswell asplain old commonsensesugges
that purchaesare not madeat random. Insteal, it is rea®nableto presumethatthe firm is continually
watchingthe wholesaé market looking for buying opportunities This suggest that the purchae prices
we obsere will tendto belower onthedaysthatit purchagsthanon the daysthatit doesnt purchase.

To ill ustrae this, we plot thetime seresof invenpriesandpricesof oneof thefirm’s producsin fig-
uresl and2. Thisis oneof highestvolumeproductssoldby thisfirm andis consideedto beabenchmark
productwithin the industy, reflectedby the factthatthe pricesof several othersteé product arecom-
putedasfunction of this products price. While it is possble to getaveragetransation pricesfor certan
clasesof steelproducs throwgh trade publicationssuchasthe AmericanMetal Market, we arenot aware
of ary datathatprovidesa randomsampleof daily trarsactionpricesfor individual steelproducs. The
purchag price trajedoriesplottedin figure 2 usestraght line intempolatdionsbetwe@ obsered purchas
prices atsuccesive purchaselates. Theblackcircle ateachpurchaselateis proporionalto thesizeof the
purchag in pounds.This givesusa clearvisual confirmaton of the prediction thatthefirm is morelik ely
to purchaelarge quantites of steelwhenwholesag pricesarelow. Above the interpohtedsequencef
purchas pricesis theinterpolaedseriesof averagedaily retail salesprices. We seethatthewholesde and
retal pricesmovein aroughlyparalel way, althaughthereappearso be consicerabledayto dayvariation
in retdl prices p{ thatcannotbe explainel by variation in the wholesa¢ price p;. IndeedChan(1999)
estimaeda component®f variancedecompodion of retdl prices,usingdaily time dummiesto accoum
for variationsin wholesaleprices(this is possibledueto thefactthatthefirm frequently sellsto morethan
oneretal cusbmeron ary givenbusinesglay). Her resuts suggesthatroughlyonly 50% of the variation
in retdl prices p{ canbeaccouredfor by variaion in wholesat prices p.

Figurel plotsthe evolution of invenriesover the sameperiod. Purchasesf steelareeasiy recog
nizabk asthe discatinuousupward jumpsin theinventol trajectories. As is evidentfrom the saw-tooth
patten of theinventol holdings,thefirm purchassthe productmuchlessfrequenly thanit sellsit. The
wholesaér purchasgsthis producton averageonceonly every tenbusinesslays,while it sells this produd
3 outevery5 businesglays.Theevidenceof opporunisticpurchasdehaior is very clearfor this product.
As canbeseenin figuresl and2, duringthe first tenmonthsof the sample from July, 1997 until March,

1998, thefirm heldrelaively low levels of inventoies at a time whenthe averageprice the firm paid for
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steelwasabout20.5centsper pound. However the Asian financid crisis statedto take a toll on foreign
steelproduces, which began cutting ther pricesandincreasingtheir exportsin a big way during 1998.
We seethis clealty in ourdatg wherein April 1998,wholesalgoricesdroppedo 18.5centsperpound.At
thattime thefirm madea large purcha&e. As the price of steelcontinuel to fall to histoiical lows during
theremaincr of 1998the firm madea succesionof large purchass thatleadit to hold histoiically un-
precedatedhigh levels of inventoies. We view this asclearevidene thatthefirm is attempting to profit
from a“buy low, sellhigh” straegy.

We now introduce a model of commaodityprice specution anddescibe the (S s) trading stratey,
which in a broadclassof modelsconstiutesthe optimal strakgy for buying low andselling high. We
assumehatmiddleman(whichwe alsorefe to asthe“firm”) canpurchaseinlimited quantiiesof steelat
atime-varying spotprice p; thatevolvesaccoding to a Markov transtion densty to be specifiedn more
detal belon. We assumehatthe middlemansubsequely sellsthis steé to retal customersat a retal
price pf thatincludesa randomlyvarying markupover the current spotprice p;. We obsenre the firm’s
quantity on handg: andits ordersgy on eachbusinessiay, but we only obsene purchaepricesandretai
salespriceson the daysthe firm purchasesndsells, respetively. Usingthe corvenion that p{ = 0 on
daysthatthe firm doesnot sell ary stee to retdl customes and p; = 0 on daysthatit doesnot purchag
ary stee our obsenationsconsistof time sereson thevector{q:,d?, p, p }, andpossbly a subsebf the
componentsf thevectorx,. Wewrite x; = (z, &) wherez arestae variables affectingthefirm’sdecisbns
thatwe canobsene ande; denote variablesthatwe cannotobsere. We assuméhatthefirm obsenesall
of thevariables{q, o, pt, p}, % } oneachbusinesslay?

Lett=1,...,T index T succesive businesglaysoverwhichthefirm is obseved. As disaussedabove,
pt is obsened only whenthe firm placesan order g? > 0, which occursat a subsebf n purchae dates
{t1,...,ty} satisfing 1 <t; <ty--- <t, <T. We now specif/ the firm’s problemin somevhatgreate
detal in orderto derive the likelihood of obsening the sequence q:,d, pi, p{,z}. First, constder the

timing of thefirm’s actions. At eachbusinesslayt the following sequene of actionsoccurs:

1. At thestat of dayt thefirm knowsits inventol level qg;, the currentspotprice p;, andthe valuesof

theotherstatevariabkesx;:.

2. Given(q, pr, %) thefirm ordersaddiionalinventor gf for immediatedelivery.

3In reality the firm mayalsonot “obsene” p; on certaindayswhereit decidesnot to underaike searchcoststo find the
bestavailablepurchaseprice for steel,andthereis no valuefor p{ on dayswhenit doesnotreceie ary retail ordersby its
customers.
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3. Given(q:, o, pt, %) thefirm setsarefail price p{ thatis modeledasa randomdrav from a densiy
G t

y(ptlo +of, prsz)-

4. Given(q, o2, p, pf. %) thefirm obseresareaizedretal demandor its stee] g, modeledasadrav
Gt Pt t

from adistribution H(qf | pt, pf, z) with apointmassatqf = 0.

5. Thefirm cannotsell morested thanit hason hand,sothe actualquantiy soldsatidies
oF = min[a; +of’, o] (3)

6. Salesondayt determinethelevel of invenrieson handat the beginning of businesdayt + 1 via

thestandad invenory identity:
Oh1 = G+ 0 — G- (4)

7. New valuesof (pi+1,z-1) aredravn from a Markov trarsitiondensiy g(p+1,z-+1|pPt,%)-

8. A new valueof theunobserablestat variableg; . 1 is dravn from thedensity@(€).

Notethatwe abstrat from delivery lagsandassumehatthefirm cannotackla unfilled orders Thus,
whene&er demandexceedsguantiy on hand,theresdualunfilled demands lost. Thus,in addition to the
censomg of thepurchaeandretai prices (pt, pf), we only obsere atruncaedmeasuref thefirm’sretal
demandj.e., we only obseve the minimumof gf andg; + g asgivenin equation(3). Sincethe quantiy
demandedhassupporionthe|0, «) interval, equaton (3) impliesthatthereis alwaysa posiive probabiity
of astodout givenby:

3(g,p,p",2) =1—-H(qp", p,2). (5)

Sinceretal sales occurmuch more frequently that purchaesof new inventoly, the retal sales price p{
providesan importantsourceof informationaboutthe spotprice p;. Presumablyfor mosttransations
we shouldhave p{ > p, reflecthg nonngatve markupsover the current spotprice of steé. However
asnotedabove markupsvary in anapparetly randomfashionfrom day to day, soat bestp; is a biased
andnoisyindicatorof thewholesaleprice p;. In this versionof the paperwe bypasssomeof the difficult
issuesassocitedwith modelingendogenouprice settng andpricediscriminationby adoptinga“reduced

form” modelof price setthg. We modelthedaily averageretail priceasadrav from a condiional densiy
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v(p{|a: + o, pt,z). Thisway of modelingprices is sufficiently flexible to be consiseéntwith a variety of
theoresof bagaining andprice discimination by thefirm.*

We now discus the derivation of the firm’s expeced sales revenuefunction, ES(p,q,z). Thisis the
conditional expectaton of reaized sales revenuep'q" giventhe currentspotprice p, quantityon handg,
andtheobsevedinformationvariablesz. Thisis easilyconstuctedby notingthatthefirm’sretai saleson
anbusines dayt is arandomdraw ¢; from a condifonal distibution H(q{ |pf, pt,z) thatdependsn the
retal pricequotepy, the currentspotprice pt, andthe valuesof the otherobseved stat variabkesz. We
assumehatthereis a positive probabilty n(p’, p,z) = H(0|p", p, z) thatthe firm will notmake ary retal

saleson apartiaular day, soH canberepresentedy

qf
H(quf,p,z>:n(p’,p,z>+[1—n<pf,p,z>1/o h(alp', p,2)dg, ®)

whereh is a continuousstiictly positive probabiity densiy functon over theintenal [0,). Giventhis

stochatic “demandfunction”, thefirm’s expectedsalesevenueES(p,q, z) is:

ES(p.a,2 = E{p'¢°p.a.z}
= E{p'E{min[q,q']|p", p.a.2}|p,q,z} (7)
L q
= /0 p' [1—n(p", p,2)] [/0 ad'h(d|p", p,2)dg" +8(qa, p". p.2)q| y(p|d. p,2)dp".

We now briefly descibe the per period profit function. The firm incurs variouscostsof holdingin-
ventorywhich we summarizeby the holding costfunctionc”(q, p, z). Following muchof theliteratue on
commaoditystorage(going backto Kaldor, 1939)we interpretethe costof storgge ascomprisirg of not
only the physical costof storagebut alsoa“convenienceyield.” This marginal corvienaeyield represents
the amountthe middlemanis willi ng to pay to hold a buffer stodk or precauipbnary level of invenories.
This captuesary otherreasondesidegure price speculabn anda stoclout motive the firm may have

to wantto vertically raisethe orderthresholdbands. In partiaular anincreasethe orderthresold reducs

4In Hall and Rust(19%Bb), we solve a versionof the modelin which the firm chooseshoth g and pf. In this case,
the valuefunctionis no longerguaranteedo be K-concae, andthe solution to the inventoly problemmay no longer be
of the generalizeds, s form. Solvingthis modeltakesconsiderablyjongerthanthe modelpresentedherefor two reasons.
First,the Hall andRust(1998h modelrequiresa two-dimensionabptimizatbn insteadof anone-dimensionadptimization
at eachiteration of the Bellmanequation.Secondwhensolvingthe Hall and Rust(199&) we cannot restrictour search
to just generalized S s) policies aswe canwhenwe solve the model presentechere. Consequenyl the computational
time requiredfor solving the Hall andRust(199&) modelis suchthatimplementatiorof our estimationproceeduras not
currentlyfeasible.
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thefirm’s vulnerability to interruptionsin deliveries® Finally, thefirm facesafixedcostK associgedwith

placing new ordess for invenbry, which we embodyin the order costfunction c®(q°, p,€) givenby

00 _J (p+e)+K if g°>0
c(d”, p.g) = { 0 otherwise

(8)
wheree constiitesadditional per unit costsassoctedwith placing anordersuchastranspetation costs
andunexpectedshippingdelays® In whatfollows we will treats asanunobseved stae variabk. It will
play akey rolein thederivation of thelik elihoodfunctionin the next secton.

