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Abstract

Even after 25 years of tremendous increase in the demand for skills, the

distribution of earnings of high-school graduates overlaps 2/3 of the distri-

bution of earnings of college graduates. I argue that this tremendous and

persistent overlap as well as the differential behavior of returns to schooling

and residual inequality during the 1970s could only be explained by recog-

nizing the multidimensionality of skills. In this paper, I develop a general

equilibrium assignment model that acknowledges the multidimensionality

of skills. The key feature of this model is that two types of assignment

occur. The first type of assignment is workers’s educational self-selection,

the second is firms’ assignment of workers to tasks/machines. This struc-

ture of the model offers a convenient framework to analyze changes in the

wage structure within and between skills groups of workers resulting from

technological and organizational changes. I provide a family of closed form

solutions and estimate the model when workers can choose between high-

school or college education using CPS march supplements from 1964 to

2005. Results show that the model can be used to explain i) the overlap in

the wage distributions of college and high-school graduates, ii) the rise in

the college skill-premium and, iii) the rise in within wage inequality and

iv) the differential behavior of the between and within wage inequality in

the 60s and 70s. The skill premium pattern is explained by technical and

organizational changes that affect the efficiency of college and high-school

graduates. The within wage inequality is explained by a rise in the degree

of heterogeneity of tasks in terms of productivity.
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1 Introduction
The distribution of earnings of high-school graduates1 overlaps 2/3 of the distri-

bution of earnings of college graduates. This phenomenon has been persistent in

the last 4 decades: increasing through the 1970s as the skill-premium went down

and decreasing thereafter as the skill-premium went up. However, even after 25

years of tremendous increase in the demand for skills, the overlap remains above

60% in 2002. I argue that this tremendous and persistent overlap as well as the

differential behavior of returns to schooling and residual inequality during the

1970s (see Acemoglu (2002) for instance) could only be explained by recognizing

the multidimensionality of skills.

In this paper, I develop a general equilibrium assignment model that acknowl-

edges the multidimensionality of skills. The key feature of this model is that two

types of assignment occur. The first type of assignment is workers’s educational

self-selection, the second is firms’ assignment of workers to tasks/machines. The

supply side of the model is very similar to Roy’s (1950) and (1951) self-selection

model. Workers are initially endowed with abilities of different types and select

their education according to their abilities. Educational self-selection endogenizes

human capital formation. The educational system transforms workers’ abilities

into marketable skills of several types.

The demand side of the model is very similar to Rosen’s (1978) tasks as-

signment model and Sattinger’s (1979) and (1993) differential rents models. To

produce output firms assign tasks (equivalently machines), which differ in both

the type and the level of skills they require, to workers following Ricardo’s princi-

ples of comparative advantage and differential rents. This structure of the model

enables us to link endogenous human capital formation in a multi-skill frame-

work to technological and organizational changes (changes in the shape of the

production function but also changes in the distribution of tasks/machines) and

therefore offers a convenient framework to analyze the wage structure within and

between skills groups of workers and changes resulting from technological and

organizational changes.

A family of closed form solutions of the model is provided when tasks are dis-

tributed according to the Beta distribution and the output production function is

of the direct addilog form, a special case of which is the well-known and broadly

used CES form. Estimation of the structural parameters of the model using the

CPS March supplements from 1964 to 2005 enables us to reproduce accurately

the US wage structure i) in each cross-section and notably the tremendous over-

lap of the earnings distributions of high-school and college graduates and ii) over

time and notably the evolution of wage inequality both within and between edu-

cation and the differential behavior of returns to schooling and residual inequality

1White males aged 30 to 35 working full time and full weeks are selected to control for

demographic composition differences between both graduates groups. See Figure 3.
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during the 1970s. This evolution of the structure of wages over time is explained

by an increase in the efficiency units of both high-school and college graduates at

respective annual average rates of 2 and 5.4 percent and an increase in the overall

degree of heterogeneity of high-school and college graduates. Workers supplying

high levels of cognitive or noncognitive skills have seen their wage increase more

than workers with low levels of skills because the tasks to which they are assigned

have become relatively more productive. Moreover, the mean task has been con-

stant over time, the distribution of tasks has become more concentrated around

its mean.

Theoretically, the most plausible alternative candidate to explain the overlap

of the wage distributions of college and high-school graduates is imperfect capi-

tal markets. Suppose individuals are endowed with a single ability, for instance

cognitive ability, but face short term liquidity constraints at the time they choose

whether or not to go to college. In that case, smart but poor individuals will not

have access to college education. Since these individuals have high ability how-

ever, they might end up with a higher wage than some college graduates. This

short-term credit constraint generates an overlap of the earnings distribution of

college and high-school graduates. At first sight, this explanation seems to be

plausible as empirical results reveal a strong correlation between family income

and post-secondary schooling. However, the empirical content of the imperfect

capital markets explanation is weak. Carneiro and Heckman’s (2002) careful

analyzes show that “at most 8% of American youth are subject to short term liq-

uidity constraints that affect their post-secondary schooling.” Hence, the capital

market imperfection explanation must be ruled out as it only explains a marginal

share of the observed overlap.

To explain the apparent strong correlation between family income and educa-

tional choice, Carneiro and Heckman (2002) propose an alternative explanation

to short term liquidity constraints. They suggest that family income at the time

children make their educational decision is strongly correlated with family income

over the child’s life cycle, and that:

Better family resources in a child’s formative years are associated

with higher quality of education and better environments that foster

cognitive and noncognitive skills. Carneiro and Heckman (2002) p.

705

Thus, the correlation between family income and educational choice does not

reflect short term liquidity constraints but rather indicates that families with

higher resources in a child’s formative years help their children to develop their

abilities relatively more compared to families with limited resources. At the

time children make their post-secondary educational choice, “rich” children have

higher abilities which lead them to choose for college degrees whereas “poor”

children have limited abilities and quit school after high-school.
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The model developed in this paper implicitly takes into account the fact that

more favorable family backgrounds and other environment factors help fostering

a child’s cognitive and noncognitive abilities. In the model, ability endowments

capture abilities at the time individuals make their educational choice, and hence,

measure abilities at the end of compulsory education. The exact definition of

abilities therefore encompasses pure ability endowment individuals were born

with and the contribution of factors affecting a child’s abilities up until the end

of compulsory education, i.e. family background and environment.2

The remaining structure of the paper is as follows. The next section provides

a background to the model developed in the paper. Therein, I argue that the

challenge faced by assignment models is to offer a convenient framework to ana-

lyze the wage structure within and between skills groups of workers and changes

resulting from technological and organizational changes. In section 3, the model

of tasks assignment with endogenous human capital formation is presented. Sec-

tion 4 depicts a particular case in which the output production function is of the

direct addilog form, a special case of which is the well-known and broadly used

CES type, and tasks are distributed according to the general Beta type of distri-

bution. Section 5 discusses a methodology to identify and estimate the structural

parameters of the model in a single cross-section. The methodology is then ap-

plied to CPS March supplements from 1964 to 2005 to estimate the structural

parameters for each year. Results show that the model can be used to explain i)

the overlap in the wage distributions of college and high-school graduates, ii) the

rise in the college skill-premium and, iii) the rise in within wage inequality and

iv) the differential behavior of the between and within wage inequality in the 60s

and 70s. Section 6 concludes.

2 Background
Assignment theory3 focuses on the relationship between the distribution of work-

ers’ skills, the distribution of the skills required to perform the various jobs and

the resulting income distribution. This relationship makes assignment models

particularly attractive to analyze the wage structure and the substitutability be-

2Heckman et al. (2006) define their cognitive and noncognitive factors in a similar fashion.
3The assignment literature diverges from the matching theory, see Mortensen (1986) for

instance, and search theory, (see Jovanovic (1979), Diamond (1981) and Pissarides (1984)) by

assuming that workers have full knowledge of all employers’ wage offers and that employers

have full knowledge of all workers’ abilities. In assignment models, it is assumed that free

choice and competitive markets assign tasks to workers efficiently. Perfect competition ensures

that workers are rewarded according to their marginal productivity. Free choice ensures that

workers select their education according to their comparative advantage and tasks are assigned

according to the structure of comparative advantage. Recently, some attempts have been made

towards incorporating search frictions into assignment models, e.g. Sattinger (1995), Burdett

and Coles (1997), Shimer and Smith (2000) and Shimer (2003;2005).
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tween worker types. However, as acknowledged by a large body of empirical

work,4 the wage structure is very sensitive to technological and organizational

changes and changes in the wage structure are complex and occur both between

and within skill groups of workers. A challenge faced by assignment models is

therefore to offer a convenient framework to analyze the wage structure within

and between skills groups of workers and changes resulting from technological and

organizational changes. As already acknowledged by Acemoglu (2002) to win this

challenge, an assignment model requires a multi-dimensional skills framework.

In the literature, as indicated in Table 1, assignment models differ from each

other with respect to i) the origin of heterogeneity in the labor market, workers

and/or jobs, ii) whether a single or multiple-skill structure is used to differenti-

ate workers and/or jobs, iii) whether human capital formation is endogenous or

exogenous, iv) whether a partial or general equilibrium is considered, v) whether

general equilibrium models yield closed form solutions and vi) whether the struc-

ture of substitution that results in equilibrium is (well-) known. Table 1 provides

a review of the most influential assignment models −in addition to the model

developed in this paper− and summarizes their respective characteristics. The

self-selection model proposed by Roy (1950) and (1951) puts the emphasis on

the supply side of the labor market by focusing on the heterogeneity of individu-

als.5 Individuals are endowed with different abilities and choose a sector among

a small number of sectors. The demand for workers and wage rates by sectors

are exogenous to the model. An interesting feature of Roy’s model is that it can

be used to model endogenous human capital formation by accounting for indi-

viduals’ educational choice.6 Individuals choose their educational profile based

on their initial abilities and the exogenous market wages associated with each

educational background.7

In contrast to Roy’s model, Rosen’s (1978) tasks assignment model puts the

emphasis on the demand side of the labor market by focusing on the heterogene-

ity of tasks. Tasks differ from one another by the levels of the various types

of skills they require. Workers are grouped in a small number of homogeneous

skill groups (educational categories) and the supply of workers and wage rates by

skill groups are assumed to be exogenous. The main advantage of this model is

that it offers a very convenient framework to analyze substitution between skill

groups of workers. Rosen considers the demand for labor by modeling firms’ in-

4See among others, Acemoglu (2002), Autor et al. (2003), Beaudry and Green (2003),

Berman et al. (1994), Berman et al. (1998), Bound and Johnson (1992), Breshnahan (1999),

Bresnahan et al. (2002), Brynjolfsson (1995), Card and Lemieux (2001), Katz and Murphy

(1992), Krueger (1993) and Krusell et al. (2000).
5Roy’s original model has two sectors only, namely fishing and hunting. Extensions of Roy’s

model to more than two sectors are provided in Heckman and Sedlacek (1985 and 1990) and

Gould (2002).
6See Willis and Rosen (1979) .
7Note that Heckman et al. (1998) have recently extended Roy’s model to allow for investment

and endogenous skills prices determination. However, jobs remain absent in their model.
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direct production function resulting from the assignment of tasks to workers that

maximizes output, given exogenous wages. However, human capital formation,

either exogenous like in Teulings (2005) or endogenous like in Roy’s self-selection

model, and workers heterogeneity within educational groups are not accounted

for in Rosen’s (1978) model.

General hedonic models, developed by Rosen (1974) (see also Lucas (1977))

are very appealing to model assignment in the labor market as they incorporate

both heterogeneity in workers’ skills and heterogeneity in the skills required in the

various jobs. A well-known special case of hedonic models is the allocation model

proposed by Tinbergen (1956). In the allocation model, workers as well as tasks

are defined along a finite number of types of skills and the quantity of each type of

skill workers have and tasks require are continuously distributed. Since in practice

the supply and demand distributions do not coincide, the supply distribution has

to be deformed so as to coincide with the demand distribution otherwise there

will not be an equilibrium. The endogenous income scale serves to equilibrate

the demand and supply distributions. Tinbergen’s model is very general as it

incorporates both sources of heterogeneity, but human capital formation is absent

in the model. Moreover, a general drawback of hedonic models is that they

do not give rise to closed-form solutions and even when they do, under very

special properties (too restrictive in most applications, as shown by Ekeland et

al. (2004)) like in Tinbergen (1956), the derivation of labor demand equations is

very complicated as the type of the implicit aggregate function of production is

undefined.

