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Abstract. This paper studies Bayesian equilibrium in a worker
�rm matching problem in which workers choose their human capi-
tal investment and �rms choose wages before the matching process
occurs. Symmetric equilibrium exists, and supports assortative
matching. However, when the number of traders is large, low types
tend to invest too much, while higher types invest in a way that is
bilaterally e�cient. In this sense the upper end of the market be-
haves in a manner that is similar to the way they would behave in
a competitive (hedonic) equilibrium. The lower end of the market,
however, does not. All types end up investing more and being paid
higher wages than they are in a simple hedonic equilibrium. In the
limit, the Bayesian game supports and outcome that looks like a
Truncated Hedonic Equilibrium as described in Peters (2006).

1. Introduction

This paper considers a matching problem with two sided investments.
This means that traders on both sides of the market choose character-
istics that are costly to them in order to in
uence the quality of the
partner with whom they ultimately match. There are a couple of recent
papers that illustrate why investment in problems like this remains in-
e�cient in equilibrium even when the number of traders on each side
of the market is very large. Peters (2004) examines the case inwhich
utility isn't transferable post match and shows that both sides ofthe
market tend to over invest. Felli and Roberts (2000) study an environ-
ment with transferable utility and show that ine�ciency persist s with
large numbers of traders, though in their case the ine�ciency is of the
kind usually associated with the holdup problem, i.e., traderstend to
under invest. This is in sharp contrast to competitive models ofthe
two sided investment problem, where e�ciency is guaranteed (Peters
and Siow (2002) or Han (2002)).
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This paper involves a generalization of the argument in Peters (2004),
which presents the basic over investment argument. However, it is re-
stricted to an environment in which all traders on the same side of
the market have the same preferences. As such, it permits only very
limited distributions of investment, and in particular, makes it di�-
cult to address the relationship between non-cooperative equilibrium
and hedonic (fully competitive) equilibrium. The arguments in this
paper borrow from that paper, but are designed to address this rela-
tionship. Investments are �rst determined by Bayesian equilibrium in
a game in which traders' preferences are randomly drawn from known
distributions. In this way, a rich variety of di�erent investments occur
in equilibrium. The 'hedonic' return to di�erent levels of investment
can then be calculated. Sequences of such equilibria are studied as the
number of traders on each side of the market become large in order to
characterize the way the hedonic return changes as traders' strategic
impact on the outcome disappears.

The results are interesting in a number of ways. First, unlike most
problems of this kind that have been studied in the literature, large
numbers alone do not eliminate the ine�ciencies associated with strate-
gic play. In a matching problem, the strategic advantage thatany
player enjoys is limited by the existence of alternative partners who
are very close substitutes. A worker in a labour market can't drop
his investment in education because there is likely to be some other
worker who does have education who can take his place. As the num-
ber of traders grows large, this other worker is likely to be acloser
and closer substitute for him. It is tempting for this reason to jump
immediately to a competitive solution. However, the analysis of the
�nite game illustrates that this is not appropriate. The reason is that
the worst workers and �rms retain their strategic advantage asthe
market becomes large. The logic is explained in Peters (2004). Some
worker will end up with the lowest investment, no matter how large
the market is. However, this worker will still be considerably better
than the any of the workers who never expected to match in the �rst
place. Assortative matching will mean that the �rm with whom this
worker is supposed to match in equilibrium won't be able to compete
away any of the better workers in the market. So if this worst worker
cuts investment, the worst �rm really won't have any alternative but to
hire this worst worker. Since better workers investments are driven up
by the workers below them, this causes investments to fall for higher
types, and the competitive solution must unravel.

The result illustrates one of the di�erences between the competitive
approach to markets and the game theoretic approach. The competitive
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approach simply chooses o� equilibrium payo�s to support the outcome
that it wants to prevail. In a hedonic equilibrium, the worst worker in
the market thinks that if he cuts investment, the wage that he receives
will fall because he will be forced to match with a lower wage �rm.
The non-cooperative analysis simply points out that there will not be
such a �rm. It tries instead to model the o� equilibrium payo�s i n an
economically reasonable way. The pre-match investment problem is a
great example of an environment in which this makes a di�erence.

Finally, the non-cooperative analysis of the pre-match investment
problem provides much more than a critique of competitive theory. The
results below illustrate how the competitive solution can be modi�ed to
account for this change in o� equilibrium payo�s. The theorems below
show how to characterize the limits of Bayesian equilibria when there
are many traders by specifying a pair of strategy rules then checking to
see whether the return that each trader type expects by makinghis best
reply investment is equal to the best reply investment of hishedonic
partner. The hedonic partner of a worker of typey is the �rm of type
� (y) such that the measure of �rms with types better than � (y) is
equal to the measure of workers with types better thany. Strategy
rules that satisfy this condition support allocations that resemble a
truncated hedonic equilibriumas described in Peters (2006).

This limit equilibrium has a number of interesting properties. The
allocation it supports looks very much like a competitive equilibrium
for the best types in the market. They match assortatively, and choose
investments that are bilaterally Pareto optimal. The marketreturn to
investment fully internalizes the externality that leads to the holdup
problem in a bilateral relationship. However, the worst types in the
market behave in a very non-competitive way. Though the Bayesian
equilibrium assures that these low types are assortatively matched, in
the limit, it will appear as if there is a lot of pooling at the lower end
of the market. Many of the lowest types will make nearly the same
investment and be paid nearly the same wage.

