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Abstract

This paper proposes the solution concept of interim correlated rationalizability, and shows

that all types that have the same hierarchies of beliefs have the same set of interim correlated

rationalizable outcomes. This solution concept characterizes common knowledge of rational-

ity in the universal type space. JEL Classi�cation and keywords: C70, C72, rationalizability,

incomplete information, common knowledge, universal type space.



1 Introduction

Harsanyi (1967-8) proposes solving games of incomplete information using type spaces,

and Mertens and Zamir (1985) show how to construct a universal type space, into which

all other type spaces (satisfying certain technical regularity assumptions) can be mapped.

However, type spaces may allow for more correlation than is captured in the belief hierarchies,

so identifying types that have identical hierarchies may lead to a loss of information, and

solution concepts can di�er when applied to two di�erent type spaces even if the type spaces

are mapped into the same subset of the universal type space.1 In response, this paper

proposes the solution concept of interim correlated rationalizability.

We show that the concept is well-de�ned, that its iterative and �xed-point de�nitions

coincide, and that any two types with the same hierarchy of beliefs have the same interim-

correlated-rationalizable actions, regardless of whether they reside in the same type space.

Thus this is a solution concept that can be characterized by working with the universal

type space.2 We also show that the solution concept has similar properties to its complete-

information counterpart. First, in claim 1, we note that the process of iterative elimination

of interim strictly dominated strategies yields the same solution. Second, proposition 2

shows that interim correlated rationalizability is characterized by common knowledge of

rationality. Third, we extend a result of Brandenburger and Dekel (1987). They showed

that the set of actions that survive iterated deletion of strictly dominated strategies in a

complete information game is equal to the set of actions that could be played in a subjective

correlated equilibrium; remark 2 reports a straightforward extension of Brandenburger and

Dekel's observation to games with incomplete information.

We now sketch the main constructs in the paper. Fix a type space, where players have

beliefs and higher order beliefs about some payo�-relevant state space �. A game consists

of payo� functions mapping from action pro�les and � to the real line. Our focus is on

the concept of interim correlated rationalizability, but we also de�ne the concept of interim

independent rationalizability; we use comparisons between the two concepts to help explain

1See Bergemann and Morris (2005) and Battigalli and Siniscalchi (2003) for a discussion of this issue.
2We use the concept of interim correlated rationalizability in our study of topologies on the universal type

space (Dekel, Fudenberg and Morris (2006)). For that purpose, it is important to know that the solution

concept depends only on hierarchies of beliefs (and not on other, "redundant," elements of the type space),

as we establish here.
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and motivate the correlated version. These two solution concepts are incomplete-information

analogs of the complete-information concepts of correlated rationalizability and independent

rationalizability, and reduce to them when � is a singleton. To understand these concepts,

recall that all rationalizability notions involve iteratively deleting every action that is not a

best reply to some player's beliefs, where at each stage of the deletion the beliefs are restricted

to assign positive probability only to actions that have not yet been deleted. Our de�nitions

of interim rationalizability iteratively delete actions for all types that are not best replies to

some joint distribution on actions and states that is consistent with the beliefs of each type

of each player about � and the other players' types, and with the restrictions on conjectures

about the opponents' actions that were obtained at earlier stages of the iteration. In the

case of independent interim rationalizability, the joint distributions considered possible by

a player of type t are given by combining (independent) conjectures of strategy pro�les for

each opponent's types, with that type t's beliefs over opponents' types and over �. In the

case of correlated interim rationalizability, t's beliefs over types and � are combined with

any, perhaps correlated, conditional conjectures about which (surviving) actions are played

at a given type pro�le and payo� relevant state. In this latter de�nition, a type's beliefs

allow for correlation among the payo�-relevant state and other players' actions.3

Much work in this paper is devoted to establishing that our results hold on general type

spaces. This generality is important for evaluating the claim that all types that map to the

same point in the universal type space have the same set of interim-correlated-rationalizable

outcomes, so that interim correlated rationalizability can be analyzed using the universal

type space.