Assumption 1: Theintermediary facesan ex postper unit “goodwill cost” of c9(p,q,z) > O for any

unsatisieddemandueto a stodkout
The speculabr’s ex anteexpecta total goodwill costsat the beginning of a busines day with a spot
procurenentprice (p) andinventoly on handof q is givenby:
EG(pa q) = E{ég(prv pv Z) ma){(ql’ - Q),O] | p: q}
= /0 (P, p,2[1-n(p", p, 2>]/q (a"—a)h(d'|p, p.x)dd"y(dp'|q. p. 2). )
Assumption 2: Theintermediaryhasa maximunstorage capaciy equalto q < oo,
Undertheseassumptiongtheintermedary’s singleperiodprofits Tt equalsits salesrevenuesjessthe
costof new ordersfor inventol c°(qP, p, €) andinvenbry holdingcostsc(q+¢°, p, 2):
(p, p’,d,q+0° %) = p'a*—c(a°, p,e) —c¥(d',a+°,2) — ¢"(q+ P p,2). (10)

whereg® = min[d",q+ g°]. Theintemediarysinvenbry investmenbehaior is governedby thedecisbon
rule:
o = a°(pt, U, 2, &), (11)

wherethefunction g° is the solution to:

V(p. k%) = rgng{z BUYm(pj, pﬁ,qﬁ,q?+qj,xj)\pt,qt,><t}. (12)
=t

5The firm obtainsmuch of its steelfrom foreign sources. In the model ordersoccurinstaneoust with certainty In
practice however, delivery lagscanbe several monthsandthe steeldeliveredcanoftenbe of lower quality thanagreedon.
Thefirm doeshave the option of refusingto take deliveryif the steelis not of thequality promised.Having a buffer stockof
inventores on handreduceghe costto firm of exercisingthis option. Also foreign producerf steeldo from time to time
reney on dealsandfail to deliver the steelpromised.

80ur model assumeghat all ordersare deliveredinstantaneouglwhich is obviously not the casein practice. Some
purchasesespeciallythosefrom foreign steelproducerdn Russiaor Japancantake morethanonemonthto arrive. The
randomeg; costis a crudeway of “monetizing the incorveniencecostsof the delivery lag. It is obviously preferableto
modeldelivery lagsexplicitly, but doingso substantilly complicatesour modelandat the presentime we seeno tractable
way of modelingsteelspeculatiorwhentherearearbitrarystochastiaelivery lags. This is anotheritem on our agenddor
futureresearch.
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ThevaluefunctionV (p, g, X) is givenby theuniquesolution to Bellmans equation

— 0 5\  ~0/~0
V(pvqax) - Ogggga%(—q |:W(p7q+q 72) c (q 7p78):|7 (13)
where:
W(p,a,2) = [ES(n d.2) —EG(p.q,2) —¢"(q,p.2)+ BEV(p.q, Z)}, (14)

andEV denotegheconditional expectaton of V givenby:
EV(p,q,Z) - E{V(ﬁ,ma){O,q—qd],)”()\p,q,z) (15)
= m(paz [ [ [VF.az.eeeur 2oz
€
+ na(paz [ [ [VE.0z 0 Zlp.goeapaz
€

q
+ A3(|o,q,2)/ld/1/0 /SV(p’,q—q’,i,s)cp(s)h(q’lp,q,Z)g(p’,ilp,Z)dsdq’dp’di,

where

M(p,62) = /prn(lor,|c>,2)v(|rf||o,q,2)0l|or (16)
Aa(p,0,2) = /r[l—rl(lor,|o,2)]6(|or,p,q,Z)y(lorl|o,q,2)0l|or

A3(p,0,2) = /r[lfn(lor?|c>,Z)h/(|or\|o,q,2)d|or

h(d|p.a2) = /prh(q’lp‘,p,q,Z)v(p'lp,q,Z)dp’-

Theoptimaldecisbnrule g°(p, g, x) is givenby:
¢°(p.q:X) = inf argmax [W(p,q+c°.2) —c*(c®. p.) . (7)
0<e°<g-—q
Notethatwe invoke theinf operaor in thedefinition of theoptimaldecisio rulein equaion (17)to handle
the casewherethereare multiple maximizingvaluesof q°. We effectively breakthetie in suchcaseshy
definingg®(p, q) asthesmallestof theoptimizingvaluesof q°.

Definition 0: An (S,s) policy is a decison rule of theform:

] (o0 it q>s(p.x)
9°(p,a,X) —{ S(p,x) —q othewise e

whee Sands are functimssatisfyingS(p, x) > s(p, x) for all pandx.
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Candidatefunctions for the upperandlower bandsof the generaked (S, s) policy canbe definedin
termsof the optimaldecison rule g°(p,q). TheupperbandS(p) is definedasthe optimal orderquantiy

whenthefirm hasnoinvenbry on hand:

S(p.x) = q°(p.0,x). (19)

Thelower bands(p,X) is thesmalles valueof g suchthatdesirednvenory investmenis zero:

s(p,x) = infoq{dla°(p,q,x) = 0}. (20)

It is notdifficult to shawv thatdesiedinvenbry invesmentattheupperS(p, x) bandis 0: q°(p, S(p,X),x) =
0. Sinces(p, x) is thesmallestvalueof q satsfying q°(p, g, x) = 0 it follows thats(p,x) < S(p,X).

In this modelthevariables g andg® do not enterassepaateargumentsin the valuefunction W given
in (14): ratherthey enterasthe sumq+ g° asshavn in equation(17). This symmetrypropery is a con-
sequencef ourtiming assumptias: sina new ordersof steelarrive instantaneouslt, the firm’s expeced
salesinventory holdingcosts andexpecteddiscauntedprofitsonly dependnthesumqg+q°, repregnting
inventay on handatthebeginningof theperiodafter new ordes g° have arrived. It follows thatif thefirm
is holding lessthanits desirel level of inventoies S(p, %) atthe startof dayt, it will only have to order
the amountg®(p,g,x) = S(p,X) — q in orderto acheve its target inventory level S(p,x). Anotherway to
seethisis to notethatwhenit is optimalfor thefirm to order the optimal orderlevel solvesthefirst order

condition:

ow
a—qo(p,q+q°-,2)—(p+8):0- (21)
AssumingthatW is stricly concaein q, it is clea thatthere will be a uniquevalueof g+ q° thatsolves

equaton (21) for ary valueof p. Call this solutionS(p, x):

ow

a—w(p-/s(p,X),Z): p+e. (22)

Thenwe have g+ q° = S(p.x), or g°(p, g, x) = §(p,X) - q.
In turnsoutthatthefunctionW(p, g, z) maynotnecesarily bestrictly concae but Hall andRust(2001)
show thatunderfairly geneal condifonsW is K-concae asa function of g for eachfixed p.” Usingthe

K-concaity propety we canprove thatwheneer q > s(p,X), it is not optimal to order: q°(p,qg,x) = O.

A functionW(p,q) : [p, Pl x [0,0] — Ris K-concaven its secondargumentg if andonly if —W(p,q) is K-corvexin its
secondargument. More directly, W(p, g) is K-concavein q iff 3K > 0 suchthatfor every p € [p, p], andfor all z> 0 and
b > 0 suchthatqg+z<gandq—b > 0wehareW(p,q+2) —K <W(p,q) +z[W(p,q) —W(p,q—Db)] /b.
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Whenq < s(p,x) thesymmetrypropertyimpliesthatq®(p, g, x) = S(p,X) — g asdiscissedabore. In par
ticular Hall andRust(2001)proved:

Theorem 1: Considerthefunction W(p,q+ g°,z) definedn equation(14),whereW is definedn termsof
the uniquesoluion V to Bellmans equaton (13). Underappropriate regularity condiions givenin Hall

andRust(2001)(includingAssumptiond and2), theoptimalspeculaive tradingstrategy q°(p, q,X) takes
the form of an (S s) rule. Thatis, there exist a pair of funcions (S,s) satisfing S(p,x) > s(p,x) whee

S(p,x) is thedesiedor targetinvenbry levelands(p, x) is theinvenbry order threstold, i.e.

) (o0 it q>s(p.x)
9°(p,a.X) —{ S(p,x) —q othewise =

whee S(p, X) is givenby:

S(p,X) = argmaxq<q-q [W(p, q°,2) —¢*(d”, p.€) (24)

andthelowerinventoryorderlimit, s(p, x) is thevalueof q thatmalesthefirm indifferentbetweerordering

andnotorderingmore inventay:

s(p,x) = Inf {aW(p.q.2) — [P+l > W(p,S(p.%),2) —[P+€]S(p.x) —K}. (25)

By a simplesubstitition of thegenerazed (S, s) rule in equaton (23) into the definition of V in equaton
(13) we obtain thefollowing corollaries:

Corollary 1: ThevaluefunctionV is linear with slopep+ € ontheinterval [0, s(p,X)]:

W(p,S(p,X),2) — [p+¢€|[S(p,x) —d =K if g€ [0,s(p,X)]
V(p’q’x)_{w(p,q,Z) if e (s(p,x),d- (26)

Corollary 2: TheS(p,z¢€) ands(p, z €) functionsare non-ircreasingn p ande andare strictly decreasig
in pande in theset{(p,&) € R?|0 < S(p,z€) < q}.

Corollary 3: If fixedcostsof ordering is zeio, K = 0, thentheminimumorder sizeis 0 and
S(p,z€) =s(p,z¢g). (27)
3 Maximum Lik elihood Estimation

This sectionderivesthe likelihood for the commodity price speculabn problem presatedabore. The
problemis complicaed by the existence of frequenly binding inequalty constaintson inventor invest

ment, q°. This implies that it is not possibé to use standad Euler equaton methodsto estimae the
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unknowvn parametes of themodelvia generaked methodof moments Notethat Theoreml doesprovide
anappropiatefirst orderor “Euler equaton” but only onthosebusinessiayswhenthefirm findsit optimal

to purchas:
oW

a—q(p,S(p,z,e):Z)—p:s- (28)
It is temptirg to assumehee hasmeanzeroandusethe Eulerequation (28) asabasisfor GMM estimaton
of the parametes of themodel. However thele areseveral big obstatesto this approah. First, we do not
have acorvenient anaytical formulafor thepartial derivative of thevaluefunction, 0W/dq. Secondaswe
shav in Theoren below, evenif theunconditonalmeanof € is zero,theconditicnal meanof € overthose
valuesof (p, €) for whichit is optimalto purchas (i.e. for whichq < s(p, 2)), is generdly nonzero Finally,
thereis theissueof endogenousamplingandthefactthatwe obseve purchaesonly anarelaively small
subsebf businesglaysin our overall sample.

Theseproblemsmotivatea seach for analtematwve likelihood-basd approab. We shov how to de-
rive a non-dgeneatelikelihood functon via theinclusion of a single 11D unobserable statevariableg
in the firm’s optimizaion problem. The resuting condiional probabiity distribution function for q° has
amasspointatg® = 0 thatresped the frequenly bindingconstrant thatinventol invegmentcannotbe
negative. This condiional distribution allows usto derive a full-information maximumlik elihood estk
matorthatprovidesa completesoluion to the problem of endogenousamplirg of the spotprice proces
by integrating out the valuesof the spotpricesin periodswherethey areunobseved. This likelihood is
analogougo the Chapman-iKlmogoros equatons for computingmulti-steptranstion probabiiti esfrom
single steptrarsition probabiities. We will discusssomeof the dravbacksof this approachin orderto
motivatecomputaibnally simplerbut lessefficient simulaed minimumdistane estimatolin secton 4.