However, for most of these types, the investments that they make
will be too large, in the sense that post match, the �rm would have
preferred to pay a lower wage to a worker with a lower level of invest-
ment and the worker would have been more than happy to accept such
a compromise. This prediction about the low end of the market is one
of the testable consequences of this theory. It predicts some thing that
ought to look roughly like a mass point in the distribution of wages and
investments that lies strictly above the minimum wage. For example,
this is consistent with dual peaks in the distribution of human capital
investment at high school and university level.
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It is also possible to make a comparison between the investment and
wage levels that prevail in the limit of Bayesian equilibriumoutcomes,
and those that prevail in a simple competitive equilibrium. Allworker
types invest more and are paid higher wages in the limits of Bayesian
equilibrium than they are in competitive equilibrium.

2. Fundamentals

The market consists ofm �rms and n workers with n > m . Each �rm
has a privately known characteristicx. If is commonly believed that
these are drawn from a distributionF on a closed connected interval
X = [ x; x] � R+ . This characteristic measures the value of worker
investment to the �rm. Firms with higher types have higher marginal
value for worker human capital. Similarly, each worker has atype y
that a�ects his or her investment cost. Again it is assumed that these
are independently drawn from a distributionG on a closed connected
interval Y =

�
y; y

�
� R+ . The distributions F and G are both assumed

to be di�erentiable, with both F 0 and G0 uniformly bounded above.
Each �rm has a single job that it wants to �ll with one worker. Each

worker wants to �ll one job. In order to match, �rm i chooses a wage
wi 2 W � R+ . Each worker j chooses a human capital investment
hj 2 H � R+ . Workers and �rms are then matched assortatively, with
the most skilled worker (the worker with the highesthj ) being hired
by the �rm with the highest wage, and similarly for lower wages and
investments. Ties are resolved by 
ipping coins.1

Payo�s for �rms and workers depend on their characteristic, their
investment or wage, and on the investment or wage of the partnerwith
whom they are eventually matched. The payo� of a �rm who o�ers
wagewi and is matched with a worker of typehj is

(1) v (x j ) hj � wi

where v (x j )is a monotonically increasing function ofx j . The corre-
sponding payo� for a worker whose investment ishj who �nds a job at
wagewi is

(2) wi � c(hj ; yj )

where c is a strictly convex increasing function ofhj . It is assumed
that high types have lower total and marginal costs of supplying h,
so @c

@y < 0 and @2c
@h@y< 0. Furthermore, marginal costs are assumed

1Since attention is focused on symmetric equilibrium in which all traders use
monotonic strategies, ties occur with zero probability. The tie breaking rule isthen
inconsequential.
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to be uniformly bounded in the sense that 0< @c(h j ;yj )
@hj

< B for all
yj 2 Y, all hj 2 H , where B is some �nite positive number. Each
worker must make a minimal investmenth� which we refer to as the
worker's bilateral Nash investmentsince it is the investment that the
worker would make in a bilateral relationship in which the quality of
his partner were certain. It is also assumed there is a minimum wage
w� > 0 that �rms must o�er, and refer to this as the bilateral Nash
wage of �rms.

Firms always match in this model, since they are on the short side
of the market. So a �rm can always guarantee itself a payo� at least
v (x i ) h� � w� by o�ering the minimum wage and matching with the
least quali�ed employable worker (whose investment is always at least
h� . In this sense this payo� is �rm x i 's maximin payo�. Similarly, a
worker has maximin payo� � c(h� ; yj ) since the worst that can happen
when the worker investsh� is that she doesn't match. A pair (wi ; hj ) is
rationalizable for a worker of typeyj and a �rm of type x j if both the
worker and �rm attain at least their maximin payo� in a match wi th
this wage and investment. Say that a wagewi is rationalizable for a
�rm of type x i if there is some type of workeryj and some investmenthj

such that a match between a worker of typeyj and a �rm of type x i in
which investments are equal to (wi ; hj ) is rationalizable. We make the
following assumption about the set of feasible investments and wages.

Condition 2.1. The setsH and W are bounded intervals containing
all rationalizable investments and wages.

To help see the meaning of this restriction, consider the following
diagram:

The indi�erence curves are sets of (hi ; wj ) pairs that hold (1) and (2)
constant. The lines drawn in the diagram are the indi�erence curves
associated with the maximin payo�s of �rms and workers of the highest
type. For example, the straight line is the indi�erence curvefor a �rm
of the highest type (linearity is immediate from (1)) passing through
the maximin point (h� ; w� ). Wage investment pairs that lie between
these two indi�erence curves are rationalizable in a match between the
highest worker and �rm type. Indi�erence curves for lower type work-
ers are steeper, while indi�erence curves for lower �rm typesare 
atter.
The maximin outcomes for lower type workers and �rms are the same
as they are for the highest types. So the set of wage investment pairs
that are rationalizable for lower types are contained within the inter-
section of these two indi�erence curves by the single crossing property
of preferences. Then the set of all rationalizable wages and investments
is contained within the rectangle whose upper boundariesH and W are
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Figure 1. Rationalizable Investments

given by the intersection of these two curves. Condition 2.1 saysthat
this rectangle is contained in the cross product ofH and W.