Teulings’s (1995a and 1995b) assignment model offers an appealing solution

to this problem by modelling the assignment of workers whose skills are ranked

on a one dimensional scale to jobs differing by their complexity (one job scale)

such that the output production function has the CES form. In a recent pa-

per, Teulings (2005) extended his assignment model to account for exogenous

human capital accumulation. A key feature of Teulings’s models is that the elas-

ticity of substitution between two workers depends on the skills distance between

these two workers, i.e. the so-called DIstance Dependent Elasticity of Substitu-

tion (DIDES). Although Teulings’s model offers a very convenient framework to

study substitution between workers, it assumes that workers can be differentiated

by one continuous variable8 and does not allow to infer on workers’ educational

self-selection and therefore to endogenize human capital formation. Distinguish-

ing between different types of skills has a second advantage compared to the

8The amount of one type of skills differentiates workers. Teulings’s setting does not account

for quality distinction between for instance noncognitive and cognitive skills. This means that

the skills of Albert Einstein, Sigmund Freud and Michael Jordan are ranked on one single skill

scale which along with the single job scale determines their respective earnings. As recent

evidence shows (Heckman (1995), Heckman (2000), Carneiro and Heckman (2003), Heckman

et al. (2006) and Borghans et al. (2006)), both cognitive and noncognitive abilities influence

various labor market outcomes.
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assignment model proposed by Teulings (1995a), (1995b) and (2005). In contrast

to the one-to-one relationship between wages and skills in Teulings’ model, an

important feature of the model presented in this paper is that the distribution of

wages of workers with education j will generally overlap to some extent with the

distribution of wages of workers with education k. This is a very interesting fea-

ture since in real data the wage distribution workers with different education do

overlap to a large extent (2/3 for high-school and college graduates), i.e. workers

in the upper tail of the wage distribution of high-school graduates have higher

wages than workers in the lower tail of the wage distribution of college graduates,

and this overlap changes over time.

3 A tasks assignment model with endogenous
human capital formation

3.1 Supply of skills

Workers’ endowed abilities and skills formation

Suppose workers are endowed with initial abilities vector ab = hab1, ab2i where

ab1 and ab2 represent an individual’s ability of type 1 and 2, for instance noncog-

nitive and cognitive abilities respectively. In the first period, workers make an

educational choice: for instance, whether to go to college or quit after high-school

or whether to study economics or mathematics? The educational system trans-

forms the vector of initial abilities into a vector of skills through an educational

production function9 Ek, k = 1, 2.

Note that ability endowments vector ab captures abilities at the time indi-

viduals make their educational choice. Hence, ab measures abilities at the end

of compulsory education. The exact definition of abilities therefore encompasses

pure ability endowment individuals were born with and the contribution of fac-

tors affecting a child’s ability vector up until the end of compulsory education.

As noted earlier in the literature, families with higher resources, better edu-

cated parents and other favorable environment variables affect a child’s ability

(cognitive and noncognitive). Regarding cognitive abilities, Heckman (1995) and

Heckman et al. (2006) show evidence that these abilities (IQ tests score) are

set early in life and seems to be fairly set by the age 8. In contrast, Heckman

(2000) and Carneiro and Heckman (2003) argue that noncognitive abilities are

more malleable and seem to be so until the late adolescent years. This means that

although ab1 and ab2 are fairly influenced by family background and environment

variables, they are fairly set at the end of compulsory education.

9Hartog (2001) uses a similar approach to define the role of education in producing skills.

However, Hartog uses linear transformation of abilities into skills, assumption I do not impose

in the model.
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The skills production depends on the educational choice. A worker with initial

abilities hab1, ab2i will have skills ht1, t2i = E1(ab) = he11(ab1); e12(ab2)i with

e11(ab1) ≥ ab1 and e12(ab2) ≥ ab2, if she selects education 1 and skills ht01, t02i =
E2(ab) = he21(ab1); e22(ab2)i with e21(ab1) ≥ ab1 and e22(ab2) ≥ ab2, if she selects

education 2. In general, this educational system has an heterogenous treatment

effect in the sense that it enhances abilities by factors specific to each individual’s

abilities when e
00
kj > 0 for hk, ji = 1, 2.10 Moreover, the educational system

transforms initial abilities into skills in a non proportional way. A worker with

initial abilities hab1, ab2i will have skills ht1, t2i with t1/t2 = e11(ab1)/e12(ab2) ≥
ab1/ab2 if she selects education 1 and skills with t01/t02 = e21(ab1)/e22(ab2) ≤
ab1/ab2 if she selects education 2. In order for educational choice to be non

trivial, I further assume that education k develops abilities of type k relatively

more than education j.

Assumption A1: i) ejk(abj) ≥ abj for all j, k = 1, 2, ii) ejj(abj)/ejk(abk) ≥
abj/abk for all j, k = 1, 2, iii) ekk(abk) > ejk(abk) ∀j, k.

Without assumption A1 iii), for instance with ejj(abj) > ejk(abk) > ekk(abk) >
ekj(abj) ≥ 1, educational choice would still be endogenous but education j would

be a strictly dominant educational strategy so that all workers would select edu-

cation j. Workers with relatively low ability of type k still seek to enhance their

ability of type j through education j only now workers with relatively high ability

of type k choose education j to enhance their ability of type k. Clearly, although

human capital is still endogenous this case is less interesting.

It is important to bear in mind that changes in the educational system that

lead to relative improvements in the production of skills of one type will play a non

neutral role in the educational choice of workers. Indeed, given the distribution

of initial abilities and relative wages, i.e.
w1(t1)
w2(t2)

where wk(tk) is the wage of

workers supplying tk units of skills of type k and w0
k > 0, an increase in ekk

will increase the potential skills of type k compared to the potential skill of type

j of every workers and lead more workers to select education k. The model

therefore allows to investigate the effects of exogenous changes in the educational

production of skills on educational choices and hence wage distribution. For

instance, the model could be used to evaluate the general equilibrium impact of

the recent introduction of the “Literacy Hour” in primary English schools (see

Machin and McNally (2005)) or Singapore’s mathematics teaching method in the

USA −launched in order to offset the relative poor numeracy score of American

pupils− on wage inequality.11

10In the special case of a linear transformation of abilities into skills as assumed by Hartog

(2001), the educational system has a common treatment effect: tk = ekk(abk) = ckkabk if

education k is chosen or tk = cjkabk if educaton j is chosen with e00jk = 0 ∀j, k.
11In the distribution of students’ achievements in mathematics at the age of 13 years old

across countries the USA rank 19th out of 38 countries whereas Singapore ranks first. See

TIMSS (2000).
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Foresight

Individuals can choose between various education (no education being one of

them) in order to transform their endowed abilities into productive skills so as

to maximize their expected future income. Prior to this educational choice, indi-

viduals evaluate the streams of expected earnings associated to each educational

possibility. Since future wages are unobserved this complicates the assignment

problem considerably. Most authors, see Friedman and Kutznets (1945), Mincer

(1974 and 1993), Willis and Rosen (1979) and Heckman et al. (1998) for instance,

have assumed that workers have perfect foresight. With perfect foresight, work-

ers anticipate every shocks taking place in the future and therefore never make

forecasting errors. This assumption simplifies considerably the model as it leads

to strict specialization of workers. Workers who selected education k supply skills

of type k as I will show below.

In contrast, imperfect information in the form of limited foresight12 opens

new assignment possibilities as labor market shocks might be unexpected. For

instance, think of a worker whose noncognitive ability is as large as her cognitive

ability. Suppose this worker can select a noncognitive degree and end up with

10% more noncognitive skills than cognitive skills or select a cognitive degree and

end up with 10% more cognitive skills than noncognitive skills. Furthermore, this

worker expects to earn $1 per unit of noncognitive skills supplied and expects to

earn $1.2 per unit of cognitive skills supplied. Following her comparative advan-

tage, this worker will select a cognitive degree to maximize her expected income.

Suppose that at the time this worker graduates and enters the labor market, an

unexpected shock occurs so that the pay-rate is $1.2 per units of noncognitive

skills supplied and $1 per unit of cognitive skills supplied. This worker’s income

will be maximized by supplying her noncognitive skills full-time rather than her

cognitive skills for which she studied (relative noncognitive wage is 1.2 > 1.1
relative noncognitive skills). Hence, with limited foresight, some workers will not

supply the skills they developed most during education, but rather supply their

alternative skills. Obviously, this result holds as long as the difference between

expected wages and actual wages is large enough to compensate relative skills

differential ex post tk/tj = ekk(abk)/ekj(abj). Hence, if education increases one

type of skills much more than the other type, few workers will be in a situation

where supplying their alternative skills generates more income than supplying the

skills they developed most during education. This means that the more unequally

education enhances skills of the various types, the less restrictive the assumption

of perfect foresight.

The limited foresight world deserves particular attention. This is on my per-

sonal agenda for future extensions of the tasks assignment model with endogenous

human capital formation.13 In this paper however, we follow the mainstream of

12See Siow (1984) for a comprehensive treatment of occupational choice under uncertainty.
13Note that some form of imperfect information in assignment models is treated in MacDonald
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the literature, e.g. Willis and Rosen (1979) and assume that individuals have

perfect foresight so that expected earnings are by definition equal to actual earn-

ings.

Educational choice

Workers select their education to maximize income. Assume that workers can

only use one type of skills at a time so that workers with skills ht1, t2i can supply

t1 units of skills of type 1 for a share τ of their working time and supply t2 units

of skills of type 2 the rest of their working time.14 Workers’ income is therefore

equal to τw1(t1) + (1 − τ )w2(t2) and depends on educational choice since skills

tj = ekj(abj) if education k is chosen and tj = ejj(abj) if education j is chosen.15

Income maximization resumes to:

max

∙
maxτ (τw1(e11(ab1)) + (1 − τ )w2(e12(ab2))) ;
maxτ (τw1(e21(ab1)) + (1 − τ )w2(e22(ab2)))

¸

Conditional on their educational choice workers will maximize income by spe-

cializing and supplying full time their skills of type 1 or their skills of type 2
according to w1(t1) ≷ w2(t2). This means that income maximization is equiva-

lent to max [w1(e11(ab1)); w2(e12(ab2)); w1(e21(ab1)); w2(e22(ab2))].

Result R1: Wage functions are monotonic, w0
k(tk) > 0 for all k.16

Given assumption A1 and result R1, we have wk(ekk(abk)) > wk(ejk(abk)) for

all j 6= k, so that the maximization problem simplifies to:

max [w1(e11(ab1)); w2(e22(ab2))]

This implies that workers with abilities ab = hab1, ab2i so that wk(ekk(abk)) >

(1982). MacDonald extends the comparative advantage model to labor markets with incomplete

information about the types of workers.
14In Lazear’s (2005) terminology, this means that my workers are assumed to be specialists,

Lazear’s entrepreneurs are excluded from the model. Note that in empirical work on wage

inequality, the self-employed are usually excluded from the sample.
15Study costs could be explicitly accounted for in this model by assuming that during her

study, a worker would receive a loan from the firm to a total of Costsk. The worker will

pay back this loan once working by seeing the firm punctions her wage as follows wk(tk) =
w∗k(tk)− Costsk.

16It will be shown that an efficient assignment of workers to tasks, one that maximizes

aggregate output, leads to monotonic increasing wage functions if within each educational

group, the productivity of more skilled workers increases with the complexity of tasks (as

stated below in assumption A2). The monotonicity of the wage functions is therefore a result

of the efficient tasks assignment and not an assumption.
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wj(ejj(abj)) follow their comparative advantage17 and select education k. More-

over, workers with education k will never supply their skills of type j.