However, working on general type spaces introduces a number of technical complications,

starting with the question of what sorts of type spaces to consider (we use the non-topological

de�nition of Heifetz and Samet (1998)) and proceeding to the question of whether the set of

best responses is measurable, whether trans�nite induction is required to equate the iterative

and �xed-point de�nitions of rationalizability, and so on. These issues are important for a

general analysis, but they seem to shed little light on either the motivation for the de�nition

3In the complete-information case, independent and correlated rationalizability are equivalent when there

are two players but not necessarily with three or more players. We will see that with incomplete information,

interim independent and correlated rationalizability may di�er even in the two-person case, because of the

possible correlation in a player's conjecture between the opponent's actions and the payo�-relevant state.
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of interim correlated rationalizability or its invariance property. For this reason we restrict

attention to �nite type spaces in the �rst part of the paper, which allows us to give less

technical de�nitions and statements of some of our results. We then proceed to the more

general analysis.

We now consider an example to illustrate some of these ideas. The example illustrates

our conclusion that this concept corresponds to common knowledge of rationality and that

it depends only on the types (hierarchies of beliefs) and not on other (redundant) aspects

of the type space, and that the latter independence is not true for interim independent

rationalizability. It also emphasizes the form of correlation allowed by our main concept; a

more detailed discussion of this correlation appears in subsection 3.2.

Example 1 (The E�ect of Correlation with Nature) Consider the following two-player

game with incomplete information, �. Player 1 chooses the row, player 2 chooses the column

and Nature chooses whether payo�s are given by the left hand matrix (in state �) or the right

hand matrix (in state �0).

� L R

U 1; 0 0; 0

D 3
5
; 0 3

5
; 0

�0 L R

U 0; 0 1; 0

D 3
5
; 0 3

5
; 0

We assume that each player believes that each state is equally likely, and that this is common

knowledge.4 Clearly, either action is rational for player 2; as she is indi�erent between all

actions. Now suppose that player 1 believes that with probability 1
2
, the true state will be �

and player 2 will choose L, and with probability 1
2
, the true state will be �0 and player 2 will

choose R. This belief makes U optimal for player 1. As we will see in section 3.4, this means

that U is consistent with common knowledge of rationality.

Every action is also consistent with correlated interim rationalizability. To illustrate this

we consider two type spaces that capture the same assumptions as above about players' higher-

order beliefs. In type space T , each player i = 1; 2 has two possible types, Ti = ft0i; t00i g and
4Formally, this means that the event that each player assigns equal probability to the states is common

knowledge, as de�ned in section 3.4.
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beliefs are generated by the following common prior over T1 � T2 � f�; �0g:

� t02 t002

t01
1
6

1
12

t001
1
12

1
6

�0 t02 t002

t1
1
12

1
6

t01
1
6

1
12

In T̂ each player has one possible type, and the beliefs are given by the following common

prior.

� t̂2

t̂1
1
2

�0 t̂2

t̂1
1
2

Notice that in both type spaces, for every type of both players, there is common knowledge that

each player assigns probability 1=2 to the true state being �. The types in T are redundant

in the sense of Mertens and Zamir (1985): there are multiple copies of types that agree with

respect to their beliefs and higher order beliefs about �. But these types nonetheless di�er

in their beliefs about their opponents and this is potentially important; types t0i and t
00
i di�er

from type t̂i because their beliefs allow for correlation between the action of player j and the

state.

To �nd the interim correlated rationalizable actions of � with the above type spaces we

iteratively eliminate actions for each type ti of player i that are not best responses to some

conjecture for the player over the triples (tj; �; aj) that puts probability on type action pairs

(tj; aj) that have not been deleted and that are consistent with type ti's beliefs over (tj; �). In

the example, no action will be eliminated for any type in either type space by the argument

that we gave above.

Now consider the alternative solution concept of interim independent rationalizability,

where we add the additional requirement that at each round, for an action to survive, type

ti's conjecture over (tj; �; aj) must treat the choice of player j's action as independent, con-

ditional on his type. With this solution concept, action U will not be interim independent

rationalizable for type t̂1: there is no conditionally independent conjecture that supports play

of action U . Thus D is the only interim independent rationalizable action for type t̂1. On

the other hand, if type t01 thinks that type t
0
2 will play action L and type t

00
2 will play action

R, then he will attach probability 1
3
to each of action-state pro�les (L; �) and (R; �0). This

is enough to make action D a best response. Thus both U and D are interim independent

rationalizable for types t01 and t
00
1.
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The example shows how "redundant types" in the type space have no impact on the

interim correlated rationalizable actions for a given type, but do matter for interim indepen-

dent rationalizability. This result is proved and discussed in greater generality in the paper.