3. Bayesian Equilibrium

Workers and �rms now simultaneously choose human capital invest-
ments and wages respectively.2 In what follows, h and w refer to strat-
egy rules, ~h and ~w refer to vectors of sizen and m respectively of
realized investments and wages. Similarly ~y and ~x are vectors of re-
alized types for workers and �rms respectively, whileyj and x i refer
to speci�c types. For any vector x 2 Rn , xk:n means thekth lowest
element of the vector.

In what follows, attention is focused on symmetric equilibriumin
which individuals on the same side of the market all use the same
strategy to pick an action. For the moment assume that these strategy
rules are monotonic, so that ties occur with probability 0. Then the
outcome a trader enjoys depends on his or her rank in the distribution
of realized types. Suppose this rank isk, so that k� 1 of the others have

2An alternative and very sensible model would involve workers choosing human
capital in the �rst stage, while �rms compete for realized human capital levels ex
post. The main di�erence would be that in the latter case workers should realize
that their own investments would a�ect the equilibrium of the subgame among
�rms. Since we are mostly interested in large games where this e�ect is small,it
seems sensible to stick the simpler simultaneous game form.
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lower types. Thenk � 1 of the others should have lower investments if
all workers are using the same monotonic strategy.

If k � n � m, then there are at leastm workers with higher rank, and
they will take up all the positions o�ered by the m �rms. Otherwise,
the worker will be matched with the �rm whose rank isk � (n � m),

Let h : Y ! H be the investment strategy used by workers. A
Bayesian equilibrium for the workers' investment game is a strategy
rule h such that h

�
y
�

= h� and for almost everyyj 2 Y,

E
nX

t= n� m

�
n � 1

t

�
Gt (yj ) (1 � G (yj ))

n� 1� t ~wt+1 � (n� m):m � c(h (yj ) ; yj ) �

E
nX

t= n� m

�
n � 1

t

�
Gt (y0) (1 � G (y0))n� 1� t ~wt+1 � (n� m):m � c(h (y0) ; yj )

for every y0 2 H .
The initial condition follows from the fact that if h

�
y
�

> h � , then the
worst worker type could cut investment without a�ecting his rank in
for any array of types of the other workers. Deviations to investments
that are higher than the investment of any other type are unpro�table,
because they are costly but don't increase the average wage the worker
is paid.

Notice that the expectation in each term is over the wages thatare
o�ered by �rms. The binomial probability calculation already takes
care of the expectation across worker types. Fix these expectations
for the moment. Let we

k:m be the expectation of thekth (lowest) order
statistic of �rms wages. The �rst order condition for maximization
yields the di�erential equation

(3) h0(yi ) c0(h (yi ) ; yj ) =
n� 1X

t= n� m


 0(yi ) we
t � (n� m)+1: m

where


 t (yi ) =
�

n � 1
t

�
Gt (yi ) (1 � G (yi ))

n� 1� t

The single crossing condition guarantees that the solution to this dif-
ferential equation with boundary condition yields an equilibrium strat-
egy. The Lipshitz condition is satis�ed by the boundedness assumptions
on the derivative of c.
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A very similar argument works for �rms. The equilibrium condition
is

Ev (x i )
m� 1X

t=0

�
m � 1

t

�
F t (x i ) (1 � F (x i ))

m� 1� t ~ht+( n� m+1): n � w (x i ) �

(4)

Ev (x i )
m� 1X

t=0

�
m � 1

t

�
F t (x0

i ) (1 � F (x0
i ))

m� 1� t ~ht+( n� m+1): n � w (x0
i )

The �rst order conditions for this problem yield the di�erent ial equation

(5) w0(x i ) = v (x i )
m� 1X

t=0

� 0
t (x i ) he

t+( n� m+1): n

where

� t (x i ) =
�

m � 1
t

�
F t (x0

i ) (1 � F (x0
i ))

m� 1� t

and again, he
k is the expectation of thekth lowest order statistic of

workers' investments.

Theorem 3.1. A Bayesian equilibrium(h; w) exists for which bothh
and w are monotonically increasing di�erentiable strategy rules.

The proof follows the method in citeasnounpet04 so we simply outline
the argument. For each pair of vectors (he; we), compute solutions to
(3) and (5). The Lipschitz conditions guarantee that these solutions al-
ways exist. Treating the vector of expected returns as parameters, these
solutions to the di�erential equations (3) and (5) vary (sup norm) con-
tinuously with these parameters. Recompute these expectationsusing
the solutions to (3) and (5). It is straightforward that this new vector
of expectations varies continuously as the original vectorschange. The
existence of a �xed point can then be proved using standard methods.

One way to view the Bayesian equilibrium is as a Bayesian incen-
tive compatible direct mechanism that matches worker investments and
wages. This mechanism traces out a hedonic relationship between in-
vestment and expected wage for workers, and between wage and ex-
pected worker quality for �rms. These relations are given by
(6)

yj 7�!

 

h (yj ) ; E
nX

t= n� m

�
n � 1

t

�
Gt (yj ) (1 � G (yj ))

n� 1� t w
�
~x t+1 � (n� m):m

�
!
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and
(7)

x 7�!

 

Ev (x i )
m� 1X

t=0

�
m � 1

t

�
F t (x i ) (1 � F (x i ))

m� 1� t h
�
~yt+( n� m+1): n

�
; w (x j )

!