Let t∗
2 = w−1

2 (w1(t1)).
18 Workers whose skills t2 exceeds t∗

2 optimally select

education 2 and workers with comparative advantage less than t∗
2 select education

1. Note that t∗
2 is a strictly increasing function of t1 under result R1.19 However,

it could be concave, linear, convex or even locally concave and locally convex

depending on the structural parameters, in contrast to Willis and Rosen’s (1979)

application of Roy’s model in which t∗
2 is a linear function of t1.

Defining ξ(t1, t2) the density of workers whose skills are
­
t1, t−

2

®
if they se-

lect education 1 and
­
t−
1 , t2

®
if they select education 2,20 the density of workers

supplying t1 is obtained by summing up all workers selecting education 1, that

is all workers with t2 < t∗
2. The density of workers supplying level t1 of type 1

skills, i.e. s1(t1), and the density of workers supplying level t2 of type 2 skills, i.e.

s2(t2), are therefore defined parametrically by:

s1 (t1) =

Z t∗2

t2

ξ(t1, t2)dt2 (1)

s2(t2) = 1 − s1 (t1) (2)

where tk is the minimum potential skills of type k in the workers’ population and

t∗
2 = w−1

2 (w1(t1)).

Note that the density of workers supplying skills tk, depends on the wage

functions wk(tk), k = 1, 2, through t∗
2.

Finally, in the economy, the supply of workers by education is given by:

S1 =

Z t1

t1

s1(t1)dt1 (3)

S2 =

Z t2

t2

s2(t2)dt2 (4)

where tk is the maximum potential skills of type k in the workers population.

17The theory of comparative advantage in labor markets was formally developed by Sattinger

(1975) (see also Sattinger (1993) for a survey of assignment models and comparative advantage)

and the presence of comparative advantage was later demonstrated empirically in Sattinger

(1978 and 1980).
18Given result R1, wk are invertible.
19Since wj(.) are strictly increasing, w−1j (.) are also strictly increasing, and hence the function

w−12 (w1(.)) is strictly increasing.
20With t1 > t−1 and t2 > t−2 given assumption A1 iii).
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As in Roy’s self-selection model, the second moments of the density distrib-

ution ξ(t1, t2) are determinant for the educational selection. Defining the vari-

ance of each type of potential skills j χj, the covariance χ12 and the correlation

ϑ12 = χ12
χ1χ2

, two cases can be distinguished in Roy’s model, i.e. when w1(t1)/w2(t2)
is linear.

1.
χj

χk
> ϑ12 > χk

χj
. There is hierarchical sorting. Workers that select education

j are drawn from the upper tail of the distribution of tj (type of skills the

less concentrated, i.e. χj > χk) whereas workers that select education k are

drawn from the lower tail of the distribution of tk.

2.
χk

χj
>

χj

χk
> ϑ12. There is no hierarchical sorting and workers that select

education j tend to have high tj skills, ∀j = 1, 2.

However, as soon as the wage function associated with one type of skills does

not increase proportionally to the wage function associated to the other type of

skills, hierarchical sorting will not arise under the same circumstances.

To illustrate graphically this departure of the model presented in this paper

from Roy’s model, I draw in figure 1, the joint density distribution ξ(t1, t2) for

χ2 > χ1 and
χ2
χ1

> ϑ12 > χ1
χ2

so that there is hierarchical sorting under linearity

of t∗
2 and potential skills of type 2 are less concentrated than potential skills of

type 1. The potential skills of type 2 are reported on the horizontal axis and

the potential skills of type 1 on the vertical axis. Each horizontal line represents

workers with similar skills of type 1 but different skills of type 2. As drawn,

workers with level α of type 1 skills possess the highest skills of type 1 (tα
1 = t1)

and workers of level γ the lowest (tγ
1 = t1).

21 Note, however, that since there is a

significant positive correlation between the potential level of skills of each type,

workers with level α of skills of type 1 will generally have more skills of type 2
than workers with lower type 1 skills and workers with level γ of skills of type 1
will generally have less potential skills of type 2 than workers with higher type

1 skills. Although there might be some overlap in the skills of type 2 between

workers of different levels of skills of type 1. For instance, as shown in Figure 1,

workers βNβ
have potentially more skills of type 1 than workers γ1 but potentially

less skills of type 2 whereas β1 workers have more of both types of skills.

The line of slope w2/w1 is the selection index in Willis and Rosen (1979). It

corresponds to the ratio of skills of type 1 to skills of type 2 so that a worker is

indifferent between selecting education 1 or 2. A worker whose potential skills

point ht1, t2i lies above the index line selects education 1 and supplies her skills

of type 1 and vice versa. As drawn in Figure 1, at the equilibrium wage rate

w2/w1, all workers with level α of skills of type 1, i.e. hα1, ..., αNαi, will select

21For the sake of completness, tα12 = t2 and t
γNγ
2 = t2.
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education 2 and supply their skills of type 2, tα1
2 > ... > t

αNα
2 and all workers of

level γ, i.e.
D

γ1, ..., γNγ

E
, will select education 1 and supply their skills of type

1, t
γ1
1 = ... = t

γNγ

1 . In contrast, for other levels of type 1 skills, some workers

will select education 1 while others will select education 2. For instance, while

workers β2, ..., βNβ
will select education 1, workers β1 are indifferent and might

select education 2. Note that workers that select education 2 are drawn from the

right tail of the distribution of skills of type 2 (the less concentrated skill in the

population) while workers that select education 1 are drawn from the lower tail

of the distribution of skills of type 1 (the most concentrated in the population),

there is hierarchical sorting.

In the general case however, educational selection will be delimited by an

increasing curve, concave or convex. If for instance this curve is concave as in

Figure 1, the educational selection will be very different than previously. Note

that all workers whose skills point lies below the curve select education 2, part

of whom would have selected otherwise with the linear selection line, and highly

skilled workers select education 1. Although under the linearity restriction there

is hierarchical sorting, under the convexity as drawn in Figure 1, there is no

hierarchical sorting.

3.2 Demand for skills

Consider a perfectly competitive economy producing a composite commodity by

means of the input of an infinite number of different tasks. Each task is associated

with a unit of capital, a machine for the sake of the argument, and the various

tasks correspond to machines with different characteristics.22 In this economy

output Y is obtained by summing up the production in each single task v from the

continuum v ∈ (0, 1). There is therefore perfect substitution among the output

of each task. The distribution of tasks is exogenous and given by the density

distribution of tasks d(v) and cumulative distribution F (v∗) =
R v∗

0
d(v)dv. Each

firm produces a single task. There is full employment and no vacancy since each

worker is assigned to a single task and each single task is assigned to one and

only one worker.

Output at task v can be produced by workers with different types and levels

of skills. However, workers of different types and levels of skills differ in their

productivity. Workers supplying tk units of skills of type k can produce pk(tk, v)
units of output when assigned to machine v. Without loss of generality, I assume

that workers supplying skills of type 1 have a comparative advantage in tasks v
close to 0 and workers supplying skills of type 2 have a comparative advantage in

22This part of the model is to a large extent similar to the differential rents models described

in Sattinger (1979) and (1993). The terminology “task” and “machine” are interchangeable

throughout the paper. In general I will use “task” for the sake of simplicity but when needed

I will refer explicitly to machines.
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tasks v close to 1. I assume further that productivity increases with the level of

skills supplied. Moreover, among workers supplying skills of type 1, those with

higher t1 skills are more productive in tasks v close to 0 and among workers

supplying skills of type 2, those workers with higher t2 skills are more productive

in tasks v close to 1.

Assumption A2: i) Comparative advantage of skills types, i.e.
∂p1(t1,v)

∂v
< 0 and

∂p2(t2,v)
∂v

> 0 ∀v, tk, ii) absolute advantage of skilled workers,
∂pk(tk,v)

∂tk
> 0 ∀v, tk,

iii) hierarchical productivity
∂2p1(t1,v)

∂t1∂v
≤ 0 and

∂2p2(t2,v)
∂t2∂v

≥ 0 ∀v, tk.

Tasks assignment and labor market equilibrium

Given assumption A2 i), an efficient assignment of workers to tasks will max-

imize output by assigning workers supplying skills of type 1 to tasks (0, ε) and

workers supplying skills of type 2 to tasks (ε, 1) where ε is the marginal task

in equilibrium.23 This means that in Figure 1, a worker above the index curve

is assigned to a task v ∈ (0, ε) and a worker below the index curve to a task

v ∈ (ε, 1). Given assumption A2 ii) and iii), among workers supplying skills of

type 1, those with the highest level of skill 1 will be assigned to task 0 and so on

until the marginal task ε is assigned to those workers supplying the lowest level

of skill 1.24 By symmetry, the tasks (ε, 1) are assigned to workers supplying skills

of type 2. Workers supplying the lowest level of skills of type 2 are assigned to

task ε and so on until those workers with the highest level of skills 2 are assigned

to task 1.

This efficient tasks assignment results in a mapping function g1 that associates

to each task v ∈ (0, ε) a single value of skills t1, i.e. t1 = g1(v), and a mapping

function g2 that associates to each task v ∈ (ε, 1) a single value of skills t2, i.e.

t2 = g2(v).25 The functions g1 and g2 are monotonic, decreasing and increasing

respectively on v ∈ (0, 1) since within education more skilled workers are assigned

to more productive machines in equilibrium.

In Figure 2, I illustrate graphically the task assignment as presented in Figure

1. The horizontal axis represents the tasks v and the vertical axis the productivity

of the various workers, α1, ..., αNα , β1, ..., γNγ
. The dashed curves represent the

productivity of the various workers when supplying their type 1 skills (downward

23Firms are indifferent between assigning a worker with education 1 or education 2 at task

ε.
24This hierarchical sorting within education resembles the differential rents models proposed

by Sattinger (1979) and (1993).
25See Sattinger (1975). Functions gi, i = 1, 2 play the same role as the function h(g) in

Sattinger (1975) p. 356, where g is workers’ ability (single scale) and h(g) the difficulty (single

scale) of the task performed by workers with ability g in equilibrium and, c(u) in Teulings

(1995a), (1995b) and (2005) where u is the normalized level of skills and c(u) the associated

job complexity in equilibrium.
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sloping) or their type 2 skills (upward sloping). The assignment of tasks, repre-

sented by bullets in Figure 2, takes place as follows. Among those workers that

select education 2 and supply their skills of type 2, workers α1 have the highest

level of skills. These workers are therefore assigned to task 1. Moving from task 1
to the left, the following tasks are then assigned to α2, α3 etc. As drawn, workers

αNα are indifferent between education 1 and 2 and are therefore distributed at

random between education 1 and 2. Those that select education 2 are assigned to

the remaining task the closest to 1 − the others, as drawn in Figure 2, have the

highest type 1 skills and are assigned to task 0 −. The marginal task is assigned

to those workers with education 2 supplying the lowest level of skills of type 2,

i.e. β1 workers and those workers with education 1 supplying the lowest level of

skills of type 1, i.e. workers with level γ of skills of type 1. By symmetry, tasks

to the left of the marginal task are assigned to workers with education 1. Moving

from the left to the right and connecting the various bullets yields the mapping

functions g1 and g2.

To show how the assignment equilibrates the supply of and demand for skills,

I split the interval of tasks assigned to workers with education 1, v ∈ (0, ε) into N
intervals of equal length ∆i = ∆ = ε

N
for i = 1, ..., N . Labor demand in interval

i, that is the number of tasks to be filled in interval i, is
R i∆

(i−1)∆
d(v)dv where

d(v) is the density distribution of tasks. To equilibrate each tasks interval firms

will assign the
R ∆

0
d(v)dv most skilled workers to the first interval, the followingR 2∆

∆
d(v)dv most skilled workers to the second interval and so on and so forth

until the last interval is filled with the
R N∆

(N−1)∆
d(v)dv least skilled workers.26

The density of workers’ skills can therefore directly be derived from the density

of tasks by performing the transformation of variables v = g−1
k (tk) and noting

that dv = dtk

g0k(tk)
. This yields:

Z v2

v1

d(v)dv =

Z g−11 (v2)

g−11 (v1)

d(g−1
1 (t1))

g01(t1)
dt1 for v2 ≤ ε (5)Z v2

v1

d(v)dv =

Z g−12 (v2)

g−12 (v1)

d(g−1
2 (t2))

g02(t2)
dt2 for v1 ≥ ε (6)

26Note however that, since the density distribution of workers by level of skills needs not

correspond to the density distribution of tasks, the skill differences between the most and least

skilled workers in each interval needs not be the same. For instance, suppose that skills are

normally distributed among workers with education 1 and tasks are uniformly distributed on

(0, 1). The skill differential will first decrease (upper tail of a normal distribution is thinner than

the upper tail of a uniform distribution) and increase once the median skilled worker has been

assigned. To put it in Tinbergen’s terms “the supply distribution of skills has to be deformed

so as to coincide with the demand distribution otherwise there will not be an equilibrium.” The

assignment of tasks to workers deforms (stretches) the density distribution of skills of each type

such as to make it fit the distribution of tasks in equilibrium.