Someform of measuremerdrroror unobsevedstatevariabke mustbeincludel asoneof thestatevari-
ablesxin themodelpresatedin secton 2. Thereasm is thatwithoutsuch“error terms”themodelyieldsa
deteministic optimaldecison rule g°(p, g, x) which canbe contradctedby ary obseration (q?, o, pr, %)
that doesnot lie on its graph. We will considerthe casewherex; canbe decompose@dsx = (z, &),
wherez arevariabkeswhich areobsenedby theeconometgianande; is a scabr randomvariabk thatis
unobseredby theeconometgian. Thisis the mainreasorfor theincluson of thellD process{¢;} in the
previous secton. We assumehatthedistiibution of €; hassuppot onthe entire realline andcontinuous,
strictly positive density@(e). Theorem2 belov derivesthe implied condiional distribution of g° given

(p,q,z) formedby integratingout € from the deteministic decison rule q°(p,q, z€).
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Theorem2: Let{&} bean|ID processvhosedensiy @ is continuousandstrictly posiive over the entire

realline. Thenwehave:

F(a°lp.a.2 = Pr{d°(p.a.z¢€) <q°|p.q.z}
+o00

= [ 1dpaze) <o
= o(e)de

/fl(p,m) (®)

1 o s!(p.zq)
+ H{S(p,zs(p,za) <d’+a<a} [ | ®(e)de
S(p,zq+P)
S(pz0)
+ H{a°+q>1} @(e)de, (29)
where
Spza) = inf{gS(p,ze)=q}
s'(p,za) = inf{e/s(p,ze)=q}. (30)

Let f = dF denotethemixeddisaete/ontinuouscondiional densty of q° given(p,q,2). It is givenby

Jsapzg@E)de if q°=0
f(@lpa2 =2 /5 P Voe)de if ¢°=d-q (31)
% otherwise
NotethatTheorem? impliesthatthetransitiondensiy for q° is mixeddiscieteandcontinuous with mass
pointsatg® = 0 andg® = g g, andstrictly positive densityovertheinterval [S(p,z s~ %(p,zq)) —q.9—q].
However thereis a“gap” wherethereis zerodensityfor q° in theinterval [0, S(p,z s 1(p,zq)) — g] since
the quantiy S(p,zs™1(p,zq)) — g repregntsthe minimum ordersizeimplied by the (S s) modelin teh
stae(p.g,z). Thegapis problemaic for maximumlik elihoodestimaton sincea single obsenation with
an ordersmallerthanthe predicted minimum order sizewould resultin a zerovaluefor the likelihood
function. The formulafor the densiy of q° in equaton (31) canbe derived by differentating the condi-
tional distribution in equaion (29) with respetto q° for ¢° in theinteval [S(p,z s (p,zq)) — 9,0 g

to obtain
1

oS~
dF (o°|p,q,2) = —m(gl(p,z,q+Q°))W(p,z,q+<1°)- (32)
Usingthedefinitionof S(p, z €)

ow
a—q(pvs(pvz78)7z):p+87 (33)
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andtheinverseandimplicit functiontheorenswe obtain:

—agl(p z9+¢°) = : = -
’ 0S(p,zS1(p,zq+0q°)) /0 0°W(p,q+0°,2)/0%q"

oqe
Corollay 3 of Theoreml implies thatwhenK = 0, S(p,z,s™%(p,zq)) = g, sothatq® hasposiive con-

(34)

ditional densityon the entire range[0,d — g of feasble valuesfor g°. An altemative way to geta non-
degenerte likelihoodwould be to eithera) assumehat g° was measurd with errar, or b) adda second
unobsered statevariabk that providesa distribution over fixed orderingcostsk. Sincewe obtan dired
computerzedrecods from the firm on all pricesand quantties, we do not think the measuremenrgrrar
modelis a plausibk solution to this problem.However addinga secondstochasc shockcomplicaesthe
notaton. Soin whatfollows we will simply assumehatthere areno obsenedordess thatarebelow the
minimumorderthresold.

Let theconditional densiy of next periodinvenory g1 given(px, p;,z, 6, o) bedenotel by 1. From
ourdiscusionof themodelin secton 2, it is easyto seethe uis a mixeddiscree/contnuousdensiy with
threeclases of outcomesor q;1: 1) with probablity n(p", p,z) the firm will not make ary salesand
Ge+1 = G + 0P, 2) with probabilty (1—n(pf, pt.z))d(pt, pr. & + o, ) thefirm will have a stocloutand
ai+1 = 0, 3) othewiseq. 1 is distibutedcontinuouslyover theintenal (0,q; + ) with densitygivenby
(1—n(pf,pt,z))h(a: + o — a+1| P, pr, z) wherehis thedensiy of retal salesandq{ = ¢; + q° — Q11 IS
theimplied valueof retal salesgiven (q:1,0, ). We summarizehis as:

Theorem 3: The (mixed discrete/coninuous)densiy of next period inventory g’ given (p, p",q,q°,2) is
givenby:

(l—r](pr,p,Z))ﬁ(pr,p,q—{—qo,Z) If q/:O
ud'|p,p",9,0%2) = ¢ n(p'.p,2) if o =q+0° (35)
(l_ n(prv pa Z))h(q+qo - q/‘ pl” pa Z) OtherWise

Underour setup,it is easyto seethatthe obsevables{ p, p{, o, q,z } evolve asa joint Markov proces
which alsohasa discreée/coninuoustransitionprobablity densityp. We statethisasTheoremd:
Theorem 4: Thejoint process{ p:, pf, o, d, z } is Markov with (discrete/coninuous)transtion densityp
givenby:

P(Prs1, P O Oeps Za| P PL OO0, 2) = (P, Za | P )
X u(thrl‘pt,p{,qt,Cho,zt)
x f Qt°+1\pt+17Qt+1,Zt+1)

(
X V(p{+1‘pt+1aQt+1+Qt0+1:Zt+1)- (36)
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Now conside thefull informaion casewhereall of thevariables { p, pf, o, a°,z } areobsered over
thesampleperiodt =0,...,T.
Definition 1: Thefull information maximumnlikelihood (FIML) estimatoré{ is definedas:
af r 0 T r 0
eT — argrga)d f ({ Pt, P, G, G azt}t:1| Po; Po; Yo, Yo, 20, e)a (37)
S

wherel; is givenby:

T
If({pt7 p{vqtvqtovzt};rzl‘ Po, p67q07q8a2076) = r!p(ply p{vqtaqfvzd Pt—1, p{—lvqtquto—lvzt*lae)' (38)
t—

where6 denotesa vectorcompromisingthe unknavn parametes of the densites{f,g,h,n,uy, @} and
unknovn parametes enterng the firm’s costfunctions {c°,c"} andthe firm’s discountfacta B, and©
denotesacompaciparaneterspace.

Now consderthe parial informationcasewherewe only obseve wholesde priceson the subsetof
n trading days,Tn = {t1,...,tn} atwhich purchassoccur To simplify notaton we assumehatthe data
are truncatedto begin on the day of the first obseved purchae, sot; = 0, andend on the day of the
lastobsened purchaset, = T. Therelevantlikelihoodin this caseis a maminal likelihoodl, formedby
integratingthe full likelihood function | s in equation(38) over spotprices p; for all time indicest in the
complemenof T,. For simplicity, wewill consicgerthecasewvhereretdl salesareobsenedin every period.
Otherwise anadditional setof integraionswould needto be performedover thevaluesof p;{ for business
dayst wherenorefail sales occured. As notedin the Introduction,it is notatonally corvenientto corvert
the endogenas samplingproblem into a censoredsamplingproblan by definingan obsered censoed
pricesequene { p;} in termsof theunderlying uncensore price process{p; }. Thus,the obsered prices

p; aregivenby:

R i >0
P _{ 0 otherwse. (39)

Definition 2: ThePartial Information MaximumLikelihood (PIML) estimato é$ is definedas:
6% = argmant({pr. . . & 2} Po. P, 6o 6,20, 6). (40)
wherel , is givenby:
lp({Pt, P . &, Z }{1|Po, Pb, G0, 6, 20,8) =

T
/"'/l_lp(pt,p{,qt;qto-/zt‘ptlv p’l[’—lﬂqtflvq’[o—aztflae) |_| dpt (41)
t—
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For subseqant referanceit is uselll to sketchthe derivation of the asymptott distribution of both the
FIML andPIML estimabrs. Theasymptott distribution of the FIML estimabr providesa benchmarkor
assedsag thelossof informationentaikedby only beingableto obsere p; wheng? > 0. In orderto derive
the asymptott propeties of boththe the FIML andPIML estimates, we needto introduce the conceps
of anembedded/arkov chain anda sgmenéd Markov chain. Let {&;} denotethe joint Markov proces

in Lemma3, i.e.,theprocessvhosevalueatt is givenby:

Etz(p['/p{:qtaqtovzt)' (42)

Definition 3: Thepurchasesetr is givenby:
r={&/q°=0} (43)
andthesetof purchasedatesT, = {ti,....tn} is definedrecursively as:
tia=inf{t>t[&el}. (44)

Definition 4: Let{{;} denoteheembeddedprocessassocatedwith {;} andl". Thisis thediscrete time

Markov processwhich is observe at succeasivepurchasedatest € Ty, i.e.,

{G={&}={&|&eT}. (45)

A simpleapplicaton of the Chapman-iKlmogoros equatiom allows usto derive thetrarsitiondensiy v for
theembeddegbrocess (i} asat; —t;_1-steptranstion densty for succesive visits to the purchasesetr .
Lemma 4: Theembeddegroces {{;} is a Markov chain with transtion densty v givenby:
tio1

V(GlEi-1) = P& ) = [ - / T plere st 06 s (46)
Definition 5: Let {w;} bethe segmentedprocessassociagdwith {&;}, i.e. the processfor which wy is
definedas therealizel values of {¢} for the sequenceft; —t;_; time periodsfollowing the purchaseat
ti_1 until thepurchaseatt;:

0 = (& 1115+, &5)- (47)

Notice that the numberof componentsn the segmentw; is a randomvariable equalto the difference
ti —ti_1, in thesuccessie timesthat{&; } visitsthepurchasesetr .

Lemma 5: Thesegmentedproces {w; } is a Markov chainwith transtion densty v givenby:
tiv1

V(i wi-1,0) = P&y, &u—1,- - &4 141/ 1,0) = [ P(E41/t,6). (48)

t=tj+1
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Noticethatdueto the Markov propery, only thelastelemeniof the sggmentw;_1, & ,, is neededo fully
detemine the condiional probabilty of wj = (§14¢, ,,....&;). Let T =ti;1 —t;, betheduraton between
succesye purchass, or in the languae of Markov processs, the recurrene time for succesive visits
to the purchasesetl". If the meanrecurencetimeto I is finite, E{t} < oo, the process{&;} will visit I
infinitely often andthe numberof visits n obsevedoverary horizon T tendsto infinity with probabilty 1
asT — oo,
Assumption 4: TheMarkov chain {;} is ergodic(i.e. it possesesa uniquestaionary distribution), and
thepurchasesetl isrecurrent(i.e. E{t} < =), andtheembeddedndseggmenédprocesse{{;} and{w}
are alsoergodicMarkov chains.