For the purposes of this paper, it is these hedonic relationships that
will be of interest. De�ne

ŵ (h0) := E
nX

t= n� m

�
n � 1

t

�
Gt (y0) (1 � G (y0))n� 1� t w

�
~x t+1 � (n� m):m

�

wherey0 is de�ned to be that value foryj such that h (y0) = h0. Similarly
for �rms ĥ (w0) de�nes the hedonic return to a wage o�erw0. Incentive
compatibility of the matching 'mechanism' implies that whena worker
reports type truthfully, it is exactly the same thing as choosing h0 to
maximizeŵ (h0) � c(h0; yj ). This is the interpretation we pursue in the
sequel. The basic idea is to check whether̂h resembles the hedonic
relationship associated with competitive equilibrium.

3.1. Sequences of Equilibria. Index the game by the number of
�rms, m, and suppose that the number of workers is some constant
multiple n = �m for � > 1. By Theorem 3.1, there is for eachm a pair
of monotonic and di�erentiable Bayesian equilibrium strategieswm and
hm . The equilibria, as de�ned above, de�ne hedonic return functions
ŵm (�) and ĥm (�). The equilibrium payo�s of workers and �rms are
given by Um (�) and Vm (�) respectively.

The Bayesian equilibrium provides some very useful structure for
characterizing these objects when the number of workers and �rms is
large. First the equilibrium payo� functions are continuously di�er-
entiable for eachm. Incentive compatibility ensures that U0

m (yj ) =
@c(hm (yj );yj )

@yj
. Since marginal costs and investments are both bounded

above, the family of payo� functions is equi-continuous. Then each
sequenceUm has a pointwise limit that is continuous. In fact, the same
argument can be made for the hedonic return functions, ^wm and ĥm .
At each point in their domains, they are di�erentiable and tangent to
a worker's and �rm's indi�erence curve respectively. Since these in-
di�erence curves all have bounded slopes when wages and investments
are rationalizable, the familyŵm is equi-continuous as is the family of
functions ĥm . So the hedonic return functions which are of primary
interest here, both have continuous limits ^w1 and ĥ1 .

The equilibrium strategies on the other hand, are continuous,di�er-
entiable and strictly increasing for everym from (5) and (3). However,
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the derivatives of these functions are not bounded, so the sequences
hm and wm won't typically have continuous pointwise limits. However,
the set of bounded right continuous non-decreasing functionsfrom one
bounded interval into another is relatively compact, theremust exist
sub-sequences of equilibria such that both sequenceswm and hm con-
verge weakly to a pair of non-decreasing right continuous functions w1

and h1 . In this section, we characterize the functions ^w1 , ĥ1 , w1 and
h1 .

To begin, let y0 satisfy � (1 � G (y0)) = 1. In words, the measure
of the set of buyers whose type is abovey0 is equal to the measure of
the set of sellers. Once the uncertainty associated with other traders
types disappears in the limit, assortative matching should result in
workers whose types are abovey0 being matched with some �rm. Since
worker types belowy0 aren't going to match, they shouldn't invest.
This suggests the �rst result.

Lemma 3.2. h1 (y0) = h� for eachy0 < y 0.

The next Lemma shows that types abovey0 will all make strictly
positive investments, much as the competitive solution says thatthey
will. It is important to see that this sharp distinction betweenworkers
above and belowy0 is a limit phenomena. If the market is very large,
there will be workers who invest betweenh� and h0, though not many
of them. No individual worker is likely to make such an investment
when the market is large. Yet the large market means that there are
enough workers around that at least a few of them will make such an
investment. It is this behavior that supports the equilibrium. A worker
of type y0 has to invest nearh0 because if he starts cutting investment,
he will be surpassed by these rare worker types.

Lemma 3.3. h1 (y0) > h � .

The next Lemma shows that though the equilibrium strategy of a
marginal worker of type y0 involves signi�cant investment, the equi-
librium payo� of this type of player must converge to the payo� from
investing h� . This follows because the equilibrium payo� function must
separate workers whose types are belowy0, who make minimal invest-
ments, from those abovey0 who make signi�cant investments.

Lemma 3.4. ŵ1 (h1 (y0)) � c(h1 (y0) ; y0) = � c(h� ; y0)

3.2. A Shortcut for Characterizing Limits of Bayesian Equi-
librium. The next two theorems provide a simple way to characterize
limits of sequences of Bayesian equilibrium outcomes. The method
makes it possible to construct (limit) payo�s directly from strategy
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rules. These payo�s can then be used to check whether the strategy
rules could qualify as weak limits of sequences of Bayesian equilibrium
strategy rules.

Lemma 3.5. For each y0 � y0, limm!1 ŵm (hm (y0)) � c(hm (y0) ; y0)
is equal tomaxh ŵ1 (h) � c(h; y0).

This Lemma says that if we knew the limit of the return functionthat
the worker faced in the Bayesian equilibrium, the we could reconstruct
the weak limit of his strategy rule by �nding his best outcome onthis
return function. Of course, the limit of the return function is something
that isn't known. The next Lemma deals with this.

Lemma 3.6. ŵ1 (h1 (y0)) = w1 (� (y0)) for eachy0 � y0.

This Lemma makes it possible to construct a limit for the return
function from the limit of the workers' and �rms' strategy rules.

Parallel arguments establish exactly the same results for �rms:

Lemma 3.7. (i) limm!1 v (x) ĥm (wm (x)) � wm (x) = v (x) ĥ1 (w1 (x)) �
w1 (x);
(ii) for each x0 � x, limm!1 v (x0) ĥm (wm (x0)) � wm (x0) is equal to
maxw v (x0) ĥ1 (w) � w;
(iii) ĥ1 (w1 (x0)) = h1 (� � 1 (x0)) for eachx0 � x.