16



The density of individuals with skills of type k between levels g−1
k (v1) and

g−1
k (v2) is therefore sk(tk) =

d(g−1k (tk))

g0k(tk)
.

Result R2: the density of workers supplying skills tk is sk(tk) =
d(g−1k (tk))

g0k(tk)
for all

k.

Result R2 has important implications for the resolution of the assignment

problem. One could indeed solve sk(tk) =
d(g−1k (tk))

g0k(tk)
for i) gk(tk) given the dis-

tribution of both tasks d(v) and skills sk(tk), ii) sk(tk) given the distribution of

tasks d(v) and the shape of the mapping functions gk(tk) or iii) d(v) given the

distribution of skills sk(tk) and the mapping functions gk(tk). In this paper, the

distribution of skills is endogenous and results from educational self-selection.

The model presented in this paper is therefore one in which sk(tk) =
d(g−1k (tk))

g0k(tk)

is solved for ii). In the one skill scale case, Sattinger (1975), (1979) and (1993)

solved sk(tk) =
d(g−1k (tk))

g0k(tk)
for i) and Teulings (1995a), (1995b) and (2005) for iii).27

Using the function gk, aggregate output level is given by:

Y =

Z ε

0

p1(g1(v), v)d(v)dv +

Z 1

ε

p2(g2(v), v)d(v)dv

Moreover, the demand for workers with education k per unit of output is

directly derived by integrating the number of workers per unit of output for each

skills type (the inverse of the productivity of workers) over the spectrum of tasks.

The demand for workers with education 1 and 2 per unit of output is then given

by:

D1 (ε)

Y
=

Z ε

0

d(v)

p1(g1(v), v)
dv (7)

D2 (ε)

Y
=

Z 1

ε

d(v)

p2(g2(v), v)
dv (8)

Solving for the marginal task ε, one can derive, under invertible conditions, the

shape of the production function linking the output level Y to the employment

level of workers with education 1 and 2, Y = h(D1, D2). In the general case,

analytical solutions for h will not be possible. However, under certain restrictions,

27Although, Teulings’s solution is more sublte. Instead of imposing a particular functional

shape to g, Teulings imposed complementarity of the output of each task in aggregate output

(continuous CES production function instead of linear addition of task’s output assumed in

Sattinger’s papers and this paper). With this assumption, Teulings was able to solve s(t) =
d(g−1(t)
g0(t) for d(v) for all monotonic increasing functions g.
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h could take the general form of an addilog production function (also known as

Constant Ratio of Elasticities of Substitution, CRES) which admits the CES

production function as a special case. This example will be provided in Section

4.

Equilibrium is achieved by equalizing the relative supply of labor by education

with the relative demand for labor by education and noting that the ratio of

equation 3 by equation 4 should be equal to the ratio of equation 7 by equation

8 in equilibrium.

S1

S2

≡ D1 (ε)

D2 (ε)
(9)

Moreover, firms are indifferent between assigning workers with education 1
supplying the lowest skills of type 1, t1,ε, or workers with education 2 supplying

the lowest skills of type 2, t2,ε to the marginal task ε. Stated otherwise, the rents

of the owners of machines ε are equal whether worker t1,ε or t2,ε are assigned to

machine ε: p1(t1,ε, ε) − w1(t1,ε) = p2(t2,ε, ε) − w2(t2,ε)

3.3 Wage function and wage distribution

A firm owing machine v seeks to maximize the profits derived from its machine.

The profits from assigning a worker with education k and with skills tk are

pk(tk, v) − wk(tk). The firm will therefore compare the productivity increase

to the wage increase associated with a worker with higher skills tk. This yields

the following first order condition:

∂pk(v, tk)

∂tk

= w0
k(tk) ∀k = 1, 2 (10)

Note that from assumption A2 ii), we therefore have Result 1, w0
k(tk) > 0

∀k = 1, 2.

Equation 10 gives the wage differential at task v. This wage differential does

not hold for values of tk other than tk = gk(v) and therefore depends on the

equilibrium assignment. Evaluating the differential equation 10 for v = g−1
k (tk)

and integrating over tk yields the wage functions for workers with education k,

i.e. wk(tk).
The equilibrium assignment defined by the mapping functions gk, is a valid

one only when the firm’s second order condition to profits maximization, that is

profits are concave in tk, is satisfied. Put in equation:
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∙
∂2pk(v, tk)

∂t2
k

¸
v=g−1k (tk)

− w”
k(tk) < 0 ∀k = 1, 2

⇔
−
∙

∂2pk(v, tk)

∂tk∂v

1

g0k(v)

¸
v=g−1k (tk)

< 0

since w
00
k(tk) =

h
∂2pk(v,tk)

∂t2k

i
v=g−1k (tk)

+
h

∂2pk(v,tk)
∂tk∂v

1
g0k(v)

i
v=g−1k (tk)

.

Since g01 < 0 and g02 > 0 this second order condition therefore implies thath
∂2p1(v,t1)

∂t1∂v

i
v=g−11 (t1)

< 0 and
h

∂2p2(v,t2)
∂t2∂v

i
v=g−12 (t2)

> 0. Hence, as long as the cross

derivative
∂2p1(v,t1)

∂t1∂v
is negative and the cross derivative

∂2p2(v,t2)
∂t2∂v

is positive an

assignment where within educational groups more skilled workers get more pro-

ductive machines, i.e. g01 < 0 and g02 > 0, is valid.

Wage distribution within education

Using the wage functions wk(tk), the density function for the distribution

of earnings of workers within education k can then be derived by noting that

the number of individuals with education k and skills between ta
k and tb

k isR tb
k

ta
k

sk(tk)dtk. Using the inverse of the wage function wk(tk) to treat tk as a

function of w, i.e. tk = w−1
k (w) where w is the earnings of workers with skills

tk, and noting that dtk = 1
w0

k(w)
dw one can proceed to the transformation of vari-

ables on the integral and obtain
R wk(tb

k)

wk(ta
k)

sk(w−1k (w))

w0
k(w)

dw as the number of workers

with education k with wage w between wk(ta
k) and wk(tb

k). Hence,
sk(w−1k (w))

w0
k(w)

is

the density function of earnings of workers within education k.

Overall wage distribution

In contrast to the assignment model proposed by Teulings (1995a, 1995b

and 2005) where there is a one-to-one relationship between wages and skills, an

important feature of the model presented in this paper is that the distribution of

wages of workers with education j will (generally) overlap to some extent with

the distribution of wages of workers with education k. This is a very interesting

feature since in real data the distribution between educational groups of workers

do overlap, i.e. workers in the upper tail of the wage distribution of high-school

graduates have higher wages than workers in the lower tail of the wage distribution

of college graduates.

Since the distribution of wages of both types of workers overlap, to derive

the overall wage distribution, with cumulative distribution Fw(w∗), one needs to
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derive the skills of type 2, say t∗
2, a worker with education 2 needs to supply in

order to get the same wage as a worker with education 1 and skills t1 and the other

way around. One needs to separate two cases: the case where w1(t1,ε) < w2(t2,ε)
and the case where w1(t1,ε) ≥ w2(t2,ε). In the case where w1(t1,ε) ≥ w2(t2,ε),
since the least skilled worker with education 1 gets w1(t1,ε), only workers with

education 2 earn less than w1(t1,ε). Workers with both types of education earns

wages above the threshold w1(t1,ε) though in different proportion. From this

result, I derive the distribution of wages, for w∗ = w1(t1,ε) ≡ w2(t∗
2), as follows:

Fw(w) =

R w

w2(t2,ε)

s2(w−12 (w))

w0
2(w)

dw if w < w∗

Z w

w∗

s1(w−1
1 (w))

w0
1(w)

dw| {z }+

Z w

w2(t2,ε)

s2(w−1
2 (w))

w0
2(w)

dw| {z } if w ≥ w∗

Education 1 + Education 2

(11)

The same type of result can be derived in the case where w1(t1,ε) < w2(t2,ε).
Workers with both types of education earns wages above the threshold w2(t2,ε)
though in different proportion. From this result, I derive the distribution of

wages, for w∗ = w1(t∗
1) ≡ w2(t2,ε):

Fw(w) =

R w

w1(t1,ε)

s1(w−11 (w))

w0
1(w)

dw if w < w∗

Z w

w1(t1,ε)

s1(w
−1
1 (w))

w0
1(w)

dw| {z }+

Z w

w∗

s2(w−1
2 (w))

w0
2(w)

dw| {z } if w ≥ w∗

Education 1 + Education 2

(12)

4 Parametric specification: direct addilog and
CES production functions

A general drawback of hedonic models is that the function h does not exist.

As indicated in Table 1, among general equilibrium models, only Teulings (1995

and 2005) proposed (well-) known functional forms, i.e. Constant Elasticity of

Substitution CES and DIstance Dependent Elasticity of Substitution. In models

with exogenous human capital formation like Teulings (2005), the functional form

of the skills distribution is imposed for it is convenient and not too restrictive.

However, educational choice implies that the distribution of endowed abilities is

endogenously distorted to form the distribution of skills. This distortion is very

hard to model with well-know probability distributions without imposing very
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strong assumptions (distortion affects the mean and variance but not the skewness

or Kurtosis for instance as in Tinbergen (1956) and Teulings (1995,2005)). To get

around this issue, I impose the shape of the distribution of tasks and derive the

resulting distributions of abilities and skills rather than imposing restrictions on

the functional form of the distribution of both abilities and tasks. Unlike hedonic

models with exogenous human capital formation that infer the function h given

the shape of the distribution of abilities, I infer the shape of the distribution

abilities given the function h.

Mapping functions and tasks distribution

Suppose that the function assigning tasks v to skills of type 1 is such that

t1 = g1(v) = c1(1 − v)a1 with a1 ≥ 0 and c1 > 0 to satisfy g01 < 0 and the

function assigning tasks v to skills of type 2 is such that t2 = g2(v) = c2v
a2 where

a2 ≥ 0 and c2 > 0 to satisfy g02 > 0. Note that the parameters ak indicate the

percentage increase in the type 1 (respectively type 2) skills of workers assigned

to a task situated 1 percent more to the left (respectively to the right), i.e.
∂ ln t1

∂ ln(1−v)
= −a1 and ∂ ln t2

∂ ln v
= a2.28 The parameter ak therefore measures the degree

of heterogeneity in terms of skills between workers with same education.

I assume further that the distribution of tasks follows a Beta distribution

on (0, 1) and has density function d(v|d1, d2) = Avd1(1 − v)d2 with dj > 0 and

A = 1/B(d1 +1, d2 +1) and B(.) is the Beta function and cumulative distribution

F (v∗|d1, d2) = Pr (v < v∗) =
R v∗

0
d(v|d1, d2)dv. The mean task is given by E[v] =

d1+1
2+d1+d2

(E[v] = 1
2

when d1 = d2) and the variance by V [v] = (d1+1)(d2+1)
(2+d1+d2)(3+d1+d2)

,

with
∂V [v]
∂dk

< 0. Moreover, the distribution is skewed toward 0 when d1 > d2 and

vice versa.

The Beta distribution is appealing because its support ranges from 0 to 1,

it has only two parameters, and its shape is extremely flexible. If d1 > 0 and

d2 > 0 the distribution is unimodal. If d1 = d2 = d and d = 0 tasks are

uniformly distributed. Moreover, for d > 1 the Beta distribution and the normal

distribution with average 1
2

and variance equal to
(d1+1)(d2+1)

(2+d1+d2)(3+d1+d2)
look alike.