The example also helps see the intuition for why our solution concept depends only on the

types, and not the details of the type space: The concept allows players to have correlated

conjectures over other players' actions and the state, so the ability of "redundant types" to

support such correlation is, truly, redundant. In this sense, the classical universal type space

of Mertens and Zamir (1985) is the "right" type space for our correlated version of interim

rationalizability, for which the only part of a player's type that matters is his beliefs and

higher order beliefs about �.

There are three papers that study closely related issues. Battigalli and Siniscalchi (2003)

de�ne an umbrella notion of "�-rationalizable" actions in incomplete-information environ-

ments, where � can be varied to capture common-knowledge restrictions on the �rst order

of beliefs in the hierarchy. They show that there is an equivalence between actions surviving

an iterative procedure capturing common knowledge of � and the set of actions that might

be played in equilibrium on any type space where � is common knowledge. Correlated in-

terim rationalizable actions are exactly �-rationalizable actions, where "�" is set equal to

a complete description of the in�nite hierarchies of beliefs. With this �, our proposition 2

corresponds to their proposition 4.3. They do not analyze this particular "�" and there-

fore do not address the issue of the distinction between correlated and independent interim

rationalizability.5

Forges (1993) examines di�erent ways of de�ning correlated equilibrium for games of

incomplete information. Her "universal Bayesian approach" (in section 6) allows a player's

own actions to depend on the payo� states � even when the player cannot distinguish between

the states; this is analogous to the correlation in conjectures that we use in de�ning our

solution concept (we discuss this further in subsection 3.2). Thus our approach is the non-

common prior analogue of Forges' universal Bayesian approach.

A recent paper by Ely and Peski (2005) also notes that the set of interim independent

rationalizable outcomes in two-player games depend on more than just the standard uni-

versal type space. In response, they provide an extended notion of hierarchies of beliefs for

5Their analysis deals with restrictions on �rst-order beliefs only. Our result thus extends their approach

to a particular restriction on the entire hierarchy of beliefs.
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two-player games, and show that interim independent rationalizability in two-player games

depends on types only via those extended hierarchies.

2 Setup and Solution Concepts

The primitives of our model are a �nite set � of states of Nature, a �nite set of I

players, i = 1 to I, a �nite set of actions Ai for each player and a payo� function gi, where

gi : A � � ! [0; 1], and A = (Ai)i2I .
6 (Henceforth we use this notation, i.e., Q = (Qc)c2C

for the ordered collection of any set of C sets fQc : c 2 Cg. Also, we use the index j 6= i for

fj 2 I : j 6= ig and write Q�i for (Qj)j 6=i. Elements of these are written as usual as qc 2 Qc,
q 2 Q, and q�i 2 Q�i.) For the �rst part of the paper, we restrict attention to a �nite type
space T = (Ti; �i)Ii=1, where each Ti is a �nite set, and each �i maps Ti to the set � (T�i ��)
of probability measures on the �nite set T�i � �.7 We later relax the assumption that T
is �nite (and we do not repeat the restriction until then); its role here is to simplify issues

regarding measurability and the choice of a sigma �eld.

Our view of this type space is that it is an exogenously given part of the model. This

could be because the type space corresponds to some actual information structure, (but not

necessarily one that is a complete description of the world|just whatever the modeler views

as the "pertinent" parts) or is the modeler's (partial) description of the players' perception

of the environment (the players' views of the beliefs about beliefs...about �). We discuss

this further in section 3.4. In our description of the type space, and in the beliefs allowed in

the solution concept described next, we do not restrict to common priors.