It pays at this point to explain how to use these results. Begin with
a pair of strategy rulesh : Y ! H and w : X ! W. We want to know
whether these rules could possibly be limits of strategies from sequences
of Bayesian equilibrium. From Lemma3.2,h cannot be a weak limit of
a sequence of Bayesian equilibrium strategy rules unlessw (y) = h� for
y < y 0, so suppose thath satis�es this condition. From Lemma 3.6, if
h and w both satisfy the limit condition, then for any h0, if there is a
y0 such that h (y0) = h0, then the expected return to the investmenth0

must be w (x0) where x0 satis�es 1� F (x0) = � (1 � G (y0)). Let ŵ be
the return function de�ned in this way for eachh0 in the range ofh. If
h0 is larger than every investment in the range ofh, de�ne the return
to be w (x), while if h0is less than every investment in the range, de�ne
the return in such a way that the marginal worker is just indi�erent to
making the investment and making the investmenth� . Finally compute
a best replyh1 (y0) = arg max

n
ŵ

�
~h
�

� c
�

~h; y0
�o

. By Lemma 3.5h
can only be the limit of a sequence of Bayesian equilibrium strategy
rules if h = h1.

So far, this condition is not very restrictive. It isn't hard to check that
the investment rule associated with a simple competitive equilibrium
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satis�es this �xed point property, as do a variety of other rules. There
is one other condition that limits of Bayesian equilibrium must satisfy,
and this condition ties down the �nal equilibrium. We turn to that
condition now.

3.3. A Bound on the payo� to the �rm with the lowest quality.
As mentioned above, the worst type of �rm must o�er the minimum
wagew� in equilibrium. This follows from the fact that the worst �rm
could cut his wage without a�ecting his trading partner otherwise. This
requires that

v (x) lim
m!1

ĥm (w� ) � w� = v (x) ĥ1 (w1 (x)) � w1 (x)

It may pay to observe at this point that the pointwise and weak limits
of wm (�) at x are di�erent because of the discontinuity in the limit
strategy function.

The logic that follows is based on an argument in Peters (2004).
When the worst �rm o�ers w� it will be the lowest wage �rm with
probability 1, since the equilibrium strategywm is strictly increasing
for every m. As a consequence, the worst �rm will match with the
worker who has then � m +1 st lowest investment. A bound on the dis-
tribution of this order statistic can be deduced from the market payo�
function. To do this, consider any investmenth0 that lies betweenh�

and h1 (y0). This investment will result in a match with some�rm if
and only if it exceeds then� mth lowest order statistic of the investment
of the other n � 1 workers. Let Prm

n
~hn� m:n� 1 � h0

o
be the probabil-

ity with which this order statistic is less than h0. For a proof that
this distribution function converges weakly to the distribution function
Prm

n
~hn� m+1: n � h0

o
, the reader is referred to Peters (2004).

Then ŵm (h0) = Pr m

n
~hn� m:n� 1 � h0

o
W m whereW m is the expected

wage the worker receives conditional on �nding a job. The function
hm (y) is continuous and monotonically increasing. So for any invest-
ment h0, there is a unique worker typeym such that hm (ym ) = h0. As
hm converges pointwise toh� for every worker type belowy0, ym ! y0

as m becomes large. The worker �nds a job if and only ifn � m or
more of the other workers have types less thanym . Let Qk (ym ) be the
probability that n � m + k of the other workers have types belowym

conditional on at least n � m other workers having types belowym .
Then by de�nition

W m (ym ) =
mX

k=0

Qk (ym ) E ~wk:m
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The probability Qk (ym ) is given by


 n� m+ t (ym )
P m� 1

k=0 
 n� m+ k (ym )

where, as above,
 k (ym ) is the probability that exactly k of the other
workers have types belowym . As n � m + t is always at least as large
asG (tm ) (n � 1), by standard properties of the binomial
 n� m+ t (y0) �

 n� m+ t (ym ) whenever y0 > y m . The cumulative distribution associ-
ated with Qk (y0) must then �rst order stochastically dominate the
cumulative distribution associated with Qk (ym ) for y0 > y m .3 Since
the expected wage received by the worker is an increasing function of
the number of workers whose types are less than his, it must be that
W m (ym ) � W m (y0) for y0 > y m . Now take y0 > y 0. By Lemma 5.1,
a worker of type y0 �nds a job with probability 1 in the limit. So the
wage conditional on �nding a job must be equal to the unconditional
expected wage such a worker receives. In the limit, this wage isat least
w1 (x).

From this we conclude that

lim
m!1

ŵm (h0) � lim
m!1

Pr
n

~hn� m:n� 1 � h0
o

w1 (x)

Now the function ŵ1 (h0) coincides with the marginal worker's in-
di�erence curve through (h� ; 0). So the function ŵ1 (h0)

w1 (x) de�nes a strictly
increasing distribution function which stochastically dominates the weak
limit of the distribution function Pr

n
~hn� m:n� 1 � h0

o
.

Returning to the question at hand, this makes it possible to impose
an upper bound on the payo� to the lowest �rm type. This leads to
the �rst result:

Theorem 3.8. ĥ1 (w� ) �
Rĥ1 (y0 )

h� h0dŵ(h0)
w1 (x) .