To studytheasymptoic propetiesof the FIML andPIML estimabrs, it is usefulto rewrite thelikeli-

hoodfunctionsl¢ andl, asfollows:

n-1 i1
It ({ Pt P, G O 2 Ha | Po, Pb, Go. 05, 20.8) = rl[ [1 P(EI&-1. )], (49)
t=

ti+1

tit1

n—1
Lp({Pt. PF, Gk s 2 11| Po, PH. Go, A5 20, 6) = [/ / P(&t|&t-1, )dpti+1---dpq+11]- (50)

t= t|+l

By Assumptiond4 andthe Renaval Theoremfor Markov chairs (see,e.g. Resnick1992),we have with
probabiity 1
n 1

m T = Em (1)

Thus,aslong asE{t} < o, the process{§;} visits I' infinitely often andn — o with probabiity 1 as
T — o. Therebrewe will carly outthe asymptott analysisindexing the samplesize by the numberof
purchassn rathe thanthe totd numberof time periodsthat the procesds obsered, T. To estdlish
consiseng of theFIML andPIML estimatorsit is convenientto work with thenormalizdlog-likelihood
functions. Multiplying anddividing the likelihoodsl s andl, in equatims (49) and (50) by the produa

term

n—1 i1
rlpr{t.H e 0) = [ / / [T, 18 € T({tah) plE1.0)ck | (52)
t=tj+

where
F({tiva}) = {&[a =0t #tis1} U{&|a® > 0,t =ti;1}, (53)

andthentaking logsanddividing by n— 1 we obtainfor j = f, p

1
a Iogl]({ptv p’ltrvqtaq’[oazt};r:ﬂpoa pE)aqO:qgaZOve)
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1 n—-1 1 n—-1
~hn_1 zllc’gpj((*)i+l|00i tl+1_tlve)+— leogPr{t.H—t.lwi ,0}
1 -t 1
= ﬁzi (W41, 0, 6)+ — Zle Wit1,0%,0), (54)
where
i1
pf(m+1‘(q7tl+litl/e) - I_l p(Et'Etf:be)
t=t+1
t|+1
[ ] 1 & €T () do(E/&s. )k (55)
t= t.+1
and
t|+l
Pp(W (*)iati *ti,e = E E y dpt. "'dptprlf
p(wigp1]on,tie ) / /t 1, (&t|&t-1,0)dpy 11 1
tiva
[ ] T] ME e M ({tea)) (& & 1.0k (56)
t= t,+l

Note thatboth pp, andpy are conditinal densites for the segmentw; 1 given wy andthe lengthof the
segmentti, 1 —ti. The main differenceis thatdueto the censoing, p, canbe regardedasthe maigina
densiy assocatedwith ps, wherewe have integratedout the unobseved prices over the intewval (t; +
Lt+2,...,ti.1 — 1) whenno purchaesoccured. Undersuitalde regulaiity conditonson the moments
of thefunctionsv;j, j = 1,2, Assumptiord andthe Ergodic Theoremfor Markov processgimply thatas

n — oo we have with probabilty 1:
1 n—1
ﬁ i;Vj(('oFFla(*)iae) - E{VJ ((;.)’,(.0,9)}, (57)
wherethe expectaton is takenwith respetto theinvariantdistribution for (w’, w) andis givenby
E{vj(w,w,0)} = //Vj (o, 0,0)dv(w|w, 6)dY(w,6%), (58)

wherev(w|w, 8*) is the trarsition densityfor the segmentedorocesgivenin equaton (48) andy(w,6*)
is the invariant distribution for the sgmentedchain{w;}. We now provide alterrative expressons for
theseexpechtionsthatenabksusto verify the consistacy of the FIML andPIML estimators. Note that

asn — oo we have

1 n—-1
— ZIngj(U)Hl‘wi-,tiJrl—tiae) — E{logp;j(w|w.1,8)}, (59)
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and
n—1
nTll Zl logPr {ti;1 —t|&;,6} = E {logPr{t|w,0}}, (60)
i=

wheret is therecurencetime to the purchasesetl. We have

E {log pj(w/[c.T,0) } (61)
=E{logp(&1,..-,&:/80,1.0)}

= Eoril [/El/ET logp({&t}{-1/€0,7,6) p({Et}tT1|EOaT:9*)t|l!dEt] Pr{1|&0,0" }dW(&o).

Notethatgivenary & andt, thelnformaion Inequdity guaran¢esthatthe expres#onin bracletsin (61)

is maximizedat 6 = 6*. Similaly we have
E {log[Pr{t1/€0,6}]} = : > log[Pr{t|€0,6}] Pr{T|€0.6" tdW(&o) (62)
01=1

will alsobemaximizedat® = 6* givenary (§o). Thisimpliesthatthelimiting log likelihoodis maximized
at 8%, andstandad uniform consiséng/ argumens canbe usedto shawv thatwith probablity 1 we have
8l — 6" asn — o.

We concludethis secton with a brief sketchthe derivation of the asymptotiadistribution of the PIML
andFIML estimatos. If modelis correctly specifiedandappropiate regulaiity condiions hold, the first
ordercondiionsfor 8 and®/ canbe expandedn Taylor series aboutthe true parametr 8*. Applying a

CentralLimit Theoremfor mixing processego thekey scoretermin this Taylor series expansiononecan

shaw that
VN[0l -6 —N(O,;; 1(6%), j=pf (63)
where
I(6%) = I}(6) 4 17(8")
where
1/a* 62 / s

Ij(6") =E mlog[pj(wmrﬁ)] 0=0

and

02 .
2 kY __ O*
I°(0") = E{aeae/ Iog[Pr{r\Eo,G}]} 6=0"

Furtherit is notdifficult to shav thatsincep, is amaminal densiy of pf, we musthave thatthedifference

betweerthe informations73(6*) — 13(6*) is a posiive semi-defintive matrix. This impliesthatthere is

indeeda lossof informaion, andtherebre anincreasein variance,causediy the endogenousampling
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problem. However aslong asour modelis correcty specifial, the PIML estimatorwill be consisent. If
the modelis misspedied, thena modification of argumentsin White (1982) can be usedto shav that
the PIML andFIML still corverge andhave an asymptottally normaldistribution, but they corvergeto
a value of 8* that minimizesthe Kullbeck-Liebler distance betweenthe paranetric model andthe true
datageneraing process. The formulas for the asymptoic varian@ of the estimabrs mustbe changed
to the outerprodud of theinformationandthe inverse hessias of thelog likelihood whenthe modelis
misspedied, sincein that casethe covariance of é}} is no longergiven by the inverse of the information
matrix, seeWhite (1982).

Thedrawbackof the PIML estimabr is thatit is computatiomlly intensve dueto thehighdimension&a
integrationsthatarerequirel to evaluatel ,. Sinceno purchassof steelareobseved on the majority of
businesslaysin our samplethe meantime betweersaless aboutl0 businesslays,sothaton averagelO
dimension&integrals mustbe calcuktedfor eachtermenteing thelikelihood. Althoughtherehave been
importantadvancesn simulaton estimaton andlow discrgpany methodgor computinghighdimensiona
integrals (see.e.g. Rust, TraubandWozniakowski, 2002),the PIML will still bea faily computatbnally
burdensomestimator A seconddravbackis thatif our interestis primaily on makinginferencesabout
the law of motion for {pt,z}, the other strudural parametrs that must be estmatedto adjustfor the
endogendy of the samplng processamountto nuisance paramegrs. Errorsin the specificdion of the
firm’s optimal invesmentandspecuation problemwill resut in inconsstentestimats of the parametes
of interestin thetranstion densty g(pt+1,z+1|pt, %).

It is possibleto consderthe useof flexible reducedform speciicationsfor the densites enteing the
overalldecomposibn of thetranstion densityp givenin Theorem3. However without somestrong prior
parametic restictions on someof thesedensiies, it is doubtil that an unresticted model wherethe
densites (g, Y, f,y) aretreged asunknavn objeds to be estimaed non-paametri@lly is evenidentfied.
In partiaular the (S's) modelcombinedwith the obsenationsof retal transation pricesprovidesstrong
identifying restictions, limiting how far the wholesaleprice process{ p;} candrift avay from obsered
retal pricefor a given sequene of obsered purchass. In paricular, asthe implied markupgetslarger
or smaller the (S,s) modelpredcts that the numberof ordersshouldbe increasingand decreasig in a
correspondingfashion.Giventhe obsened sequenc®f purchass,this propery enablesusto separtely
identify theparametesof g(p’, Z| p, z) andthestrudural paranetersof the (S s) model.Howeverif anon-
parametic modeldoesnotimposeary sortof profit maximizingor lossminimizing behaioral motivation

onthe partof theintermediary thenit appearshatthe wholes#e market price { p; } coulddrift arbitrarily
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faraway from theretal prices { p{ } withouttherebeingary strongeffectonthelikelihoodof theobsened
sequenceof purchasesThis is why we think thatit is impossibé to non-paranetricaly identify theform
of g(p’,Z|p,z) andthetrading rule usedby the firm whenwe only have accesgo endogenoug sampled

data.

4 Simulated Minimum DistanceEstimation

This secton introducesa simulaed minimumdistanceestimator (SMD) that may be lessefficient than
the PIML estimator, but which doesnot requite the high dimension&integration andis much easierto
compute.Similar estimatorshave beenproposed in othercontets by Lee andingram(1991)and Duffie
andSingleton(1993). Theideabehindthe SMD estimatoris quite straghtforward, andis similarin spirit
to the calibrationprocesslescrbedin section2 thatwe usedto getour initial “ballpark estimates”of the
parametevalues.Themaindifferenceis thatthe SMD estimabr is basednanexplicit statstical criterion
functionthatenablesisto computeasymptott distributionsfor theparameteestimator evaluatethefit of
altemative specfications andto conductgoodnes®f fit teds.

Theestimaor is simply theparamedrvaluethatminimizesthedistancebetweera setof simulatel and
samplemomentausingthe obsenedcensord obseratons. First we calcuate samplemomentausingthe
censord obsenationsin thedata i.e. with p; = 0 wheng? = 0. Thenwe generat oneor moresimulaed
realizatiors of the (S, s) modelfor a giventrial value® of the unknavn paranetervector We defineésmd
asthe valueof 8 thatminimizesa quadraic form in the differencebetweerthe samplemomentsfor the
actualdataandthe samplemomentsof the simulatel data,wherethe simulatel datahasbeencensoed
in exacly the samefashon astheactualdata,i.e. we setp; = 0 whenever the simulaedvalueof gf = 0.
Thuseventhoughvariousmomentdasedn censorediatamay be biasedestimatesof the corresponding
momentsvhenthereis no censong, thisdoesnot preventusfrom deriving aconsisentSMD estmatorfor
0*. In factwe shav thatthe SMD estimato is consstentevenif we useonly asingle simulatdreaization
of the (S's) model.

The asymptoit varianceof the SMD estimatoris multiplied by a facor (1+ 1/S) whereS is the
numberof simulatons.Consequenyi thereis anefficiency gainto runningadditional simuldionssinceit
reduceghevariane of theestimabr. However the“penaty” to forming an SMD estimabr basedn only
asinglerealzation appearselaively small: theasymptoic varian@ is only twice aslarge asthevarian@

of anestmatorthateliminatesall simulation noiseby letting S— . Thisincreagin varian@ seemsmall
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in comparisorto the substarial reducton in computatbnalburdenfrom usingonly a single simulaton of
themodel.Estimatio will still require anestedixedpointalgorithmto solvesfor theoptimal (S, s) policy
anda re-simulationof the modelusinga fixed setof randomshocks(seebelow) eachtime the paramete
0 is updated sothe SMD estimatoris still faily computatbnally demanding.lts otherdravbackis that
it requires the analystto determinean appropiate setof momentsto repregnt the relevant metric for
assedng the distancebetweerthe predictons of the modelandthe data. In prindple aninfinite number
of differentmomentconditionscould be specifiel, but only afinite numbercanbe usedin pracice.

Let {&:} denotethecensord processntroducedn secton 3 (i.e. with p; = 0 wheng? = 0), andlet 6
denoteheK x 1 vectorof parametesto beestimaed. The SMD estimabr is basednfinding aparamete

valuethatbestfits aJ x 1 vectorof momentof the obsenedprocess:

hr = ?t;h(it,iu)v (64)

whereJ > K. By Assumption3, theprocess{¢; } is ergodic sothat, with probability 1, ht corvergesto a
limit E{h(¢’,&)} wherethe expectaipn is takenwith respet to the ergodic distribution of (§',&) (i.e. the
limiti ng distribution of (&;.1,&;) ast — ). Undersuitableaddiional regularity conditions,a centra limit

theoren will holdfor ht, i.e. we have
VT [hr —E{h}] = N(0,Q(h)), (65)

where
Q(h) = E{(h(€'.&) —E{h})(h(€',&) —E{h})'}, (66)
wherethe expectaion in (66) is takenwith respecto theergodic distribution of (&', ).