The main solution concept that we study is that of interim correlated rationalizability,

or "ICR".8 At each round of an iterative deletion procedure, an action survives for a given

type only if it is a best response to a conjecture over T�i � � � A�i that (1) puts positive

probability only on type-action pairs of the opponents that have not yet been deleted; and

6We abuse notation by also writing I for the set of players.
7Throughout the paper, every �nite set is given the obvious sigma �eld.
8Yildiz (2006) uses the main argument from Weinstein and Yildiz (2003) to show that types in the

universal type space with a unique ICR action are open and dense in the product topology. Dekel, Fudenberg

and Morris (2006) de�ne a strategic topology to be one that generates continuity of ICR actions. In this

topology, there are open sets of types with multiple ICR actions and open sets of types with unique ICR

actions.
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(2) is consistent with that type's beliefs about T�i ��. Formally, we have RTi;0 (ti) = Ai;

RTi;k+1 (ti) =

8>>>>>>>><>>>>>>>>:
ai 2 Ai

��������������

there exists � 2 �(T�i ��� A�i) such that

(1) �[(t�i; �; a�i)] > 0) a�i 2
�
RTj;k (tj)

�
j 6=i

(2)
X
A�i

�[(t�i; �; a�i)] = �i(ti)[(t�i; �)]

(3) ai 2 argmax
a0i

X
T�i���A�i

gi ((a
0
i; a�i) ; �) �[(t�i; �; a�i)]

9>>>>>>>>=>>>>>>>>;
;

and

RTi (ti) = lim
k!1

RTi;k (ti) .

To better explain ICR we will compare it to a related solution concept, interim inde-

pendent rationalizability, or IIR. The latter concept imposes the additional restriction that

type ti's conjecture supporting an action corresponds to independent conjectures about each

other player's action. Let IIRTi;0 (ti) = Ai;

IIRTi;k+1 (ti) =

8>>>>>>>>>><>>>>>>>>>>:
ai 2 Ai

����������������

there exists � 2 �(T�i ��� A�i) such that

(1) �[(t�i; �; a�i)] > 0) a�i 2
�
IIRTj;k (tj)

�
j 6=i

(2)
for each j 6= i there exists �j : Tj ! �(Aj) such that

�[(t�i; �; a�i)] = �i(ti)[(t�i; �)]
Y
j 6=i

�j (tj) [aj]

(3) ai 2 argmax
a0i

X
T�i���A�i

�[(t�i; �; a�i)]gi ((a
0
i; a�i) ; �)

9>>>>>>>>>>=>>>>>>>>>>;
;

and

IIRTi (ti) = lim
k!1

IIRTi;k (ti) .

Thus ICR and IIR can be seen as polar cases with respect to the amount and kind of

correlation that is allowed. An intermediate concept, that we mention below but do not

de�ne formally, could allow for correlation among players but not with nature, by specifying

��i : T�i ! �(A�i) instead of (�j)j 6=i in (2) above.

We want to show that for ICR it is only the players' beliefs and higher order beliefs about

states of nature|their "Mertens-Zamir types"|that matter. For this we need to de�ne, for

each type ti in a �nite type space T = (Ti; �i)Ii=1, that type's beliefs and higher order beliefs
about �. Let b�1i (ti) [�] = �i (ti) [f(t�i; �) : t�i 2 T�ig] .
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For each k = 2; 3; :::, let

b�ki (ti) ���e�1j ; :::; e�k�1j

�
j 6=i

; �

��
= �i (ti)

��
(t�i; �) :

��b��j [tj]�j 6=i�k�1�=1
=
��e��j �j 6=i�k�1�=1

��
.

Finally, let b��i (ti) = �b�ki (ti)�1
k=1

.

3 Properties of the solution concept

3.1 Dependence on types but not on type spaces

Proposition 1 If ti is a type in a �nite type space T , t0i is a type in �nite type space T 0 andb��i (ti) = b��i (t0i), then RTi (ti) = RTi (t
0
i).

The proof is by induction. Intuitively, the �rst-level rationalizable actions R1 are those

that are best responses to arbitrary conjectures about the opponents; because conjectures

allow correlation with �; these depend only on beliefs about �. Second-level rationalizability

depends on beliefs about � and the opponents' �rst-level rationalizable sets; these in turn de-

pend only on the opponent's �rst-level beliefs, so second-level rationalizability is determined

by second-level beliefs, and so on.