To make use of this, we need to impose some restriction on prefer-
ences. Letw0 = ( c(h0; y0) � c(h� ; y0)) be the indi�erence curve for a
worker of type y0 which passes through the worker's min max outcome
(h� ; 0). Let (he; we) be the pair that maximizes the worst �rm's payo�
v (x) h0 � w0 subject to the condition that the pair (h0; w0) lies on this
indi�erence curve. Assume that

3The probability with which k or fewer bidders have types less thanym condi-
tional on trade is given by

P k
t =0 
 n � m + t (ym )

P m � 1
t =0 
 n � m + t (ym )

:

From this expression, the numerator must increase by less than the denominator
when ym rises to y0.
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(h(he); w� )

heh�

w�

we

h

w

(c(h0) � c(h� ))( a � y0)g
h0

(c(he) � c(h� ))( a � y0)g
Figure 2. Condition 3.9

Condition 3.9. Let h (h0) �
Rh0

h�
~h

c0(~h)(a� y0 )

(c(he)� c(h� ))( a� y0 ) d
~h. Then v (x) h (he)�

w� < v (x) he � we.
The condition is illustrated in the following diagram:
Notice that the indi�erence curve for the worker of typey0 betweenh�

and he traces out a nice convex distribution function when normalized
by (c(he; y0) � c(h� ; y0)). The condition says to take this distribution
function and compute the mean investment level that it implies, pair
this with the minimum wage w� , to get a point that should lie to the
left of the indi�erence curve the worst �rm attains at the point ( he; we).
Note that as the picture is drawn, this condition holds independent of
the minimum wage. The picture is designed to look plausible. Whether
the condition holds or not depends entirely on preferences. There are
lots of preferences for which it will hold, and also some where it won't.

The role the condition plays is to ensure that it is not possible to
support an equilibrium in which the worst �rm and the worst worker
who actually match use actions (he; we).

An immediate corollary Theorem 3.8 given this condition is

Theorem 3.10. h1 (y0) > h e; and w1 (x) > w e.

The Figure below summarizes the results so far.
We begin with a pair of functionsw1 and h1 . Suppose these func-

tions satisfy the conditionsh1 (y0) = h0 and w1 (x) = w0, where h0

and w0 have been labelled in the diagram. From Lemma 3.4, the payo�
14



w � c(h; y0) = � c(h� ; y0)

hh�

w

w� O

h0

w0
P

P0

he

function ŵ1 (�) for workers betweenh� and h0 is given by the indi�er-
ence curve of a worker of typey0. The payo� function ĥ1 (�) for �rms
is given by the iso-pro�t curve of a �rm of type x for wages betweenw�

and w0. Otherwise, the payo� for workers is given by the wage o�ered
by their hedonic partner, and similarly for �rms. The piecewisedi�er-
entiable curve that starts at h� on the horizontal axis, then rises to the
point P, where it kinks then rises some more to the pointP0 assembles
these two segments into a complete return function for workers.Every
worker type picks the point on this locus that it most prefers. The
marginal worker type chooses (h0; w0). Lower types choose not to in-
vest because their indi�erence curves are steeper. Higher typeschoose
points like the tangency of the dashed curve to the line segmentPP0.

A similar concatenation of the payo� function for �rms yields the
curve that runs from O to P, then kinks and follows the curvePP0.
All �rms choose points on the segmentPP0. The tangency is given for
one �rm type.

Theorem 3.10 shows that the point (h0; w0) has to lie to the right of
the bilaterally e�cient point at investment level he where the lowest
type �rm's iso-pro�t curve is tangent to the indi�erence curv e for the
worker of type y0. This ensures a number of things. The �rst is that
the payo� functions for �rms and workers don't coincide at wages and
investments below the point (h0; w0). A worker of who investsh0 in this
interval expects a returnw0. However a �rm who o�ers w0 can't hope
to attract a worker whose investment is as high ash0. In this sense, the
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hedonic relationship between human capital and wage breaks down at
low wages and investments.

Second, as the limits of workers and �rms Bayesian equilibrium
strategies can be found by locating the tangencies of their indi�erence
curves to the limit payo� functions, there are going to be manyworker
types who make the investmenth0in the limit, and many �rm types
who o�er the wagew0. This follows from Lemma 3.5. In other words,
there will be pooling at low wages and investments. From Lemma 3.6,
these pools will have the same measure.

Finally, it is worth it to remark that in a fully hedonic or com petitive
equilibrium the outcome will be Pareto optimal for all matched types.
Then the wage investment pair for a worker of typey0 matched with a
�rm of type x will involve the e�cient investment he as marked in the
Figure. This shows that the investments and wages of this pair are too
high in the limit of Bayesian equilibrium. It isn't hard to extend this to
show that wages and investments are higher for all types in the limits of
Bayesian equilibrium than they are in a fully competitive equilibrium.

4. Conclusion

The paper shows the following things:

(1) The hedonic return functionsĥ and ŵ converge to continuous
functions that 'agree' with one another for investments and
wages that lie above the support of the equilibrium distribu-
tions. Agreement means that the wage that a worker expects
to receive for a speci�c investmenth0 coincides with the wage
that �rms think they have to o�er to attract a partner of quali ty
h0;

(2) The hedonic return functions below the support of the equilib-
rium distributions diverge from each other;

(3) The lowest types of workers and �rms pool together at low
investment and wage levels. These investments are too high in
the sense that a low type worker and �rm who are matched
together will joint prefer a lower investment wage combination
than that which they are provided in equilibrium;

(4) The highest types of workers and �rms match, make and invest-
ments and pay wages that are bilaterally e�cient. In this sense
they resemble the wages and investments that would prevail in
a standard competitive equilibrium;

(5) Finally, as a technical contribution, the limit return functions
can be partially characterized by the following condition:the
best reply functions associated with these limit payo� functions
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must have the property that the wage a worker expects to re-
ceive coincides with the best reply wage of his hedonic part-
ner. Furthermore, the lowest wage and investment that occur
in equilibrium must be strictly larger than the wage investment
pair that is bilaterally e�cient for the worst worker �rm pair
who match.