The density of workers with t1 skills of type 1 is therefore:

s1(t1) =
d(g−1

1 (t1))

g01(t1)
=

A

a1c1

Ã
1 −

µ
t1

c1

¶1/a1
!d1 µ

t1

c1

¶d2/a1+1/a1−1

(13)

for t1 ∈ [c1(1 − ε)a1 ; c1]

The density of workers with t2 skills of type 2 is:

28Note that for a1 = a2 = 0, workers with education k have homogenous skills tk = ck.

Therefore, for a1 = a2 = 0, the model reduces to Rosen’s (1978) task assignment model.
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s2(t2) =
d(g−1

2 (t2))

g02(t2)
=

A

a2c2

Ã
1 −

µ
t2

c2

¶1/a2
!d2 µ

t2

c2

¶d1/a2+1/a2−1

(14)

for t2 ∈ [c2ε
a2 ; c2] .

The total supply of workers with education 1 and 2 is equal to the density of

tasks between 0 and ε, i.e. ε given the distribution of tasks, and the density of

tasks between ε and 1 respectively.

S1 =

Z g−11 (0)

g−11 (ε)

s1(t1)dt1 ≡
Z ε

0

d(v)dv = F (ε|d1, d2) = D1(ε) (15)

S2 =

Z g−12 (1)

g−12 (ε)

s2(t2)dt2 ≡
Z 1

ε

d(v)dv = 1 − F (ε|d1, d2) = D2(ε) (16)

Productivity and the shape of the production function

Suppose further that the productivity of workers with skills k at task v is

given by:

p1(t1, v) = b1tm1
1 (1 − v)n1 (17)

p2(t2, v) = b2tm2
2 vn2 (18)

where bk > 0 are parameters indicating the efficiency units of workers with skills

k. mk indicate the percentage change in productivity at a particular task when

skills of type k are increased by 1 percent, with mk > 0 to satisfy assumption A2
ii), i.e. ∂pk/∂tk > 0. nk indicate the percentage change in productivity when a

worker with skills of type k is moved to a task 1percent to the right (k = 2) or left

(k = 1), with nk > 0 to satisfy assumptions A2 i) and iii). Note that assumption

A2 together with bk > 0 is enough to satisfy the second order condition to profit

maximization in equilibrium.

Roughly speaking, nj indicates the degree of heterogeneity of machines in

terms of productivity29 whereas mj indicates the degree of heterogeneity of work-

ers in terms of productivity.30

The aggregate output level is obtained by summing up the product of each

worker or equivalently the product at each task in equilibrium. This gives:

29As nj → 0 all tasks tend to be equally productive.
30As mj → 0 workers with different levels of type j skills tend to be equally productive.
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Y =

Z ε

0

p1(g1(v), v)d(v)dv +

Z 1

ε

p2(g2(v), v)d(v)dv

= D1 (ε) b1c
m1
1 A

Z ε

0

vd1(1 − v)2d2dv + D2 (ε) b2cm2
2 A

Z 1

ε

v2d1(1 − v)d2dv

After recognizing that A1v
d1(1−v)2d2dv is the density of the Beta distribution

with parameter d1 and 2d2 with A1 = 1
B(d1,2d2)

and A2v2d1(1 − v)d2 is the density

of the Beta distribution with parameters 2d1 and d2 with A2 = 1
B(2d1,d2)

, the

aggregate output level reads as:

Y = D1(ε)b1cm1
1

A

A1
F (ε|d1, 2d2) + D2 (ε) b2c

m2
2

A

A2
(1 − F (ε|2d1, d2))

Given the structural form in equation 17 and 18, the employment of workers

with education k per unit of output in equilibrium reads as:

D1 (ε)

Y
=

Z ε

0

d(v|d1, d2)

p1(v)
dv = A

Z ε

0

1

b1cm1
1

vd1(1 − v)d2

(1 − v)m1a1+n1
dv (19)

D2 (ε)

Y
=

Z 1

ε

d(v|d1, d2)

p2(v)
dv = A

Z 1

ε

1

b2c
m2
2

vd1(1 − v)d2

vm2a2+n2
dv (20)

General analytical solutions exist for these integrals. An interesting special

case of which is met when d2 = m1a1 + n1 and d1 = m2a2 + n2. The solutions of

these integrales are then:

D1 (ε)

Y
=

A

b1c
m1
1

Z ε

0

vd1dv =
A

b1c
m1
1

1

d1 + 1
εd1+1 (21)

D2 (ε)

Y
=

A

b2c
m2
2

Z 1

ε

(1 − v)d2dv =
A

b2cm2
2

1

d2 + 1
(1 − ε)d2+1

(22)

Note that for a symmetric distribution of tasks, i.e. d1 = d2 = 1
θ

− 1, solving

the system for the marginal task ε yields:

ε =

µ
D1 (ε)

Y

b1cm1
1

A

1

θ

¶θ

= 1 −
µ

D2 (ε)

Y

b2c
m2
2

A

1

θ

¶θ

(23)

⇔
Y =

1

θA

h
(b1cm1

1 D1 (ε))
θ

+ (b2cm2
2 D2 (ε))θ

i 1
θ

(24)
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Equation 24 reads as a CES production function. The parameter θ indicating

the curvature of the relative productivity of workers in the various tasks is related

to the elasticity of substitution between labor of type 1 and 2, σ = 1
1−θ

.

Result R3: When i) the productivity of workers in the various tasks are defined

as in equations 17 and 18, ii) the mapping functions t1 = g1(v) = c1(1 − v)a1

and t2 = g2(v) = c2va2 , iii) dk = nj + mjaj and iv) the distribution of tasks is

symmetric, then the indirect production function resulting from the assignment

of multi-skilled heterogenous workers to heterogenous tasks has the CES shape.

This result is very convenient as it links the assignment literature to the em-

pirical literature of wage inequality in which the CES production function has

been extensively used. However, it is restrictive in the sense that only symmet-

ric distributions of machines are covered, though these distributions can range

from the uniform distribution when θ = 1 (σ → ∞ linear production function),

inverted-U shape for 2 > 1
θ

> 1 (σ ∈ (2, ∞)) and normal look alike distributions

for 1
θ

> 2, (σ ∈ (1, 2)).
Nevertheless, one can generalize this finding and solve for more general shapes

of the production function assuming that the productivity of workers in the var-

ious tasks depends on how many units of aggregate output are produced. As-

sume for instance that producing an extra unit of output would decrease the

productivity of all workers in every tasks: the law of diminishing returns. Let

bk ≡ bk(Y ) = rkY
1− θ

θk with rk > 0, θ > 0 and θk = 1
dk+1

, so that employing more

workers in each tasks reduces the productivity per unit of output of each worker

in every tasks, i.e. ∂pk

∂Y
< 0 for 1 − θ

θk
< 0.

Under the law of diminishing returns, the demand for workers per education

reads as:

D1 (ε)

Y
=

A

r1Y
1− θ

θ1 cm1
1

1

d1 + 1
εd1+1 (25)

D2 (ε)

Y
=

A

r2Y
1− θ

θ2 cm2
2

1

d2 + 1
(1 − ε)d2+1

(26)

Which solving for the marginal task yields:

ε =
1

Y θ

µ
D1 (ε)

r1cm1
1

θ1A

¶θ1

= 1 − 1

Y θ

µ
D2 (ε)

r2c
m2
2

θ2A

¶θ2

⇔

Y =

"µ
r1cm1

1

θ1A
D1 (ε)

¶θ1

+

µ
r2c

m2
2

θ2A
D2 (ε)

¶θ2
# 1

θ

(27)
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Equation 27 reads as the direct addilog function (see Houthakker (1960) and

Dick and Medoff (1975)). This function is homogenous31 only when θ1 = θ2

that is for symmetric tasks distributions and when θ1 = θ2 = θ the function

degenerates to the CES production function discussed above.

Result R4: When i) the productivity of workers in the various tasks are defined

as in equations 17 and 18, ii) the mapping functions t1 = g1(v) = c1(1 − v)a1

and t2 = g2(v) = c2v
a2 , iii) dk = nj + mjaj and iv) employing more workers in

each task reduces the productivity per unit of output of each worker in every

tasks, then the indirect production function resulting from the assignment of

multi-skilled heterogenous workers to heterogenous tasks is of the direct addilog

shape.

Equilibrium

The first order conditions for profit maximization yield w
0
1(t1) = b1m1tm1−1

1 (1−
v)n1 and w

0
2(t2) = b2m2t

m2−1
2 vn2 . Evaluated at the equilibrium task, that is re-

placing v by v = g−1
k (tk) where g−1

k is the inverse function of gk, and integrating

over tk yields the following expression for the equilibrium wage functions:

w1(t1) =
b1m1

c
n1
a1
1

a1

d2
t

d2
a1
1 + I1 (28)

and

w2(t2) =
b2m2

c
n2
a2
2

a2

d1
t

d1
a2
2 + I2 (29)

where Ik are the respective constants of integration.

Note that in equilibrium the rents associated to the machines assigned to

workers with education 1, i.e. 0 ≤ v ≤ ε are equal to p1(g1(v), v) − w1(g1(v)) =
−I1 + b1cm1

1 (1 − v)d2 n1
d2

the last term being positive and the rents associated to

the machines assigned to workers with education 2, i.e. 1 ≥ v ≥ ε, p2(g2(v), v) −
w2(g2(v)) = −I2 + b2c

m2
2 vd1 n2

d1
the last term being positive.

The equilibrium marginal task must be so that owners of the marginal machine

are indifferent between assigning worker t1 = g1(ε) or worker t2 = g2(ε) to their

machine. Therefore the following equality must hold:

p1(t1, ε) − w1(t1) = p2(t2, ε) − w2(t2)

31Homogenous of dergree θ1
θ .
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Replacing t1 = g1(ε) and t2 = g2(ε) yields the following polynomial equation:

I1 − I2 = b1c
m1
1 (1 − ε)d2

n1

d2
− b2c

m2
2 εd1

n2

d1
(30)

Solving this equation for ε gives the marginal task in equilibrium although

closed form solutions can not be derived in the general case.

Note that the equilibrium wage functions can be used to identify t∗
k the mini-

mum level of skills of type k given the level of type j skills so that workers choose

education k. This minimum level is:

t∗
k = w−1

k (wj(tj)) =

Ã
Gk

Ã
1

Gj
t

dk
aj

j + Ij − Ik

!!ak
dj

where Gj =
dkc

nj
aj
j

ajbjmj
∀j 6= k,

j = 1, 2.

Hence, although we cannot identify the skills of type k of a worker supplying

her type j skills, we know that her maximum level of type k skills is t∗
k. This func-

tion is strictly increasing given result R1. However, it could be concave, linear,

convex or even locally concave and locally convex depending on the structural

parameters, dk, ak and Ik. For instance, for I1 = I2, the function t∗
2 is convex

for d2a2
d1a1

> 1, concave for d2a2
d1a1

< 1 and linear for d2a2
d1a1

= 1. The case I1 = I2

with d2a2
d1a1

= 1 corresponds to the traditional application of Roy’s model by Willis

and Rosen (1979), in which the bivariate distribution of skills is slide into two

parts delimiting the educational choice by a positively sloped line. This result is

herewith generalized to more general types of increasing functions.