Now assumaét is possibéto generge simulaedrealzationsof the{&; } processfor ary candidde value
of 8, andthatthis processis censord in exactly the sameway asthe obsered {{;} proces is censored,
i.e., with pp = 0 wheng? = 0. Thesesimulatons dependona T x 1 vector u, of IID U(0,1) random
variabkesthataredravn onceatthestat of theestimaton processandheldfixedtheredter in orderfor the
estimaor to satisf/ stohasticequiconinuity conditionsnecessarto estdlish asymptoic normality of the

SMD estimator We will consdersimulatel processesof theform

{Et({us}sgt,e,ﬁo)}, t= 2T (67)

wherefor eacht > 1, & ({us}s<t,0,&0) is acontinuouyy differentiablefunction of 8. Thenotaton {us}s<t

reflect the factthatthe simulatel processis adaptedto the realzation of the {u;} process,i.e. thefirstt
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realizedvaluesof {&;({Us}s<t,0)} dependonly onthefirstt realzedvaluesof {us} andnoton subsequen
realzedvaluesof us for s> t. Notethatwe allow the simulatel proces to dependon thefirst valueg of
the obseveddataasaninitializing condiion.

To shaw that it is possble to construt suchsmoothsimulabrs, considerthe unidimengonal case
whereg; € R! for all t. Letp(&,1/&;, 8) denoteits transtion densityandP(&; . 1|&;,8) bethecorresponding
conditional CDF. Thefirst valueof thesimulakdprocesis simply setto theobsevedvalueg o. Usingthe

probabiity integral transform,we candefine€;(uy, 6,&o) by:
€1(u1,0,&0) = P (us/&0.0). (68)
Clearly &;(u1,8,&0) will bea continuouty differentiable function of 8 if P~1(uy|&o,8) is a continuously
differentiabk function of 8. Now definerecursively fort =24, ...
&t ({Us}s<t,0,&0) = Pfl(Ut|E.t71({Us}sgt7179,50),9)- (69)

We canseerecursvely that&;({us}s<t,0,&o) will beacontinuosly differentiabk function of 6 provided
thatP~1(u|€,0) is a continuouslydifferentieble function of & and®.

In thecasewhere{§;} is themultidimensonal proceswith & = (px, pf, &, d°, z ), we cando asimilar
simulaton asin the univariake casedescrbedabove, usinga factoization of thetrangtion densiy of {x;}
into a productof univariat conditional densties suchasgivenin Theorem3. For example,if &; hastwo

componentss; = (§1¢,&2¢), supposéhatits transtion densityp canbefactorel as

P(&t+1/€t.0) = P2(&2t+1/€1t+1,&t,0)P1(E1t+1/Et,6), (70)

with correspondingonditional CDFsdenoteddy P; andP,. Now we cangenerge simulatonsof {&;} that
will besmoothfunction of 8 justasin theunivariae case gxceptthatin thetwo-dimensioal casewve need
to generag two randomU (0, 1) variables uy = (uy,Uyy) for eachtime periodsimulaed. For exampleto

generat asimulatedvalueof &1 = (§11,§21) we compute
&1 = Pr(u11/0,9)
€21 = PyY(U21/812,80,0). (71)

Clearly the resuting realizationfor &1 is of the form &1 (us,&o,0) andwill be a smoothfunction of 6

providedthatP; andP, aresmoothfunctionsof (&,0). Continung recusively we have:

E1t01 = Pri(une1/&:,0)

E2t41 = Py t(Upei1)€1t:1,&,0). (72)
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The resuting simulatons take the form {&;({us}s<t,0,&0)} andwill be smoothfunctions of 8 provided
thatP; andP, aresmoothfunctionsof their condtioningargumentsg, ).
Now conside usinga single simulaed realizationof {&:({us}s<t,0,&0)} to form a simulatel sample

momenthr ({us}s<T, &0, 0) givenby
T
hr ({Us}s<T,80,6) = % Zlh(at({us}sgt,eaEO):Etfl({Us}sgtfl-/ea €0)) - (73)
t=

Let ({ui}s<T,...,{US}s<T) denoteSIID T x 1 sequenesof U (0, 1) randomvectorsusedto generse the
Sindependentealizatiors of the endogenoug sampledproces {&;({u}s<t,0,%0)},i =1,...,S Define

hsT(8) astheaverageof Sindependat time averagesht ({U}s<T,&0,0)
13 -
hs7(8) = éi;hT({UL}ng,Eoﬁ)- (74)
Definition 6: Thesimulated minimum distanceestimator 8y is definedby:
Or = argmin(hs () - hr)'Wr (hsT(8) —hr), (75)
€

whereWr is a J x J posiive definie weightingmatrix.
In orderto simplify the asymptoc analyss, we initially assumehat we have a correct paranetric
specifiationof theendogenousamplingproblem.Thatis we make
Assumption 5: Theparametrc modelintroducedin sectio 2 is correctly specifed,i.e., therisaf* € ©
sud that:
{&({Us}s<t,07,€0) } ~ {&} (76)

thatis, whenB = 6%, thesimulatdsequeneinitializedfromtheobserve valueg o hasthesameprobability
distribution asthe observedsequencegé: }.

Laterwe will relax assumptin 5 to allow the paramefic modelto be misspedied. In thatcasethe
asymptott propertesof the SMD estimadr still hold, exceptthatnow 8* is interpretedasthe valueof 6
the minimizesthe distancebetweenthe momentsof the true datageneating proces andthe paranetric
simulaed process,wherethe expectaion is takenin thelimit asbothS— o andT — .

We now sketch the derivation of the asymptott distribution of the SMD estimatoy shaving how its
variancedepend®n the numberof simulatons S
Assumption 6: For any 6 € © the process{&;({us}s<t,0,&0)} is ergodic with uniqueinvariant densiy
W(&/6) givenby:

WE18) = [ p(E[E.B)cw(Ele). @
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DefinethefuncionsE{h|8}, DE{h|6}, andThs1(6) by:

E{hje} — / h(€',€)dp(&'|€, 8)dw(E[6)

OE{h|8} = %E{me}

Ohsr(8) = %hST(e). (78)

Assumption 7: 6* is identified; thatis, if 6 # 0%, then E{h|6} # E{h|6*} = E{h}. Furthemore,

rank OE{h|6}) = K andlimt_,.,Wr = W with probability 1 wheeW is a J x J positive definitematrix.
The conssteny of the SMD estimator can be estabishedby providing approprate regulaity con-

ditions underwhich the simulatd processs uniformly ergodic, i.e., underwhich with probabilty 1 we

have

Jim sup| (s (6) —hr )W (s (6) — ) — (E{h/6]} — E{h/e"}W(E{h6} ~E{nie'})| =0 (79)

Assumption6 guaraneesthatthe uniqgueminimizerof (E{h|6} —E{h|6*})’'W(E{h|6} — E{h|6*}) is 6",
andthis combinedwith the uniform consiseng/ resut implies the consiseng/ of Br. The asymptott

normality of 61 canbe estdlishedby a Taylor series expanson of thefirst ordercondiion
(hst(B1) — hr)Wr Ohg T (1) = 0. (80)
Expandinghs(61) about = 6* we have
hsr(Br) = hsr(6%) + Dhs (Br) (Br —6"), (81)

wherebr denotes avectorthatis (elementwise)ontheline segmentbetweeréT and6*. Substititing (81)

into thefirst ordercondition for Bt in equation(80) andsolvingfor (éT —0*) we obtan
(Br —0") = — [Ohst(Br)Wr Ohg 1 (67)] o Ohs(Br)'Wr [hsT(8%) —hr], (82)

wherewe assumehat [DhgT(éT)’\AhDhsT(éT)] is invertible, which will bethe casewith probabilty 1
for sufficiently large T dueto assumptins6 and7. Now multiply bothsidesof equaion (82) by /T and
applya Centrd Limit theoren to thedifference/T [hs(8*) — hr] to obtan

VT [hst(8%) —hr] = N(0,(1+1/9Q(h,6%)). (83)

Toundersandthisresut, notethaths T (6*) is anaverageof Sindependenteaizationsof {&; ({us}s<t,0,&0)},

which by Assumptiors hasthe samedistributionas{¢; }. As aresut eachof thetermsenteing hg(6*),
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hr ({u'},0"), hasthe sameprobabilty distribution asht andare distributed independetly of hr. The

CentralLimit Theoremappliedto hr yields
VT [hr —E{h|8"}] = N(0,Q(h,8%)). (84)

Similady, for eachi = 1,...,Swe have

VT [br({ug}scr,87) —E{h|8"}] = N(0,Q(h,6")). (85)
Notethat <
[hsT(67) —hr] = [é_zl[hT({UEs}SSTv 6%) —E{h/&"}] + E{h|6"} — hT] ; (86)
sothatwe have s
Tlhor@) -l — | §5 %% @)

where(Xo, X1,...,Xs) arellD N(0,Q(h,8*)) randomvectors.It follows immediatey thatthe asymptoti
distibution of /T [hsT(8*) —hr] isN(0, (1+1/S)Q(h,6%)). Usingthis resut andequaton (82) we have

VT [Br 0] = N(O,(1+1/9A; 1NN, (88)
where

A = [DE{h|6"}]'WO[E{h|6"}]

A2 = [DE{h|6*})WQ(h,6")W [OE{h|6"}]. (89)

Borrowing from the literatureon generakzed methodof momentsestimation, the optimal weight matrix
W = [Q(h,6%)] ! resuts in an SMD estimatorwith minimal variance. In this casethe asymptoic distri-
bution of &1 simplifiesto:

Theorem 5: Considerthe SMD estimaobr 6t formedusinga weightng matrix Wr equalto theinverseof

anyconsisentestmatorof Q(h,0*). Thenwehave:
VT[6r —0] = N(0,(1+1/SA ) (90)

wheie:
N= [DE{h\e*}’[Q(h, 9*)]*1DE{h\9*}] . (91)

The mostimportant point to noteaboutthis resultis thatthe penaty to forming an SMD estimabr using

only asinglerealizationS= 1 of theendogenouglsampledoroces {&:({us}s<t,0,&o) } is fairly small,the
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varianceof theresuting estimaor is only twice aslarge asan estimatorthatcomputegshe expectadion of
ht ({u},8) exactly, suchaswould bedonevia Monte CarlointegrationwhenS — co.

The SMD estimatorcanbeimplementedn pracice by solving

br = argminths 1 (6) ~hr)’ [0(n.6)] ~(hsT(8) —hr), (92)
where ;
6(h,8) = %t;st<e>st<e>' (93)
where
£:(8) = N (& ({Us}s=t, 8,€0), & _1({Us}s<t1,0,&0)) — hr({Us}sr, €0,H). (94)

Thus, an estmate of the optimal weighting matrix Q(h, 8) is recomputd eachtime the parametr 6 is
updated.