Proof. We establish by induction for each k that if b��i (ti) = b��i (t0i) then RTi;k (ti) = RT
0

i;k (t
0
i).

Suppose that this holds for k � 1, that b��i (ti) = b��i (t0i) and that ai 2 RTi;k (ti). Thus there

exists � 2 �(T�i ��� A�i) such that

(1) � [(t�i; �; a�i)] > 0) a�i 2
�
RTj;k�1 (tj)

�
j 6=i

(2)
X
a�i

� [(t�i; �; a�i)] = �i (ti) [(t�i; �)]

(3) ai 2 argmax
a0i

X
T�i���A�i

gi ((a
0
i; a�i) ; �) � [(t�i; �; a�i)]

We now construct a � 0 2 �
�
T 0�i ��� A�i

�
such that the above three conditions hold

when � 0 and �i (t
0
i) replace � and �i (ti), respectively. LetD

k�1
�i =

��b�k�1j (t�i)
�
j 6=i
: t�i 2 T�i

�
.

For e�k�i 2 Dk�1
�i , let 


�e�k�i; �� = X
n
(t�i;a�i):(b�k�1j (tj))

j 6=i
=e�k�1�i

o � [(t�i; �; a�i)]. Then for
�e�k�i; ��

8



such that 

�e�k�i; �� > 0, set

�i

�e�k�1�i ; �
�
[a�i] =

X
n
t�i:(b�k�1j (tj))

j 6=i
=e�k�1�i

o � [(t�i; �; a�i)]



�e�k�i; ��

and for all other
�e�k�i; �� set

�i

�e�k�1�i ; �
�
[a�i] =

(
1=#

�
RTj;k�1 (tj)

�
j 6=i if a�i 2

�
RTj;k�1 (tj)

�
j 6=i

0 otherwise

Next, let

� 0
��
t0�i; �; a�i

��
= �i (t

0
i)
��
t0�i; �

��
�i

�b�k�1�i
�
t0�i
�
; �
�
[a�i] ,

where b�k�1�i
�
t0�i
�
2 Dk�1

�i since b��i (ti) = b��i (t0i).
Thus



�e�k�i; �� =

X
n
(t�i;a�i):(b�k�1j (tj))

j 6=i
=e�k�1�i

o � [(t�i; �; a�i)]

= �i (ti)

��
t�i :

�b�k�1j (tj)
�
j 6=i
= e�k�1�i

�
� f�g

�
= �i (t

0
i)

��
t�i :

�b�k�1j (tj)
�
j 6=i
= e�k�1�i

�
� f�g

�
Hence we obtain the following.X
t�i

� 0 [(t�i; �; a�i)] =
X
t�i

�i (t
0
i) [(t�i; �)]�i

�b�k�1�i (t�i) ; �
�
[a�i]

=
X

e�k�1�i 2D
k�1
�i

�i (t
0
i)

��
t�i :

�b�k�1j (tj)
�
j 6=i
= e�k�1�i

��
�i

�b�k�1�i (t�i) ; �
�
[a�i]

=
X

e�k�1�i 2D
k�1
�i



�e�k�i; ��

X
n
t�i:(b�k�1j (tj))

j 6=i
=e�k�1�i

o � [(t�i; �; a�i)]



�e�k�i; ��

=
X
t�i

� [(t�i; �; a�i)] (1)

So � and � 0 have the same marginal distributions on A�i ��.
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Now we claim

(1) � 0 [(t�i; �; a�i)] > 0) a�i 2
�
RTj;k�1 (tj)

�
j 6=i

(2)
X
a�i

� 0 [(t�i; �; a�i)] = �i (t
0) [(t�i; �)]

(3) ai 2 argmax
a0i

X
T�i���A�i

gi ((a
0
i; a�i) ; �) �

0 [(t�i; a�i; �)]

(1) is true by the inductive hypothesis and the construction, (2) by construction, and (3)

because � and � 0 have the same marginal distributions on A�i ��. So a0i 2 RTi;k (t0i).
Note that our construction of �i in the proof required that conjectures about actions be

correlated with �.

3.2 Discussion

As we have pointed out, interim correlated rationalizability allows for conjectures about

the state and a type's actions to be correlated; this correlation is what generates the result

that the solution concept depends only on a type, and not details of the type space. Such

correlation can have surprising consequences, as in the following example.