These properties are combined in a equilibrium concept for a contin-
uum matching game in Peters (2006). There it is shown that limit
investments all exceed those that prevail in a competitive equilibrium.

5. Appendix - Proofs

Lemma 5.1. Let y < y a < y and y < y b < y. The probability
that the number of other workers whose types are at leastya exceeds
n (1 � G (yb)) converges to one ifyb > y a and converges to zero if
yb < y a. Similarly, the probability that the number of �rms whose types
are at leastxa exceedsm (1 � F (xb)) converges to one ifxb > x aand
converges to zero ifxb < x a.

Proof. The number of then � 1 workers whose type exceedsya is a ran-
dom variable with mean (n � 1) (1 � G (ya)) and variance (n � 1) G (ya) (1 � G (ya)).
As n grows large, this random variable becomes approximately normal
in the sense that for anyx, the probability that the number of work-
ers whose type exceedsy exceedsx converges to the probability that
a standard normal random variable exceeds x� (n� 1)(1 � G(ya ))p

(n� 1)G(ya )(1 � G(ya ))
. Eval-

uating this for x = n (1 � G (yb)), and replacing n � 1 by n veri�es
that the probability that the number of workers whose type exceedsy
is greater thanm converges to the probability that a standard normal
random variable exceeds

n (1 � G (yb)) � n (1 � G (ya))
p

nG (ya) (1 � G (ya))
=

p
n

G (ya) � G (yb)p
G (ya) (1 � G (ya))

which goes to minus in�nity when ya < y b and plus in�nity when
ya > y b. The probability then converges to one in the �rst case and
zero in the second. The proof is identical for �rms. �

5.1. Proof of Lemma 3.2.

Proof. The equilibrium strategies are monotonically increasing. Soa
worker of type y0 < y 0 will �nd a job only if the number of other
workers who have types abovey0 is less thanm = n (1 � G (y0)). Let
ya = y0 and yb = y0 and apply Lemma 5.1 to conclude that the the
probability that the number of other workers whose types exceed y0 is
at least m = n (1 � G (y)) converges to one withm. It follows that a
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worker of type y0 matches with very low probability whenm is large,
and thus can't pro�tably invest more than h� in the limit. �

5.2. Proof of Lemma 3.3.

Proof. Let yj > y 0 and suppose thath1 (yj ) = hj . Let h0be any in-
vestment that exceedshj . Since hm (�) converges weakly toh1 (�),
hm (yj ) < h 0 for m large enough and the probability that the invest-
ment h0 will fail to match with some �rm is equal to the probability
that the number of other workers who invest more thanh0 is larger than
m. By the monotonicity of equilibrium strategies, this probability is
at least as large as the probability that at leastm = n (1 � G (y0)) of
the other workers have types as large asyj . Let ya = yj and yb = y0

and apply Lemma 5.1, this converges to zero asn and m go to in�nity.
Since every �rm o�ers wage at leastw� , the investment h0 then yields
limit payo� at least as large asw� � c(h0; yj ).

Now suppose thatw� � c(h0; y0) > � c(h� ; y0). Then by continuity
the same is true foryk < y 0 provided yk is close enough toy0. This
contradicts Lemma 3.2, since each worker of typeyk < y 0 must invest
close toh� when n and m are large. Hencew� � c(h0; y0) � � c(h� ; y0)
for eachh0 > h j � h1 (yj ). By continuity,

w� � c(h1 (y0) ; y0) � � c(h� ; y0)

It follows from this that h1 (y0) > h � . �

5.3. Proof of Lemma 3.4.

Proof. If ŵ1 (h1 (y0)) � c(h1 (y0) ; y0) > � c(h� ; y0), then for some
y0 < y 0 and m large enough,

ŵm (h1 (y0)) � c(h1 (y0; y0)) > � c(h� ; y0)

The equilibrium payo� of a worker of type y0 is given by

ŵm (hm (y0)) � c(hm (y0) ; y0)

By Lemma 3.2 and the continuity of the utility function, this converges
to � c(h� ; y0). As a consequence, a pro�table deviation must exist for
worker y0 for large enoughm, a contradiction.

Similarly, if ŵ1 (h1 (y0)) � c(h1 (y0) ; y0) < � c(h� ; y0), a worker of
type y0 > y 0 must �nd it pro�table for large enough m to cut investment
to h� . �
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5.4. Proof of Lemma 3.5.