More efficient estimatorscanbeobtaina by selecing “efficientmomentfunctions” h suchasthescore
of thepartial informationmaximumlik elihoodfuncton derivedin sectbn 2. Suchanestmatorcanattan
the CramerRao efficiency boundderived for the PIML estimatorin equaton (63). However the score
involvesaratio of integrals,andit is not clea thatthes integralscanbereplacel by simulaion estimats
andstill obtainaconsisentSMD estimaor. If accuatenumericalintegrals arerequired,thecomputaional
adwantageof the SMD estimatoris lost andit may be lesscomputatbnally burdensomdo computethe
PIML estmatordiredly. Thisis atopicfor future work. We notethatthe definition of the SMD estimato
canbe extendedto allow momentsformedfrom the sgmentedVarkov chain{w;} definedin secton 2.
This formulaion would be requiredin the casewhereh is the scoreof the parial informaion likelihood
function, since the component®f the scoreinvolve the segmentedchainasshowvn in section2. Using
momentgrom thesegmentecdchaininvolvessomeminor modifications of theargumentgivenabove. We
now do the asymptotts asa function of the numberof purchases rather thanthe total numberof time

periodsT overwhichtheprocesis obsered. In this casewe definethe samplemomentsh, by

n—-1
nfll i; h(wi;1,0), (95)

andthesimulaedmomentssn(8) canbedefinedaccodingly, usingthesimulaedprocesg&; ({ul}s<t,6,&0)},
i=1,...,StoconstuctSIID reaizationsof the sgmentedorocess
Finally, we notethatit is appeas thatit is possble to relax Assumptiam 5 thatthe parametic model

is correctly specified. As long asassumptins 6 and 7 hold, there will still exist well definedlimiting

34



momentsfor the simulaked process,E{h|0}, for each® € ©. Define* asthe valuethat minimizesthe

distancebetweerthe simulatel modelandthetrue datageneréing proces:
8* = argmin[E{h|6} — E{h}]'W [E{h|6} —E{h}], (96)
6O

whereE{h} denoteghelimit of ht asT — o for thetrue datageneréing processlf thevalueof 6* that
minimizesthis distanceis interior to the paramegr spaced, thenthe foll owing first ordercondition must
hold at 6*:

(E{h|6*} —E{h})WDLE{h|6*} =0, 97)

whereE{h} denotesthe long run or emgodic expectaton of h with respectto the true datageneating

processThisimpliesthatast — o« therandomvector
X = OE{h|®"}'W(h(&({Us}s<t, 8", &0)) — (&), (98)
satigies

ImE{X} = 0
Ay (99)

fm e

for somel x J covarian@ matrixA\,. Howeverin themisspecifiedase/\, maynotequalthesamdormula
asthe/\; givenin equaton (89). Usinga suiteble Centrd Limit theoemfor mixing proceses we should
have

VTOE{h|®* YW [hr ({u},6") —hr] = N(0,A2). (100)

Following a Taylor expansionargumentjust asin the correctly specfied caseabove, we shouldbe ableto

derive the samegeneraform for the asymptott distribution of Br in the misspecifiel casej.e.

VT [Br — 6] = N(O, (1 + 1/9A 1AL, (101)
where
A1 = [DE{h|6*YWOE{h|6*}] (102)
andwhere
VT Ohr ({us}, ) Wr [hr ({us}, 8%) — hr] = N(0, Ag). (103)

The mainoutsandingissueis to actualy estdlishthelimiting asymptoic distribution thatis conjedured

in (103)andrelake the asymptott covariancematrix A3 to theasymptoic covariancematrix /A, in (100).
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Thesimilarity of thetwo expressbnsin (103)and(100)suggetsthatA» = Az, but furtherwork, including
carefil attention to regularity condiions,would requiredto determinevhetherthisis the case.This work,

togethe with Monte Carlotess andanempiricalapplicationof the SMD is currently in progress

5 Estimation

To illustratethe simulaed minimumdistan@ estimaor, we consdera specialcaseof the modelin which
thereareno additionalstak variabkesx. In this casethe (S s) bandsareonly functionsof the current spot
price, S(p) ands(p). We first estimae the modelusingdatageneragd from the modelitsdf. In this case,
we know themodelis correcty specifial, andwe know thetrueparamegrvector Secondye estimatehe
modeltwice usingactua datafor two produds from the stee servicecente.
Consideraversionof themodelin which thefirm’s generaimanagesolvesthefollowing problem:
00 t
mee 5 (1) {Blet-(.p) - p) - a ) (100
subjectto (3) and(4), andwhere

0,0 B pd+K if g°>0
ca’.p) = {O otherwis,

Mo+ p) = @g+qP), and

if o >+
c¥(a, o + ) {\(; oth(gtlwiseq.t !

As before, themanagetakesthe spotprice p; andquantty demanded asgiven. Themanageknows p
beforedecidng gf. Themanagethendrawvs ;. Theordercostfunction, c°(-,-), andthestockoutpenaly
function, ¢9(-,-), areasdescibedin sectbn 2. The holding costfunction, c"(-), is linear, sothe margina
costof storagds aconstat.

We assumehe spotpriceevolvesaccordng to a truncatedlognormalAR(1) process:

log(pr:1) = Hp+Aplog(pr) +w (105)

wherewf is an IID N(0,03) sequence.lf we let 1, and 6, denotethe uncensore meanand standad

deviation of the spotprice distrubution, we cancompute

8= /100(T3 + 1) — 2109 {Tp)- (106)
Using &, we cancomputey, andoyp, by:

Hp = (1—Ap)(log(Hp) — G5/2) and 0p = Gp x /1— A3 (107)

D
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Thefirm setstheretail price by usingafixedlinear markuprule overthe current spotprice
Pl = 0o+ 01p. (108)

Thefirm drawvs a quantitydemanded{ eachperiod. The probabilty thatg{ = O is afixed, time-nvariart
constahdenotedby . Themeanof thedemandlistribution is decreamg in px.
Let pq andag denotethe unconditonal meanandstandad deviation of the quantty demandedistru

bution. We cancompute

fig = l0g(jiq) — 65/2 and G4 = \/Iog(55+ﬁ§) —2l0g(Hg)-

Thenthe meanandstandad deviation of quantty demandedtondiionedon p; anda sales occuing, pg

andag, arecomputedoy:

b = g+ & X 1o/ (1= Ap) and 0q = /63 —E2 x 83/(1—A3).
Finally 8 denoteghe 1 x p (with p = 13) parametrvectorto beestimatd:
0= {ra Ka“Oaala)\pv l-_lpa Ep: H(Zhaq’ ana n, (p}

TheSMD estimaton procedue requiresusto solve for theoptimalinvenry investmentule eachtime
we evaluatethe criterionfor anew paramegr vector We solve the modelby the methodof parametdrzed

policy iteraion (PPI).This PPlalgorithm amountgo thefollowing iterative procedue:

1. Approximae the valuefunction V(p,q) givenin equatio (12) with a finite linear combinaion of

bass functons.
2. Discretizethe stak spaceinto afinite numberof (p,q) pairs

3. For eachiterationi useequaion (16) to computethe optimal decison rule gP(p,q) at eachof the
disaetized (p,q) pairs Althoughwe discretized the statevariabks, gf is a continuousvariables

thoughit is subjectto thefrequenly bindingconstrant: 0 < gf <q—a.

4. Perbrmapolicy iteraion step.Thatis compute

00

1 j
Vi(p,q) = E{,Z;(<1—+f) T(pj, Pj. 45, 47 (Pj» dj) + )

p, q} . (109)
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5. Regressthe updatedvalue function, V;(p,q), on the discree setof p andq's to computea new

paraneterizel approximationof thevaluefunction.

6. lterateoveri on steps3-5 until the coeficients on the parametdeed approximation of the value

function corverge.

We approximaedthevaluefunction by acompletesetof Chebyche polynomiak of degree3 in p and
g. We discretizal the statespacewith 225grid points(15in the p dimensiom and15 in the g dimension).
Thegrid points arefixed atthe Chebyche zeros,sothe grid pointsaremoreheavily weightedtowardthe
boundaresof the stak space

As canbe seenby Bellmans equaton (13) eachiteration of the algoiithm requresthe soluion of
a constréned optimization problem involving the threefunctionsES(p,q), EG(p,q), andEV(p, p'.q),
eachof which is a condiional expectdion of functionsof two continuousvariabks(saks, p'g®, andthe
valuefunction V(p,q)). Sincenoanalytic solutiors to thesecondiional expectaionsexist, we resotedto
numericalintegration. We implementeda “quadrdure” appro@h thatapproximagsEV by a probability
weightedsum:

Np Ng ~
EV(p.p'.q) = N—pNiqZ le{qj < a}V(pi,d—a;)h(a;|p")g(pil p) (110)
1=1]=

whereh(qj|p") is adiscreizedapproximatdn to theconditionalprobablity densiy h(q|p",q), andg(pi|p)
is a discreized approxmationto the transtion probabilty densityg(p’|p). Furthe adjusmentsto this
formulawere madein orderthat E\/(p, p',q) refleds thatmasspointson stoclouts andzerosales asin
equaton (16).

We have considerablgreedomin our choiae of momentdunctions,theh vector to usein thecriterion.
Themostefficientmomentfunctionswe couldusewould bethe scoreof thepartid informationmaximum
likelihood function derivedin secton 2. Suchanestimabr couldattain the CramerRaoefficiency bound
derivedfor the PIML estimabr. However asdiscusedin secton 4 the scoreinvolvesa ratio of integrds.
It is notclearthattheseintegralscanbereplacedby simulaton estmatesandstill obtaina consisentSMD
estimaor. Instea we matchthe meansandhistogramsof the p, p’, 9°, ¢°, andq processs. For example

for product2, we usefive momentgor thewholesée price, p:

Si_1 P wherep =0if g =0 (111)

Si1 100xI(p > 0) (112)

| = Z| -
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% Zthl 100x I (p; > 15.85andp; < 16.95) (113)
% Zthl 100x I (p; > 16.95andp; < 19.60) (114)
% Yo, 100xI(p > 19.60) (115)

wherel is anindicaor function, andN is the numberof daysan orderis placel: N = th:lI (pt > 0). So
themomentin equaton (111)is the meanof the censoredrderprice proces. The momentin equaton
(112)measurethepercentageof daysapurchasis made;it is just100x N/T. Themomentsn equatons
(113),(114),and(115)arethe secondthird andfourth quartles of the censord price process Similarly,
we constuctedmeansandquintile histogam binsfor theremainng four series, p', °, g°, andg. Finally
we computedhe percetageof daysa saleoccurs.Sothetotal numberof momentausedin the criterion,
J, is 26. We setthe numberof simulatons, S, to 10.

Theindicatorfunctionsin the momentconditionsareof coursenot smooth.However the criterionis
visualy asmoothfunction of the paraneterswith theexcepton of thefixedcostparameteK. In thiscase,
concentated“slices” of the criterion function have “steps and“cliffs” Therebreto verfiy MATLAB’s
constainedminimization routinef ni ncon. mfoundaglobalminimumin eachcasewe visually inspeced

variousconcentatedslicesof the criterionfunction aftereachestimaton.

paramete | truth point | standad
estmate| error

K 100 81.7 22.2
Oo 0.90 1.34 0.30
01 1.16 1.09 0.02

Ap 0.970| 0.965 0.002
Hp 18.00| 18.73 0.32
Op 3.50 3.08 0.11

Hq 250.0| 255.2 9.3
Oq 300.0| 311.19 24.3
¢ 0.70 0.73 0.18
Y 500 593 229
n 0.350| 0.334 0.002
r 0.075| 0.039 0.036
[0} -0.06 | -0.039 0.006
criterion 0.0944

Tablel: Estimaton resuts on datageneratd by the model.

In ourinitial exercise,therearetwo setsof simulatons:first, wefixedtheparametevaluesn themodel
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to thosein secondcolumnof table 1; we solvedthemodelandcrededa simulaeddatasetof 1013periods
from the model; secondusingthe simulaed data,we estimaté the modelvia our simulaed minimum
distance estimator The resuts from this experimentarereporedin table 1. The estimaton procedue
providesa formal criterion of the validity of model. In bottomrow of table1 we reportthe valueof the
objectve function evaluatedatthe SMD point estimates:0.0944.Sincethe numberof momentconditions
exceedghenumberof parametes estmated(J > p) themodelis overidentfied. Following Hanser(1982),

we usetheobjectve functon to testthe overidentifing restictions.

(hst(8) —hr)' [Q(h)] " (hsT(8) —hr) — X2 —P) (116)

We alsorepot in tablel1 the point estmatesand standarcerrorsfor eachof the thirteenparametes
alongwith the parametrvaluesusedto creae thesimulaeddata Thequantty dataarein hundredweight
(i.e. in 100's of pounds)sothe price paramegrsarein dollars-perhurdredweight(or centsper pound).
Thefixedcost,K, is setto $100perorder Thevalueof alostsale vy, is $500. The parametechoicesfor
Hp andop, implies theuncensoed price processvith ameanof $18.00perhundredweightor 18 centsper
poundandstandad deviation of $3.50dollars per hundredweight. The paramegr valuesof pg, o4 and
¢ imply the averagesaleis 250 hundredweightor 2,500pounds.Theinterestrater is setto 7.5 percen
perannum.Thelinear storaye costnetof corvenianceyield, @ is set-6 centsper hundredweight, sothe
convenienceyield dominateghe storgje cost.