Wage distribution f(w)

Using the equilibrium wage functions wk(tk) and density functions sk(tk), one

can derive the wage distribution as shown in the previous section. Noting that

from workers supplying type j skills, the worker supplying the highest skills of

type j earns the highest wage and is assigned task 0 for j = 1 and task 1 for j = 2,

denoting w1 and w2 these respective maximum wages, we have from equations 28

and 29 wj − Ij =
ajbjmjc

mj
j

di
for all j 6= i j = 1, 2. After some simplification, the

distribution of wages, say f(w), is defined by the following density function:

f(w) =
© s1(w−11 (w))

w0
1(w)

= A
d1w1

³
w−I1
w1−I1

´1/d2
µ

1 −
³

w−I1
w1−I1

´1/d2
¶d1

if education=1

s2(w−12 (w))

w0
2(w)

= A
d2w2

³
w−I2
w2−I2

´1/d1
µ

1 −
³

w−I2
w2−I2

´1/d1
¶d2

if education=2

(31)
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5 Identification and estimation of the structural
parameters

5.1 Data and preliminary estimation

The data used to estimate the parameters of the model are the CPS March sup-

plements from 1964 to 2005. The educational choice I considered is whether to go

to college, choose education 2, or quit school after High-school, choose education

1. College drop outs are herewith classified with college graduates for they chose

to go to college. In the assignment model all workers are assumed to work full-

time and full-weeks. Therefore, all workers working less than 38 hours and less

than 39 weeks were excluded as well as self-employed. Furthermore, each year

sample includes only white males aged between 18 and 65 and all observations

missing crucial information on wages, hours, weeks worked, education, industry

and occupation are deleted. The wage measure used is the weekly earnings of

full-time full-weeks workers defined as the annual earnings divided by total weeks

worked.32 The weekly earnings are then deflated by the CPI-U (the Consumer

Price Index for All Urban Consumers provided by the US department of Labor),

to obtain a measure of real weekly earnings in 1996 US dollars.

As can be seen from Equation 31, the minimum and maximum earnings within

education are crucial information to identify the parameters of the model. As

Katz and Murphy (1992), I excluded workers with real weekly earnings below

one half of the real minimum wage of each year.33 Defining the maximum earn-

ings within education is in contrast a difficult task as workers with top earnings

are imputed topcoded earnings by the Census. For the samples from 1964 to

1988, following Katz and Murphy (1992), I imputed to workers with topcoded

earnings, annual earnings equal to 1.45 times the topcode amount.34 The factor

1.45 corresponds to the ratio of the estimated conditional average earnings of

those with topcoded earnings by the topcode amount. From 1989 on, wage and

salary incomes are collected into two separate variables, primary and secondary

labor earnings, each with a different topcode amount.35 After adjusting for the

topcodes, the primary and secondary earnings are added to form the annual earn-

ings. For the primary earnings, workers with topcoded earnings were assigned the

topcode until 1995. I multiply the values by 1.45 to obtain the primary earnings

adjusted for topcodes. After 1996, topcoded workers were assigned the mean

of all topcoded workers. I impute these workers the topcode times 1.45. For

32Conform to the literature, for the 1964-1975 samples for which only interval of weeks worked

are available, I imputed the mid-range of each interval.
33The series of nominal and real minimum wage rates reported by the US department of

Labor are presented in Table 2. The real series is obtained by deflating the nominal series by

the CPI-U price index.
34The topcode amount are reported in Table 2.
35See Table 2.
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the secondary earnings, topcoded workers were assigned the topcoded value. I

therefore impute these workers the topcode value times 1.45. Although minimum

earnings are to a large extent determined by the minimum wage law, maximum

earnings depend on the sample of the working population used each year. To

smooth biases in the measure of maximum earnings due to sampling errors, I

further imputed to each individual with earnings above the top 99 percentile, the

earnings at the 99 percentile. In a sample of in average 15000 observations this

means that the maximum wage is based on 150 observations instead of virtually

1 observation if the sample maximum earnings were selected.36

Although information on earnings and education is sufficient to identify the

parameters of the model, measurement errors in individuals earnings, due to

among other earnings topcodes, requires additional information on labor produc-

tivity to derive (feasible) estimates. Each cross-section is therefore merged with

the value of real GDP per employed person expressed in 1996 US dollars provided

by the BLS. This series is reported in Table 2.

In every samples, workers have different experience level, work different hours

and in different industries, differences that are transmitted in weekly wage dif-

ferences. In contrast, in the model depicted above, the economy is composed of

workers heterogeneous with respect to their skills and education but identical in

other respects. To control for the effects of experience, hours worked and industry

on individuals’ wages, I preliminary run a simple log-linear regression of earnings

on age, its square and log hours including industry fixed effects as ln yi = xiβ +ei

where yi is the weekly earnings of individual i, xi is a k × 1 vector containing

the control variables. Using the estimates of this regression, I calculate for each

individual the contrafactual wage they would have earned were they all 25 years

old, working 40 hours in the same industry as follows: ln wi = xbβ + ei where wi

is the wage of individual i controlling for observable covariates and x is the same

for all i. In the remaining part of this section I use the regression adjusted wi

instead of observed individuals’ wages yi.

5.2 Empirical methodology

Although, the distribution of equilibrium wages does not follow a well-known

distribution, tasks follow a Beta distribution. Moreover, as shown previously,

within education, wages are monotonic functions of tasks. The monotonicity

property of the wage functions is a powerful result that allows us to go back

and forth from the wage distribution to the tasks distribution. As I shall show

below, the monotonicity property actually enables the estimation of the structural

parameters using standard estimation techniques and information on individuals’

earnings and education as well as labor productivity.

36In fact, since high incomes are topcoded, maximum wages in each sample are observed

for more than 1 individual and in some samples (end of the 70s for instance) the topcodes

correspond to the earnings at the 99 percentile.
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5.2.1 Identification of the structural parameters (Ij, ajmj, bjc
mj

j and
nj)

Suppose for the moment we know d1 and d2. What parameters can we identify?

First, note that, in equilibrium, the wage of each high-school graduate is given

by:

w1(v) − I1 = (w1 − I1) (1 − v)d2 (32)

where w1 − I1 =
b1a1m1c

m1
1

d2
.

Denoting w1 the lowest wage of high-school graduates, we have w1 − I1 =
(w1 − I1) (1 − ε)d2. Rearranging yields an expression of I1 as a function of the

marginal task, the minimum and maximum wage of high-school graduates and

the parameter d2:

I1(d2, ε) =
w1 − (1 − ε)d2 w1

1 − (1 − ε)d2
(33)

Using similar arguments for college graduates also yields an expression of I2

as a function of the marginal task, the minimum and maximum wage of college

graduates and the parameter d1 :

I2(d1, ε) =
w2 − εd1w2

1 − εd1
(34)

Moreover, the marginal task ε can be retrieved directly from the employ-

ment share of college graduates conditional on the identification of d1 and d2

by taking the inverse of the beta distribution measure at the employment share

ε = ε(d1, d2) = F −1(d1, d2; D1

D1+D2
), where Dj is the number of workers with

education j
These results indicate that conditional on the identification of the tasks dis-

tribution parameters dk, and hence the marginal tasks, all we need to identify

I1(d1, ε(d1, d2)) and I2(d2, ε(d1, d2)) are the maximum and minimum wages of

both high-school and college graduates.

It should also be noted that in equilibrium, the rents of the owners of machine

ε should be equal regardless the type of the skills of the worker assigned to

machine ε. The equality of rents in the marginal task gives an expression of

b1cm1
1 as a function of d1, d2, w1, w2 and b2c

m2
2 as follows:
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rents1(ε) = b1c
m1
1 (1 − ε)d2

n1

d2
− I1

= b1c
m1
1 (1 − ε)d2 − w1 (35)

rents2(ε) = b2c
m2
2 εd1

n2

d1
− I2

= b2c
m2
2 εd1 − w2 (36)

Hence :

rents1(ε) = rents2(ε)

⇔
b1cm1

1 =
w1 − w2 + b2cm2

2 εd1

(1 − ε)d2
(37)

In addition, using the expression of the demand for workers with education j
in equations 25 and 26, once rearranged yields:

cm1
1 b1 =

1

d1 + 1

AY

D1
εd1+1 (38)

cm2
2 b2 =

1

d2 + 1

AY

D2
(1 − ε)d2+1

(39)

with A = 1
B(d1+1,d2+1)

.

Plugging the ratio of equations 38 by 39 into 37 and rearranging identifies

bjc
mj

j as a function of dj, the wages of the lowest skills workers in education 1
and 2 and the marginal task as follows:

b1cm1
1 (d1, d2) =

w1 − w2

(1 − ε(d1, d2))d2

1

1 − D1

D2

d1+1
d2+1

1−ε(d1,d2)
ε(d1,d2)

(40)

b2cm2
2 (d1, d2) =

D1

D2

d1 + 1

d2 + 1

(1 − ε(d1, d2))
d2+1

(ε(d1, d2))d1+1
b1c

m1
1 (d1, d2) (41)

And hence an identification of the parameters products ajmj’s:

a1m1(d1, d2) =
(w1 − I1) d2

b1cm1
1 (d1, d2)

(42)

a2m2(d1, d2) =
(w2 − I2) d1

b2cm2
2 (d1, d2)

(43)
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An expression of nj follows using the identity dj = ni + miai:

n1(d1, d2) = d2 − a1m1(d1, d2)

n2(d1, d2) = d1 − a2m2(d1, d2)

nj indicates the degree of heterogeneity of machines in terms of productivity

whereas ajmj indicates the degree of heterogeneity of workers with skills j in

terms of productivity in equilibrium. The degree of heterogeneity of workers in

equilibrium is further decomposed into the degree of heterogeneity of workers in

terms of productivity at any given task, i.e. mj, and the degree of heterogeneity

of workers in terms of skills in equilibrium, i.e. aj. This means that dk indicates

the overall degree of heterogeneity of workers with education j in equilibrium

since dk = nj + ajmj.

5.2.2 Estimation strategy

Step 1: Estimation of d1 and d2

Although tasks v are unobserved, estimation of d1 and d2 is possible since in

equilibrium the wage function within education is a monotonic function of the

tasks, wj(vi) = I1 + (w1 − I1) (1 − v)d2. Hence, ranking tasks from 0 to 1 is

equivalent to ranking individuals with high-school education by decreasing wage

and recording their rank as i = 1, ..., N1 and workers with college education by

increasing wage and recording their rank by37 i = N1, ..., N where N = N1 +
N2 − 1. It follows that for any couple hd1, d2i, each individual’s task vi can be

recovered from her rank i by taking the inverse of the beta distribution measured

at i−1
N−1

, i.e. vi = F −1(d1, d2;
i−1

N−1
).

However, we observe worker’s wage wji with errors so that wages in the data

set are in fact: wji = wj(vi) + eji if worker i has education j where eji are

measurement errors with the traditional iid properties.38 This implies that the

minimum and maximum wages for each educational group are also measured

with errors, i.e. w1 = w11 − e11 and w2 = w2N − e2N and w1 = w1N1 − e1N1 ,

and w2 = w2N1 − e2N1, where wj1 and wjN1 are respectively the maximum and

minimum wages among workers with education j in the data.

The constants of integration can be decomposed into an observed part and a

measurement error part as follows:

37Note that both the worker supplying the lowest level of type 1 skills (minimum wage of

workers with education 1) and the worker supplying the lowest level of type 2 skills (minimum

wage of workers with education 2) are assigned to the marginal task. Hence, when workers are

ranked according to their task, these workers get the same rank.
38Note that the distribution of the errors eji is unknown and remains unspecified.
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I1 = eI1 − feI1

I2 = eI2 − feI2

where eI1 =
w1N1

−(1−ε)d2w11

1−(1−ε)d2
and feI1 =

e1N1
−(1−ε)d2e11

1−(1−ε)d2
and eI2 =

w2N1
−εd1w2N

1−εd1
andfeI2 =

e2N1
−εd1e21

1−εd1
.

It follows that ωi the difference between observed individual wages and wages

as derived from the model can be decomposed into two components, measurement

errors in worker’s own wage, i.e. eji, and a mixture of measurement errors for the

highest and lowest paid workers within education, i.e. ξji:

wji =
© (w11 − eI1)(1 − vi)

d2 + eI1 + ωi if educi = 1

(w2N − eI2)v
d1
i + eI2 + ωi if educi = 2

where ωi = eji + ξji, j = 1, 2 and ξ1i = −feI1 + (feI1 − e11)(1 − vi)
d2 and ξ2i =

−feI2 + (feI2 − e2N)vd1
i .

The parameters d1 and d2 can be estimated using only information on workers’

wages and education. At this stage, several estimation techniques are available.