Proof. If the latter term is larger, there is immediately a pro�table
deviation from hm (y0) when m is large enough. If the former term is
larger, let h = lim m!1 hm (y0). From the contrary hypothesis, there is
somem0 large enough so that

ŵm0 (hm0 (y0)) � c(hm (y0) ; y0) > max
h

ŵ1 (h) � c(h; y0) + �

for eachm0 > m 0. Since the family of functionsŵm is equi-continuous,
there is for every� 0 > 0 a � > 0 such that jh � h0j < � implies that
jŵm (h) � ŵm (h0)j < � 0 for all m. Find � such that

�
�ŵm (h0) � c(h0; y0) �

�
ŵm

�
h

�
� c

�
h; y0

�� �
� < �

for all m when
�
�h0 � h

�
� < � . Then choosem0 for large enough so that�

�hm (y0) � h
�
� < � . Then for all m0 > m 0.

ŵm0

�
h

�
� c

�
h; y0

�
> max

h
ŵ1 (h) � c(h; y0)

Taking the pointwise limit gives a contradiction. �

The next theorem provides the 'hedonic' part of the limit outcome.
Let y0 � y0 and � (y0) = f x : 1 � F (� (y0)) = � (1 � G (y0))g. The �rm
type � (y0) is the 'hedonic partner' of a worker of typey0, i.e., it is the
�rm type such that the measure of the set of �rms who have larger
types than � (y0) is equal to the measure of the set of workers who have
better types than y0. By de�nition, � (y0) = x.

5.5. Proof of Lemma 3.6.

Proof. In equilibrium, both workers and �rms use monotonically in-
creasing strategies. So thekth lowest worker type will match with the
k � (n � m)th lowest �rm type. For any y0 � y0, let x0 > � (y0). The
probability with which a worker of type y matches with a �rm of type
x0or better is equal to the probability with which the number of�rms
whose type is at leastx0 exceed the number of workers whose type is at
least y0. Let � (y0) < x 00< x 0. By Lemma 5.1, the probability that the
number of �rms with types above x0 exceedsm (1 � F (x00))converges
to zero with m. On the other hand the probability that the number of
workers with types abovey0exceedsm (1 � F (x00)) = n (1 � G (� (y00)))
converges to 1 by Lemma 5.1, where� (y00) = x00. Hence, for any
x0 > � (y0), the probability with which a worker of type y0 matches
with a �rm whose type is x0 or above converges to zero. A similar
argument establishes that the probability that a worker matches with
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a �rm whose type is less than� (y0) also converges to zero (or is zero
if y0 = y0 because� (y0) = x).

The functionsh1 and w1 are both non-decreasing. So they are both
continuous except at countably many points. Then in any open interval
to the right of y0 and x0 > � (y0), there are pointsy00and x00> � (y00)
such that h1 is continuous at y00 and w1 is continuous at x00. By
weak convergence, limm!1 wm (x00) = w1 (x00) and limm!1 hm (y00) =
h1 (y00). As x00> � (y00), by the reasoning in the previous paragraph,

lim
m!1

ŵm (hm (y00)) � c(hm (y00) ; y00) < lim
m!1

wm (x00) � c(hm (y00) ; y00)

= w1 (x00) � c(h1 (y00) ; y00)
The limit on the left hand side is a continuous function of type. Since
h1 and w1 are both right continuous, we have

lim
m!1

ŵm (hm (y0)) � c(hm (y0) ; y0) � w1 (� (y0)) � c(h1 (y0) ; y0)

Let h00 > h 1 (y0). h1 is a weak limit of a sequence of increasing
continuous functionshm . Then it is right continuous. As a result, there
must exist an open intervalI +

h00(y0) such for everyy00 in the interval,
y00> y 0 and h00> h m (y00) for in�nitely many m. A worker who invests
h00will match as if his type were better thany00 . By the reasoning
of the previous paragraph, this means that investmenth00will lead to a
match with a �rm whose type is at least� (y00) > � (y0) with probability
converging to one withm. Sincew1 is non-decreasing, it can have at
most countably many points at which it is discontinuous. Hence for any
h00it is possible to choosey00such that w1 (�) is continuous at the point
� (y00). Sincew1 is the weak limit of the sequence of functionswm and
w1 is continuous at � (y00), w1 (� (y00)) is also the pointwise limit of
wm (� (y00)). Then the payo� to the investment h00must be converging
to something at least as large asu (h00) (a � y0) + w1 (� (y00)). Since
I +

h000(y0) � I +
h00(y0) when h000< h 00, we can choose a decreasing sequence

(h00
n ; y00

n ) converging to (h1 (y0) ; y0) for which this inequality holds, it
follows by the right continuity of w1 that

lim
m!1

ŵm (hm (y0)) � c(hm (y0) ; y0) � u (h1 (y0)) ( a � y0) + w1 (� (y0)) :

Putting these two arguments together gives

lim
m!1

ŵm (hm (y0)) = w1 (� (y0))

From the fact that h1 has only countably many discontinuities, there is
for everyy0a y00> y 0arbitrarily close to y0such that h1 (�) is continuous
at y00. Hence limm!1 hm (y00) = h1 (y00). Now using equi-continuity of

the family ŵm , for any � , there is a� such that
�
�
�ŵm

�
~h
�

� ŵm (h1 (y00))
�
�
� <
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� for everym provided
�
�
�~h � h1 (y00)

�
�
� < � . Choosem0such that jhm (y00) � h1 (y00)j <

� . It follows that from m bigger thanm0 jŵm (hm (y00)) � ŵm (h1 (y00)) j <
� . So limm!1 ŵm (hm (y00)) = ŵ1 (h1 (y00)). The result then follows
from the fact that the limit on the left (equilibrium payo�) i s a con-
tinuous function of type, ŵ1 is continuous, andh1 (y) is right contin-
uous. �
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