For mostof theparametrs,the point estimats arewithin oneor two standadl errois of thetruevalues.
Thereareseveralexcepton, however. The pointestimatefor @, the linear storagecostnetof corveniene
yield, is biasedtoward zero. The arealsosereral large deviationsbetweenthe true parameteralue and
point estimaés. The widestdivergenceis the interestrater. Its point estimae is abouthalf the true
value. Both @ andr captue the“cost’ of holdinginventoies: r captuesthe opportuniy costof holding
inventaies, while @ captuesthe physicalholding costsandcorveniene yield of holding inventoies. So
apositve r anda negative @ could offseteachother The point estimatefor thefixed costparametr, K is
alsoabout20 percentlower thanits true value. This parametetargely deteminesthe distance between
the Sands bands.To accuragly identify this parameterequirsnumerousbsenationsof daysin which
thefirm is holdinginvenbry levelsclos to s. Giventherelaively few daysthe firm purchass, thereare
very few daysthefirm holdsinvenbriescloseto s.

We now estimatethe modelfor two producst indepadently In table2 we reportthe point estimats
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Product2 Product4
paramete| point | standard| point | standad
estimaé | error | estimate| error
K 83.0 10.1 95.6 23.9
Oo 1.10 0.50 1.13 0.77
o1 1.07 0.02 1.11 0.04
Ap 0.979 | 0.00006| 0.981 | 0.0003
Hp 18.34 0.17 18.03 0.30
Op 2.80 0.08 3.85 0.16
Hg 258.6 7.7 289.8 9.6
Oq 215.3 12.5 219.1 15.7
i3 0.68 0.24 0.74 0.30
% 471 215 501 362
n 0.344 0.006 0.353 0.003
r 0.0796 | 0.041 0.071 0.072
(0} -0.0705| 0.005 | -0.0423| 0.006
criterion 0.58 0.31

Table2: Estimatdbn Resuls usingdatafor product2 andproduct4.

andstandad errors for the paranetersof the modelfor productswe call product2 and4. We alsorepot
theminimized SMD estimaion crtiterion. Althoughthemodelis formally rejecedfor, it is consisentwith
themainstylizedfactsof inventor invesitnentbehaior thatwe obsenrein ourdata(for further discusion,
seeHall andRust,1999).

Althoughwe estimate the parametesfor eachof theseprodudsindepeandently it is reasuringthatthe
point estimatesfor almostthe entireparameterectoraresimilar acrosghetwo producs. It is rea®nable
to expectthatthe paramegrs,K, r shouldbe identical acrosgproducts We alsoexpectthe parametrsa g,
ay, Ap, &, Y, and@to be quite similar, if notidenical, acrossproducts8 Indeed with the exceptionof @,
this is the case. The estimatesfixed ordercostparamete K arewell within two standad errors of each
other Whenwe asledthe generaimanagefor his estimae of this parametehefirst stated$50. We then
aslkedhim whether$80to $90seemedeasorble,hesaidyes. Themainfixedcostto orderngis thevalue
of thegeneal manageandhis administative assstantstime in takesto completethe papervork.

Thepointestmatesacrosghetwo productsof theinterestrateusedby thefirm to discownt future cash
flows, r, arewith one standad deviation of eachother andthe point estmatesare quite sensibé. The

estimaéd nominalinterest ratefor the two productsis between? to 8 percent (7.96%for product2 and

8We couldhave estimatedhemodeljointly acrosshetwo products,constrainng thesevalueto beequalacrosgrodicts.
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7.11%for productd). The CEOof thecompaly drew theline at providing usdataon thefirm’s borraving
andlending(mary sales involve tradecredt), but told us thatoneandthres-quarer pointsover a short
termLIBOR ratewasa goodestimae of theinterest ratethey faced.The averageof the 3-monthLIBOR
rateof thefour-yea periodstudiedis about5.75,whichimpliesanaverageborraving ratefor thefirm of
about7.5%.

Whenwe asledthe generaimanageffor his estimae of the goodwill costof turning away a customer
dueto stockout, he statedit wasaround$200. Whenasled whether$400-$500wasreasonkle, hefelt
that this valuewasa little too high. For both products,the stardard errors for this parameteire quite
large. Thecriterionis cleaty veryflat alongthis dimension.The mamgind costof storageparamete @, is
negative for both productssothe mamginal corvenienceyield dominatesan physical costsof storaye. This
resut is consistat with theobsenration in thecommoditystorageliteratue thatnegative storag costsare
akey deteminateof theautocorelaion in commaodityprices.

Onediagnotic of themodelandthe estmationprocedue is to compardheestmatedvalueof n in the
two modelsto thefraction of daysno salesaremade. The perentageof daysa saleoccursis oneof the
momentsusedthe criteriaandshouldpin down thevalueof n: 4 3 ,100x I (pf > 0) ~ 100 (1—n).
For product2, thefraction of daysin datawithoutasaleis 0.355while thepointestimag of n is .344with
astandad errorof .006. For product4, thefracton of daysin datawithout a saleis 0.366while the point
estimae of n is .353with astandad errorof .003. While the pointestmatesor n arecloseto themoment

The endogenousamplingproblemis illustratel in figures3 and4. In figure 3 we plot we the S(p)
ands(p) bandsderived from the optimal decisons rulesfor the manages problem usingthe estimaed
paramete vectorfor product2. Due to the fixed costsof ordeing, the S(p) bandis strictly above the
s(p) bandalthoughthedifferencebetweerthetwo bandsdecrasesasthepriceincreases.n otherwords,
asimplied by Corollay 2, the ordersizeat s is a decreaing function of the price. In figure 3 we also
scaterplota setof simulatedstatespacepairs (p;,d;). Accordingto the firm’s optimal trading rule, the
firm only makespurchaeswhenthe (pt,q;) pairis belav the s(p) band(in the southwestornerof the
graphs) In the simulaton presetted, this occurslessthan15 percent of time.

Theinfrequeng with which purchaesaremadeis alsoillustratedin figure4. Thisfigure presentshe
censord anduncensoedpurchaserice series, p;. Thesolidline is theanaloguef whatwe obserein the
data:we linealy interpdatedbetweerthe pricesatwhich transationstook place;thedottal line includes
theunobseredpricesatwhich no transactiors occured. During periodsof low prices(e.g.days325-350,

475-500and575-595)the firm aggressively madepurchasesto build up large levels of inventoies. The
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Simulated Realizations of States Variables, p and q
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Figure3: Scaterplotof purchaseprice aneteiveaveseyHetditigppaits from a simulaton for product2. The
solidlinesarethe S(p) ands(p) bandsfrom themodel.
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Figure4: Censoredsolidline) anduncensred(dotted line) purchaseprices, p; from simulaton for prod-
uct 2. For thecensorederis,thesizeof themarkeris proportonalto thesizeof the purchas.
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large levels of inventoieswereslowly dravn down aspricesinevitably rose. Thusafter exploiting a low
priceopporturity, thefirm maysubsequeht make no new purchaesfor mary days.

Figures3 and4 highlight someof the strenghs of the model. The modelcancaptue several of the
salient featuesof theinvenory andpricedata.First, in thedatapurchasearemadeinfrequently. It is clea
from bothgraphghatthemodelimpliespurcha&esareonly madeaboutl5 perentof thetime. Secondwe
obsere bothsmallandlarge purchassin the data. Again this canbeenin bothgraphs.In figure 3 when
the (p, o) pair (dot) is belon thes(p) band,thesizeof the orderis the vertical distancebetweerthe S(p)
bandandthe (pt, q;) pair (dot). Whenthe purchasepriceis lessthan16 centperpound,we obsere both
large andsmallorders Whenthepurchag priceis above 18 centsperpoundwe only obsere smallorders.
In figure 4, the sizeof the marker is proporional to the sizeof the purchae. Again oncecanseethatthe
modelpredcts relaively large purchasswhenthe priceis low andrelatively small purchagswhenthe
priceis high. Third, in thedatawe obsenre periadsof with high levelsof inventaiesandperiodswith low
levels of inventaies. From the scaterplotin figure 3 we canseethat the model predids thatinventory
levelswill vary overthe samplebetweerD and1.8 million pounds.

Theability of themodelto matchthe datacanbe seervisualy in figure5-16. In thesegraphswe plot
time seriesfor invenry holdings prices, anddayssupply histogamsfor orderandsalesguantties,and
a stemplot of orders On theleft handside,we plot the actua datafor product2. Ontheright handside
we plot the outputof a simulaton for the modelusingthe estimaéd parametewraluesfor product2.

The main shortcomig of the estimaion is our inability to matchthe dowvnward trend of the price
process We assumehat pricesarestatonary thoughhighly persstent. Consegenyl, ascanbeenseenin
the (S S) bandplotted in figure 3, the optimal decison rules imply countefactudly thatthe firm should
make only small purchass and hold low levels of invenbrieswheneer the procurmentprice is above
17 dollars per hundrel-weight. From figures7 and 9 we seethat, for product?2, the firm madelarge
purchagssaroundl19 dollars perhundredweightin the early partof the sampleandaroundl15 dollarsper
hundredweightin thelaterpartof thesample.

If we concentate out all the other paranetersexceptA , the criterion surface is a steepand smooth
cupcenteedaround0.978sothe smallstandatl errorassocitedwith the AR(1) is not surpiising. But the
concentatedcriterion surfaceactudy turnsdown slighty between995and1.01. (The modelstill solves
numericay for valuesof A, slightly greaer thanone.) Theglobalminimumis still centeedaround0.978,
but there appearso bealocal minimumjustabove 1.00. However if we assumehe price proces follows

a(or averyneary) random-valk, theoptimaldecisbn rulesimpliesfrequentsmall-to medium-sizeordes
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Inventory Holdings, Product 2

Simulated Inventory Holdings
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Figure5: Actualinventol datafor produd 2.

Order and Sell Prices, Product 2

business day

Figure6: Simulatednvenbriesfor product2.
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Figure7: Orderandsell pricesfor product2.
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Figure8: Simulatel prices for product2.
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Order Quantities, Product 2 Simulated Order Quantities
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G.M!sactual Model’s Policy Long-mun

perfomance Presciption simulaton
markup $251,493 76% | $230,108 43% | $352,129 55%
capitd gain 92,503 24% | 333,223 58% | 278,482 45%
holdingcost| 447,641 501,680 500,365
lostsales 0 -28,726 -18,533
ordercosts -10,804 -12,820 -11,607
total profits | 780,833 1,023,464 1,100,836

Table3: Profit Decompositio For Product2 UsingEquation117

Profitsin thefirst two casesover the 1013daysin our sampleandarediscounéed backto startof thesample.
Thethird casedecomposethe profitsimplied by themodelfor a simulaton of 1,000,00(eriods.
Total profitsarethe sumof thefirst five rows.
sothatthe invnebry level fluctuaesclosey arounda fixed tamgetlevel. Thusthe modelwhich assumes
p; follows arandomwalk will notimply thelarge variation in inventoy holdingsthatwe seein the data.
Theotherpossibé solution is to detrendthe data. However whenwe first stared working on this project,
no onewe talked to expectedstee price to declineover 25% in four years. To someextentwe arejust
working with too shorta sampleperiod.