The first empirical strategy could be to estimate the parameters using maximum

likelihood technique. The log likelihood for this problem reads as:

l(d1, d2; ω) =
1

N

NX
i=1

ln f(ωi|d1, d2)

The probability density of the random variable ω, i.e. f(ωi|d1, d2) however

is unknown. Maximum likelihood estimation of the structural parameters d1

and d2 therefore requires knowledge of the probability density of ω. To avoid

risky assumptions on the functional form of f , the nonparametric kernel density

estimator of f , say bf should be preferred.

bf(ω|d1, d2) =
1

N

NX
i=1

1

h
K

µ
ωi − ω

h

¶
where K(z) is the kernel weight function and h is the bandwidth.

Replacing f by its estimate bf into the ML function allows us to derive the

ML estimator of dk as:

bdLM
k = arg max {l(d1, d2; ω)} ∀k = 1, 2
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However, ML estimation requires the risky nonparametric estimation of the

density of the error term ω with the traditional problems of choosing the band-

width. Instead of using maximum likelihood estimation techniques, I propose to

use an alternative extremum estimator, namely least squares. The least squares

technique consists of minimizing the sum of squares of the errors ω and therefore

yields the following estimator:

bdLS
k = arg max

(
− 1

N

NX
i=1

(ωi)
2

)
∀k = 1, 2

Step 2: Estimation of ejk to identify ajmj, bjc
mj

j and nj

Since wages are measured with errors, the identification strategy of the para-

meters ajmj, bjc
mj

j and nj aforementioned requires the identification of the error

terms e11, e21, e1N1 and e2N1 . Note that ωi reads as:

ωi = e1i +
e11(1 − ε)d2 − e1N1

1 − (1 − ε)d2
+

e1N1 − e11

1 − (1 − ε)d2
(1 − vi)

d2 if edi = 1 (44)

= w1i − (w11 − eI1)(1 − vi)
d2 − eI1

ωi = e2i +
e21ε

d1 − e2N1

1 − εd1
+

e2N1 − e21

1 − εd1
vd1

i if edi = 2 (45)

= w2i − (w2N − eI2)vd1
i − eI2

with ωi = 0 for i = 1, i = N1, i = N1 + 1 or i = N .

From step 1, we have observations of vi and ωi and the following relationship

between these two variables:

ωi = const1+const2×D[edi = 2]+slope1×x1i+slope2×x2i+eji for all i and j = 1, 2
(46)

where x1i = (1 − vi)
d2 and x2i = vd1

i . And, const1 =
e11(1−ε)d2−e1N1

1−(1−ε)d2
, const1 +

const2 =
e21εd1−e2N1

1−εd1
, slope1 =

e1N1
−e11

1−(1−ε)d2
and slope2 =

e2N1
−e21

1−εd1
.

Hence, least squares minimization of eji by running OLS regression on equa-

tion 46 identifies the parameters e11, e21, e1N1 and e2N1 . However, for several

years, estimation of the parameters have led to negative rents and negative val-

ues of ajmj, bjc
mj

j or nj. This problem could be overcome by providing each

observation a specific weight, unlike OLS, so as to obtain feasible estimates. The

choice for the appropriate weights however, is highly arbitrary and therefore not

conclusive. As an alternative strategy, noting from equation 38 the relationship
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between the parameter b1cm1
1 and labor productivity39 Y , I propose to use labor

productivity time series40 to size the parameter b1c
m1
1 in each cross-section. This

approach actually provides an expression of e2N1 as a function of e1N1. Indeed,

plugging equation 38 into equation 40 and rearranging yields:

e2N1 =

µ
1

d1 + 1

AY

D1
εd1+1

¶
(1 − ε)d2

µ
1 − D1

D2

d1 + 1

d2 + 1

1 − ε

ε

¶
−(w1N1 − w2N1)+e1N1

This expression of e2N1(e1N1) is a restriction in the previous OLS regression

which can be seen as a way to generate specific weights to observations. Since I use

weekly wages to estimate the parameters of the model, Y corresponds to weekly

labor productivity. Using GDP per employed person in 1996 US dollars divided

by 50, i.e. the average weeks worked per year, as a measure of weekly labor

productivity, estimates of nj, ajmj and bjc
mj

j are feasible in all cross-sections.

5.3 Results

5.3.1 Evolution of the wage structure over time

In Figure 4, I present the distribution of wages over the spectrum of tasks for

1963, 1976, 1989 and 2002. Note the increase in the slope of the wage function of

college graduates over time. In Figure 5, I present the kernel density estimates of

the observed (log) earnings and their predictions from the model for 1963, 1976,

1989 and 2002. Note first that the observed wage distributions of college and

high-school graduates are more concentrated than the distribution of earnings

as predicted by the model for both groups. This difference could be due to

misspecification of the model, and more precisely misspecification of the shape of

the distribution of tasks (Beta distribution) or the mapping functions gk, but also

due to the restriction of unobserved heterogeneity to two dimensions. Abstracting

from the misspecification of the tasks distribution and the mapping functions,

the results indicate that unobserved heterogeneity not taken into account by the

two-skill structure tend to concentrate the wage distribution within educational

groups. As I will show below, however, the evolution of wages both within and

between education are very accurately replicated by the model which indicates

that unobserved heterogeneity of higher dimensions than the two skills taken into

account in the model explains little of the evolution of the structure of wages, at

least for white males.

The model predicts the overlap of the distribution of wages of high-school

and college graduates. The overlap is given by
R∞

−∞ min (f1(w); f2(w)) dw where

39Since the CPS March suplements are population samples the total number of workers in

these samples does not correspond to US employment level. I therefore set D1 + D2 = 1 in

equation 38 and 39 so that by definition Y is labor productivity.
40See Table 2.
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fj is the wage density of workers with education j. This expression has no closed

form solutions. However, numerical solutions can be derived to investigate the

magnitude of the overlap in each period. The overlaps derived from nonparamet-

ric estimation of the true density functions and their estimates from the model

are reported in Table 3 for the years 1963, 1976, 1989 and 2002. As indicated

in Table 3, the observed wage distribution of high-school graduates overlaps in

average 2/3 of the wage distribution of college graduates whereas the model’s pre-

diction is 4/5. As can be seen in the table, the part of the overlap imputed to the

right tail of the distribution is accurately replicated by the model. In contrast,

the model overestimates the part of the overlap imputed to the left tail. This

indicates that, the misspecification and the impact of unobserved heterogeneity

of higher dimensions than the two skills taken into account in the model seem to

be most important in the left tail of the distribution of wages for both groups.

Using the estimated wage functions and the estimated density of tasks in

each of the 42 cross-sections, the model can be used to estimate the evolution

of the wage structure from 1963 to 2004. The characteristics most often used

to describe the evolution of the wage structure over time are the between and

within wage inequality. The between wage inequality refers herewith to the college

premium. The measure of college premium I use is the ratio of the (log) median

wage of college to high-school graduates. The evolution of the college premium

both observed and estimated from the model are reported in Figure 6. The figure

clearly indicates that the model fits very well the evolution of the college premium

over time. The premium first decreases through the 60s and 70s at an average

yearly rate of 0.4 percent and increases through the 80s, 90s and beginning of the

00s at an average rate of 0.6%.

To measure within wage inequality I compute the 90−10, 90−50 and 50−10
differentials of (log) weekly wage separately for college and high-school graduates.

First, note in Figures 7 and 8 that the model overestimates wage inequality both

for high-school and college graduates. As argued earlier, this could be due to

misspecification in the mapping function gk or the density distribution of tasks

or indicate that higher dimensions of unobserved heterogeneity than the two skills

taken into account in the model have contributed to compress wage inequality

within educational groups. Although the level of wage inequality is overestimated,

note that the model’s predictions follow quite well the observed increases of all

measures of inequality in both educational groups. For high-school graduates,

the model’s predicted annual growth rates in the 90 − 10, 90 − 50 and 50 − 10
measures of within wage inequality are respectively 0.6%, 0.7% and 0.4% whereas

the actual measures increased at annual rates of 0.5% each. For college graduates,

the model’s predicted annual growth rates in the 90 − 10, 90 − 50 and 50 − 10
measures of within wage inequality are respectively 0.8%, 0.8% and 0.9% whereas

the actual measures increased at annual rates of 0.5%, 0.6% and 0.5% respectively.

Note the slowdown in the within wage inequality at the bottom of the wage

distribution both for high-school graduates and college graduates since the end
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of the 80s, as indicated by the flattening of the 50 − 10 curves in Figures 7 and

8. These patterns are also captured by the model. However, the model predicts

a general slowdown of wage inequality within high-school graduates as all three

measures of wage inequality flattens.

As observed earlier in the literature, there is a differential behavior in the

college premium and residual wage inequality during the 60s and 70s. While the

college premium fell during the 60s and 70s, wage inequality within education

increased. The assignment model developed in this paper reproduces this dif-

ferential behavior very accurately. As indicated in Figure 6, the between wage

inequality predicted by the model decreased in the 60s and 70s and started in-

creasing only at the end of the 70s beginning of the 80s. In contrast, as indicated

in Figures 7 and 8, the within wage inequality increased throughout the 60s, 70s

and 80s.

5.3.2 Sources of wage inequality

The question remains as which factors do generate these patterns? Looking at

the wage functions in equations 28 and 29, wage changes can be decomposed into

changes in the slope, say slopej =
bjc

mj
j ajmj

dk
, changes in the power dj and changes

in the constant Ij for j 6= k, and j = 1, 2 as follows:

∂ ln w1,p

∂t
=

∂slope1

∂t

(1 − v1,p)d2

w1,p

+
∂d2

∂t

slope1 (1 − v1,p)d2

w1,p

ln(1 − v1,p) +
∂I1

∂t

1

w1,p

∂ ln w2,p

∂t
=

∂slope2

∂t

vd1
2,p

w2,p

+
∂d1

∂t

slope2v
d1
2,p

w2,p

ln v2,p +
∂I2

∂t

1

w2,p

where p indicates the percentile considered, vj,p is the task performed by workers

at the pth percentile of the wage distribution within education j.

This decomposition of wage changes is very helpful to understand the evo-

lution of wage inequality over time. The evolution of all our measures of wage

inequality can be derived from this expression. For instance, changes in the 90-10

gap within education j are given by
∂ ln wj,90

∂t
− ∂ ln wj,10

∂t
. Similarly, the evolution of

the college premium is given by
∂ ln w2,50

∂t
− ∂ ln w1,50

∂t
.

The evolution of the slopes of the wage functions
bjc

mj
j ajmj

dk

Changes in the slopes may come about because of changes in the efficiency

parameters bj, changes in the maximum level of skills of type j supplied41 cj,

changes in the degree of heterogeneity of workers with education j in terms of

41Note that t1 = c1(1− v)a1 and t2 = c2v
a2 so that cj is the maximum level of skills of type

j supplied in each cross-section.
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productivity, mj, changes in the degree of heterogeneity of workers with educa-

tion j in terms of skills in equilibrium, aj, and changes in the overall degree of

heterogeneity of workers with education j, dk = nj + ajmj.

As indicated in Figure 9, the slopes of the wage functions have both increased

over time at respective average annual rates of 2 and 5.4 percent. This means that

holding the task and skills constant in both groups of workers, wages of college

graduates have increased in average by 3.4 percent more than wages of high-

school graduates. This differential increase is strikingly of the same magnitude

as the estimated growth in the relative demand for college graduates reported

in the literature, i.e. 3.3 percent per year as reported by Katz and Murphy

(1992) or 3.6 percent as reported by Heckman et al. (1998) when controlling for

heterogeneity and endogenous human capital formation. Moreover, as indicated

in Figure 9, both slopes increase steadily over time and there is no evidence for

an acceleration of the growth rate of the relative demand for college graduates in

the 80s, as argued by Acemoglu (2002) and Krusell et al. (2000) among others.

The evolution of the power of the wage functions dj

As indicated in Figure 10, the evolution of the power of the wage functions

have been very different for college (d1) and high-school graduates (d2). While

the power of the wage function for college graduates increased steadily over the

whole period at a annual rate of 2.3%, the power of the wage function of high-

school graduates increased very rapidly at a annual rate of 3.3% until the end of

the 70s and flattened thereafter at an average rate of 0.2%.