Finally, from the simulaionswe candeduceheimportanceto thefirm’s profitsof the markuprelaive
to the capitd gainsandlossesfrom the firm’s optimal speculéion strakgy. By subsituting the law of
motion for inventoies, (4), into the firm’s objectve function, (104) the discounéd presentvalue of the

firm’s profitscanbe expresgd by

T

1

T

2 (1—ir>tn(pu PG O+ OF) =ti <1—+r>t(p{ - pt)qf+t; <1—L)t(pt_(1+l’)ptl)qt _

T 1 \! T 1 \! T 1 \!

t; (1—+r) (aP)K ft; (1—+r) c"(ck + o, pr) ft; <l—+r> (o, o +ar)-(117)
Thefirsttermontheright handsideof equatian (117)canbeinterpreted asthediscowuntedpresenvalueof
the markupover the curren spotprice while the secondem canbeintempretedasthe discounéd presen
valueof the capitalgainsor lossfrom holdingthe steelfrom periodt — 1 into periad t. Thethird, fourth,
andfifth termsarethedismuntedpresenvaluesof theordercoss, theholdingcosts andthelostsalegood
will costsincurred by thefirm overthe sampleperiod.

This decomposibn is repotedin tables3 and4. We first employ this decomposibn to evaluatethe
generalmanagess actualperformanceover the four-yearsampleperiodfor product2. Sincethis decom-
position dependson the wholesaleprice path betweenpurchass, we interpokte betweenthe obsened

purchag datesviaimportane sampling.Thatis, we simulatepathsconditioningontheintial andtermind
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G.M!sactual Model’s Policy Long-run

perfomance Presciption Simulaton
markup $287,488 72% | $238,096 41% | $502,721 56%
capialgain | 116,829 28% | 346,861 59% | 394,716 44%
holdingcost| 363,858 166,107 382,479
lostsales 0 47,772 -27,168
ordercosts -14,494 -21,134 -15,509
totalprofits | 753,681 682,158 1,237,239

Table4: ProfitDecompositia For Product4 Using Equation117
Profitsarethe averagefor 100simulatedprice pathsof 1013businesglayseach.
For thefirst two caseghe simulatedprice pathis constrairedto equalthe obsenred pricesfor thedayspurchasesveremade.
Total profitsarethe sumof thefirst five rows.

conditions. In partiaular we note

[ptnfla Pt.» Pty1+15 Pty _g42: - ptn—l] = A [ntnfla Ntos Ntn14+1: Nty 4257+ r]tn—l]/ (118)

wherep, , is the price obseredat dateand py, is the next obseredprice. The matrix A is the Cholesly
decomposibn of the varian@-corariance matrix of the p vectorimplied by the autorgressve proces
estimaéed above. The vectorn is a vectorof i.i.d. Normal (0,1) draws. This samplingprocedurede-
liverssimuldions of {pt, ,+1. Py, ;+2-.-, P,—1} condifonedon p, , and py, thatareconsstentwith the
autorgressie processestimate above.

Sinceourtheol impliesthatthefirm placesanorderarnytime thequantiy falls below theorderthresh
old, s(p), we truncae the simulatel price processby rejectingary pathssuchthat p; < s~(q) for ary
draw whithin the . Usingthe interpolatedprice series,we decomposethe firm’s profits usingthe actua
datafor g, of, andg® andour point estmatesfor K, r, y, and@. We repot the averagedecomposon for
100simulatdwholesat price paths.As onecanseefrom thefigure 7 the price of product?2 fell steadiy
over the sampleperiod. Never the less, by our accouting, the firm madewell over $300,000from the
markupand capitd gainson eachof thesetwo productover the four-yearperiod? Ignoring ary retums
from the corvenienceyield, about75 percentof theseprofits camefrom markup,while only about25
percentcamefrom the capitl gains. We find it remarkabé thatthe firm madepositive capital gainsover
this perioddespitethefactthe price of steelfell almost50 percenduring this period.

As adiagnostt of ourmodelwe thencomparedhe geneal manages performae to the performance

of ourmodel.In thisexperimentwe take asgiventhe 100interpolated wholesée priceseres,thequantiy

9profitsarediscounedbackto July 1, 1997.

49



Simulated and Actual Inventory Holdings
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demandederies,andinitial level of inventoiesfor eachof theproducs. Butin thiscaseweletthemodel’s
optimaldecisbnrulesdictae whenandhow muchto order Inventoiesfoll owedtheaccumulabn identity

givenby equaton 4. As repotedin tables3 and4, hadthe geneal manageifollowed the optimal order
strategy implied by our model, his discoungd profits from the markupwould have beenten to twenty
percentiower, but his discountedcapital gainswould threetimeslarger The modelimplies thatthe firm

shouldaggresiely price specuate. In figures17 and18 we plot the pricesandinvenbry holdingsfor one
simulaton of the model. In figure 17 we plot both the actualinvenbory holdingsalongwith the implied
holdingsunderthe model’s decisio rules In the beginning of the sample,1997-1998 whenpricesare
high, thefirm holdsalmostno inventoies. The modelrecommendshatthe firm turn avay customernd
facethe lost salepenaltyratherthanbuy whenprices arehigh. Notice the discounédvalueof thefirm’s
lost salepenaltessuggestshatthefirm’s optimally stocksoutroughly 50to 100days(5-10perentof the
days)duringthesample.

During the middle partof the sampleperiod,1999-2000the counteffactualinventor holdingstrack
the firm’s actualinvenory holdingsrea®nablewell. Wherethe model’s invenbry policy divergessub-
stantally from the obsened policy is at the end of the sample. In Decemberf 2000, the firm hadthe
opportunty to buy steeé at 10 centsper pound. The model suggest that the firm shouldhave bought
a hugeamount(about3.5 million pounds)of product2. In factthe firm only boughtabout0.5 million
pounds. Finally we decomposité the firm’s profits for 100 simulatons, eachof 1013 periods for the
model. We find that conditional on the modelbeing correctly specified,44 perent of the firm’s profits
areduethe capital gainscomponentvhile the remainng 56 percentareattributedto the markup. While
the model predics that the firm shouldaggressively speculée on the price of steel,the returnsto price

speculéon still accounffor lessthanhalf of thefirm’s profits

6 Conclusion

In this paper we motivatedour simulatd mimimum distance estmatorwith new databasdérom a single
steelwholesaér. While mostreades may not be interestedn the steelservice cener industry, the model
we presated could be easily modifiedto applyto ary middlemanin ary assetor commoditymarket in
whichtheprocuementprice is stodhasticandtakenasgiven. Furthermorgin mostmarketstheonly prices
recodedarethetransa&tion prices. For example theoptimaltradng problem facing adealerin themarket

for U.S. Treasuy securitesmaybevery similarto onepreentedhere.

51



References

[1] Aguirregabiria,V. (1999)“The Dynamicsof Markupsandinvenoriesin Retailing Firms” Review of

EconomicStudie$6, 275-308.

[2] Allenby, G., McCulloch,R. andP. Rossi(1996)“On the Valueof Householdnformation in Target

Marketing” Marketing Sciene 15, 321-340.

[3] Arrow, K.J.,Harris,T. andJ. Marschak(1951)“Optimal Inventol Policy” Econometiga 19-3,250—

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

272.

Chan,H. M. (1999)“Analysisof PriceDispessionin SteelSales:Evidenceof PriceDiscrimingion”

manuscipt, Yale University.

Deaton,A. andG. Laroque(1992)“On the Behavior of Commodity Prices” Review of Economic

Studies 59, 1-23.

Duffie, D. andK.J. Singleton(1993)“Simulated MomentsEstimaton of Markov Modelsof Asset
Prices” Econometria 61-4,929-952.

Engle,R. andJ. Russell(1999)“Autoregresive Conditional Duration: A New Model for Irregularly

Spacedata” forthcoming,Econometica.

Erdem,T. andM. Keane(1996)“Decision-makingUnderUncerginty: Capturhg DynamicBrand

ChoiceProcesse Turbulent ConsumeiGoodsMarkets Marketing Scierce 15-1,1-20.

Fabian,T., J.L. Fisher M.W. SasieniandA. Yardeni(1959)“Purchasng Rav Mateilial ona Fluctu
atingMarket’ OpemtionsReseath 7, 107-122.

Golabi, K. (1985)“Optimal Invenbry PolicieswhenOrderingPrices are Random”OpeiationsRe-

searh 33-3,575-588.

Hall, G. andJ. Rust(1999)“An Empirical Model of Inventoy Invesmentby DurableCommaodity

Intermediaries” in C. PlosselCarnagie-RothesterConfeenc Series on Public Policy, 52.

Hall, G. and J. Rust (2000)“A (S s) Model of Commodity Price Specu&tion” manuscript Yale

Universily.

52



[13] Hall, G.andJ.Rust(2001)“The (S,s) Ruleis anOptimal Trading Strategy in a Classof Commodity

PriceSpeculabn Problems”’manuscrip, Yale University.
[14] Kaldor, Nicholas(1939)“Speculaion andEconomicStabiity” Review of EconomicStudies 7, 1-27.

[15] Kalymon,Basil(1971)“Stochasic Pricesn aSingle{temInventoly PurchagsigProblen” Operation
Reseath 19,1434-1458.

[16] KingsmanB.G. (1969)“Commodity Purchasig” Opeiational Reseath Quartedy 20-1,59-79.

[17] Lee,B. andB.F. Ingram(1991)“Simulation Estimaton of Time-SeresModels” Journal of Econo-

metrics 47197-205.

[18] Manski C. and D. McFadden(1981) “Alternaive Estimabrs and SampleDesignsfor Discree
ChoiceAnalysis” in C. ManskiandD. McFadden(eds.)Structual Analyss of Discrete Data MIT

Press.

[19] McFaddenD. (1997)“On the Analysisof Endogenousgl Recruit@ Panels”manuscriptUniversity
of Californiaat Berkeley.

[20] McFaddenpD. (1998)“A Methodof SimulatedVlomentsfor Estimaton of Discrede Models Without
Numericallntegration” Econometiga 57-5,995-1026.

[21] Miranda,M. andRui, X. (1997)"An Empiricd Reassessmeant theNonlinea RationalExpectéions
Commodity Storgge Model” manuscript Ohio Stae University forthcaning, Review of Economic

Studies

[22] Moinzadeh,K. (1997)"“Replenisimentand StockingPolides for Inventay Systemswith Random
Deal Offerings” ManagementSciencet3—-3,334-342.

[23] Resnick,S.(1992)Adventuesin Stohastc ProcesesBirkhausr, Boston.

[24] Russell J.andR.F Engle(1998)“Econometic Analysisof Discrete-\aluedIrregularly-Spaced-i-
nancia Transa&tionsDataUsinga New Autoregressve ConditionalMultinomialModel’ UCSDDis-

cusson Paper98-10f t p: / / weber . ucsd. edu/ pub/ econl i b/ dpaper s/ ucsd9810. pdf

[25] Rust,J.andG. Hall (2003)“Middl emenversusMarketMakers: A Theoryof Competitve Exchange”

Journal of Political Economyforthcoming.

53



[26] Rust,J. Traub,J.andH. Wozniakowski (2002)“Is Therea Curseof Dimensionaity for Contracton
Fixed Pointsin the WorstCase?"Econometita 70-1285-329.

[27] Scarf H. (1959)“The Optimality of (S s) Policiesin theDynamiclnventol Problen” In Mathemat-
ical Methodsin the SocialScienesK. Arrow, S. Karlin andP. Suppeded.),Stanfad, CA: Stanfod

Universily Press

[28] Song,J.andP. Zipkin (1993)“Invenbry Controlin a FluctuatingDemandernvironment Operations
Researh 41-2,351-370.

[29] White, H. (1982)“Maximum Likelihood Estimaton of Misspedfied Models Econometica 50-1,
1-26.

[30] Williams,J.C.andB. Wright (1991) Stolage and CommodityMarkets CambridgeUniversity Press,
New York.

54