The model therefore explains the differential behavior of wage inequality be-

tween and within education by a flattening of the overall degree of heterogeneity

of high-school graduates at the end of the 70s (1978). Within wage inequality

increased for both college and high school graduates throughout the 60s, 70s and

80s as the overall degree of heterogeneity between workers within education in-

creased. The skill premium decreased through the 60s and 70s because the net

effect of the increase in the efficiency units and the increase in the overall degree

of heterogeneity was larger for high-school graduates than for college graduates.

The skill premium started to increase sharply in the 80s and 90s because the

increase in the overall degree of heterogeneity of high school graduates drops at

the end of the 70s and is not able to compensate for the large increases in the

efficiency units of college graduates anymore.

Changes in the overall degree of heterogeneity of workers with education j may

come about because of changes in the degree of heterogeneity of tasks assigned

to workers with education j in terms of productivity, i.e. nj, and changes in the

degree of heterogeneity of workers with education j in equilibrium, ajmj. The

degree of heterogeneity of workers in equilibrium is further decomposed into the

degree of heterogeneity of workers in terms of productivity at any given task, i.e.

mj, and the degree of heterogeneity of workers in terms of skills in equilibrium,
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i.e. aj.

As indicated in Figure 11, n1 is larger than n2 indicating that the degree of

heterogeneity of tasks assigned to high-school graduate is larger than the degree

of heterogeneity of tasks assigned to college graduates. Moreover, these degrees

of heterogeneity have been increasing over time though at different pace. n2

increased relatively more rapidly than n1, so that the degree of heterogeneity gap

between the tasks assigned to high-school and college graduates has decreased

over time. These increasing trends in nj indicate that through technological

changes, tasks at both ends of the tasks distribution have become relatively more

productive. This means that, at constant skills, workers assigned to these tasks

have become more productive and therefore earned higher wages. This argument

corresponds to the argument used by Acemoglu (2002) in order to fit residual wage

inequality within a two—skill index model: “Under the plausible assumption that

more skilled workers within each education group also benefit from skill-biased

technical progress, technical change spurred by the increase in the supply of

educated workers will immediately benefit workers with more unobserved skills,

raising within-group inequality”, p. 59. In my model, the increase in nj implies

that, at constant task distribution and supply of skills, workers supplying high

levels of cognitive or noncognitive skills have seen their wage increase relatively

more than workers with low levels of skills because the tasks to which they are

assigned have become relatively more productive, i.e. high skilled cognitive and

noncognitive workers are assigned to tasks closed to 1 or 0 respectively.

The estimation methodology identifies the products ajmj but does not enable

separate identification of mj and aj. This means that, for any given task, we

are able to evaluate the degree of heterogeneity of workers with education j in
equilibrium but cannot identify the degree of heterogeneity of workers in terms

of skills from the degree of heterogeneity of workers in terms of productivity. As

indicated in Figure 12, the degree of heterogeneity of high-school graduates in

equilibrium has first increased in the 60s and 70s and decreased thereafter back

to its 1963 level. In contrast, the degree of heterogeneity of college graduates

as decreased throughout the 60s and 70s and leveled off thereafter. Since the

supply of college graduates increased in the last 4 decades and especially in the

60s and 70s, one expects aj, the degree of heterogeneity of college graduates in

terms of skills, to have increased. The decrease in a2m2 is therefore probably due

to a decrease in the degree of heterogeneity between college graduates in terms

of productivity, m2.

The evolution of the distribution of tasks over time

Since we have estimated parameters dj for each cross-section, we have 42

tasks distributions to compare. In order to present the results succinctly, I plot

four summary statistics of the distribution of tasks over time in Figure 13. The

figure clearly indicates that although the mean and skewness of the distribution
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of tasks have not changed over time, the distribution of tasks has become more

concentrated around its mean as indicated by the downward sloping smooth lines

for the variance and kurtosis. This feature seems to be in sharp contrast with the

hypothesis of job polarization42 of the US labor market put forward by Levy and

Murnane (1996), Autor et al. (2003) and Autor et al. (2006). The argument is

that new technologies have replaced labor in cognitive and manual routine tasks

generally held by ‘middle skilled/wage’ workers but not in non-routine tasks either

cognitive held by high skilled/wage workers or manual held by low skilled/wage

workers leading to job polarization. The main difficulty in evaluating how new

technologies have affected employment in the various occupations is that the

panel of occupations in the economy is itself affected by new technologies. One

should bear in mind that while Levy and Murnane (1996), Autor et al. (2003)

and Autor et al. (2006) look at changes in employment in fixed jobs titles, the

evidence shown in this paper refers to a continuum of tasks that changes from year

to year. Each year tasks are ranked by decreasing wages of high-school graduates

and increasing wages of college graduates. Suppose that, in 1963, we attach a

job title to each of the tasks in the continuum v. This means that through the

effect of technological and organizational changes, the 2000 ordering of the job

titles will be significantly different than the initial 1963 ordering. For instance,

in 1963, task v = 0 may be carpenter whereas in 2000 task v = 0 may be NBA

basketball player. Moreover some occupations might have disappeared whereas

new occupations have been created.

6 Conclusion
This paper presented a general equilibrium assignment model that acknowledges

the multidimensionality of skills. The key feature of this model is that two types

of assignment occur. The first type of assignment is workers’s educational self-

selection, the second is firms’ assignment of workers to tasks/machines. The

structure of the model enables us to link endogenous human capital formation

in a multi-skill framework to technological and organizational changes (changes

in the shape of the production function but also changes in the distribution of

tasks/machines) and therefore offers a convenient framework to analyze the wage

structure within and between skills groups of workers and changes resulting from

technological and organizational changes.

A family of closed form solutions of the model is provided when tasks are

distributed according to the Beta distribution and the output production function

is of the direct addilog form, a special case of which is the well-known and broadly

used CES form. A methodology to estimate the structural parameters of the

model was presented. Estimation, using the CPS March supplements from 1964

42The terminology “job polarization” is due to Goos and Manning (2006) that studied occu-

pational employment changes in the UK.

39



to 2005, enabled us to reproduce accurately the US wage structure i) in each cross-

section, notably the tremendous overlap of the earnings distribution of high-school

and college graduates and ii) over time, notably the evolution of wage inequality

both within and between education and the differential behavior of returns to

schooling and residual inequality during the 60s and 70s.

Estimates indicated that, holding the task and skills constant in both groups

of workers, wages of college graduates have increased in average by 3.4 percent

relative to high-school graduates. This differential increase is strikingly of the

same magnitude as the estimated growth in the relative demand for college grad-

uates reported in the literature, i.e. 3.3 percent per year as reported by Katz and

Murphy (1992) or 3.6 percent as reported by Heckman et al. (1998) when con-

trolling for heterogeneity and endogenous human capital formation. Moreover,

as indicated in Figure 9, both slopes increase steadily over time and there is no

evidence for an acceleration of the growth rate of the relative demand for college

graduates in the 80s, as argued by Acemoglu (2002) and Krusell et al. (2000)

among others.

The model explains the differential behavior of wage inequality between and

within education by a flattening of the overall degree of heterogeneity of high-

school graduates at the end of the 70s (1978). Within wage inequality increased

for both college and high school graduates throughout the 60s, 70s and 80s as

the overall degree of heterogeneity between workers increased for both college

and high school graduates. The skill premium decreased through the 60s and

70s because the net effect of the increase in the efficiency units and the increase

in the overall degree of heterogeneity was larger for high-school graduates than

for college graduates. The skill premium started to increase sharply in the 80s

and 90s because the increase in the overall degree of heterogeneity of high school

graduates drops at the end of the 70s and is not able to compensate for the large

increases in the efficiency units of college graduates anymore.

Increases in the overall degree of heterogeneity in both educational groups are

merely due to increases in the degree of heterogeneity of the tasks these groups

of workers perform in terms of productivity. This implies that, at constant task

distribution and supply of skills, workers supplying high levels of cognitive or

noncognitive skills have seen their wage increase more than workers with low

levels of skills because the tasks to which they are assigned have become more

productive.
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Table 1: Review of Assignment models and their characteristics.

Models:
Author

Y ear

Roy

1951

∗ T inbergen

1956
Rosen

1974
Sattinger

1975
Rosen

1978
Sattinger

1979;1993
T eulings

1995
T eulings

2005
T his paper

Characteristics

Heterogeneity and skills

Workers Yes Yes Yes Yes Discrete Yes Yes Yes Yes

Jobs Discrete Yes Yes Yes Yes Yes Yes Yes Yes

Multi-skill Yes Yes No No Yes No No No Yes

Human capital formation

Endogenous Yes No No No No No No No Yes

Assignment forces1 CA Pref. CA CA CA DR AA and CA AA and CA CA and DR

Equilibrium and solution

General/Partial Partial General General General Partial General General General General

Closed form solutions _ Yes No No _ Yes Yes Yes Yes

Structure of substitution

Between jobs Unknown Unknown Unknown Unknown _ Unknown CES Leontief

Between skills Unknown Unknown Unknown Unknown CES Unknown DIDES DIDES CES

∗ Reference to Willis and Rosen’s (1979) application of Roy’s model.
1CA is Comparative Advantage, Pref. is Preferences, DR is Differential Rents and AA is Absolute Advantage.
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Figure 1: Educational self-selection leads to hierarchical sorting under linearity of relative wage functions but not under

concavity.
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Figure 2: Tasks assignment.
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Figure 3: Kernel density of log real weekly earnings for College and High-school graduates. (White males aged between

30 and 35 working full time full weeks).
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Table 2: Minimum wage and top codes in CPS March supplements.

Minimum Minimum Labor Topcode

wageb wagec productivityd Wages and Longest

Yeara Salaries Job

1963 50 256.4 36,397 50,000 _

1964 50 253.2 37,685 50,000 _

1965 50 249.2 39,144 50,000 _

1966 50 242.0 40,485 50,000 _

1967 56 263.2 40,543 50,000 _

1968 64 288.4 41,623 50,000 _

1969 64 273.6 41,878 50,000 _

1970 64 258.8 41,716 50,000 _

1971 64 248.0 42,951 50,000 _

1972 64 240.4 43,932 50,000 _

1973 64 226.0 44,980 50,000 _

1974 80 254.8 43,933 50,000 _

1975 84 244.8 44,343 50,000 _

1976 92 253.6 45,232 50,000 _

1977 92 238.0 45,684 50,000 _

1978 106 255.2 46,255 50,000 _

1979 116 250.8 46,417 50,000 _

1980 124 236.0 46,087 50,000 _

1981 134 231.2 46,725 75,000 _

1982 134 218.0 46,197 75,000 _

1983 134 211.2 47,662 75,000 _

Minimum Minimum Labor Topcode

wageb wagec productivityd Wages and Longest

Yeara Salaries Job

1984 134 202.4 49,091 99,999 _

1985 134 195.2 50,109 99,999 _

1986 134 192.0 50,707 99,999 _

1987 134 185.2 51,114 99,999 99,999

1988 134 177.6 52,093 99,999 99,999

1989 134 169.6 52,874 99,999 99,999

1990 152 182.4 53,238 99,999 99,999

1991 170 196.0 53,647 99,999 99,999

1992 170 190.0 55,145 99,999 99,999

1993 170 184.4 55,869 99,999 99,999

1994 170 180.0 56,857 99,999 99,999

1995 170 175.2 57,477 25,000 150,000

1996 190 190.0 58,794 25,000 150,000

1997 206 201.2 60,122 25,000 150,000

1998 206 198.4 61,746 25,000 150,000

1999 206 194.0 63,540 25,000 150,000

2000 206 187.6 64,258 25,000 150,000

2001 206 182.4 64,717 25,000 150,000

2002 206 179.6 66,125 35,000 200,000

2003 206 175.6 67,515 35,000 200,000

2004 206 171.2 69,748 35,000 200,000
aYear t corresponds to CPS March supplement t + 1.
bWeekly minimum wage (40 hours-week) in current prices. Source: US, Department of Labor.
cWeekly minimum wage (40 hours-week) in 1996 dollars. Adjusted for inflation using the CPI-U

(Consumer Price Index for All Urban Consumers). Source: US, Department of Labor
dReal GDP per person employed (1996 US dollars). Source: BLS

























<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