Example 2 There are two states of Nature and it is common knowledge that each player

assigns probability 1=2 to each state. Each player decides whether to bet (action B) or not

(action N). If both players chose B, they transfer 3 or �3 from one to the other depending

on the state, and choosing B incurs a cost of 1 regardless of the opponent's action. This

generates the following payo� functions:

� B N

B 2;�4 �1; 0
N 0;�1 0; 0

�0 B N

B �4; 2 �1; 0
N 0;�1 0; 0

In this game, it is ICR for each player to choose B (where i believes j chooses B only

when the state is favorable to i), as B is a best reply against the belief that assigns probability

1=2 to (�; B) and 1=2 to (�0; N) for the row player (and with the opposite beliefs for the

column player); this belief has the correct marginal on � as required.

Thus each player expects there to be costly speculative trade (and indeed using the epis-

temic set-up of the next section, trade can be seen to be common knowledge) even though there

10



is a common prior. This possibility relies on each player believing in correlation between the

other player's actions and the state.9

To justify the original de�nition of independent rationalizability in Bernheim (1984)

and Pearce (1984), it is necessary to add additional conditional independence assumptions.

The question of whether or not to impose the assumptions parallels an older debate in the

complete-information environment. Brandenburger and Dekel (1987) showed that correlated

rationalizability (allowing players to have correlated conjectures over others' actions) corre-

sponds to common knowledge of rationality. To interpret this correlation, it is important to

remember that a player's conjectures represent his subjective beliefs about the distribution

of play; any correlations in these beliefs need not correspond to "objective correlation" that

would be seen by an outside observer. The correlations we consider in this paper should be

interpreted in the same way.

There has been increasing acceptance of using the correlated version of rationalizability,

in part based on the in
uential argument of Aumann (1987):

...in games with more than two players, correlation may express the fact that

what 3, say, thinks that 1 will do may depend on what he thinks 2 will do. This

has no connection with any overt or even covert collusion between 1 and 2; they

may be acting entirely independently....

Interim correlated rationalizability extends this view, by treating Nature as another player. If

player 1, say, does not know what determines which of his rationalizable actions player 2 will

play, why should this subjective uncertainty be completely independent of the uncertainty

about the choice of nature?

9Although there is a common prior over �, this observation is not inconsistent with no-trade theorems

because there is not common knowledge of the conditional probability of trade in each state �. This lack of

common knowledge is possible because ICR allows beliefs about strategic behavior that are not consistent

with a common prior, and this, as in complete-information games, allows each player to think that he is

"outguessing" the other. Note that if we set the payo� to choosing action B when the opponent chooses N

to be �4 instead of �1, then action B is no longer rationalizable for any common-prior type, although it

remains rationalizable for some non-common-prior types. Thus common-prior and non-common-prior types

can be distinguished in some no-trade games. Dekel, Fudenberg and Morris (2006) use this observation to

show that �nite common-prior types are not dense in the universal type space in the strategic topology that

they de�ne.
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One might argue that any correlation|about players or about Nature|should be made

explicit. We take the opposing, \small-worlds," view that such correlation may not be an

inherent part of the interaction being studied, and hence is best incorporated into the solution

concept and not the model.10

Moreover, we view incomplete-information games as a tool to study an interim environ-

ment. With this viewpoint; the ex-ante type space is an arti�cial construct, and it seems

di�cult to know which is the right ex-ante type space to impose. Therefore, it seems best

to adopt a solution concept that does not depend on which variant is adopted. Finally,

as we explain in more detail in subsection 3.4 below, if one embeds a given type space

into an epistemic model, common knowledge of rationality (without further assumptions on

independence of beliefs or common priors) corresponds to ICR.

One might also argue in favor of a hybrid solution concept|in between ICR and IIR|

that allows arbitrary correlation in conjectures about other players but insists that the

correlation with Nature is explicitly captured in the type space.11 A di�culty with such

hybrid notions is that the resulting solution concept will be sensitive to the addition of a

dummy player who any single other player believes is omniscient. That is, the existence of

a player k whom i thinks knows more about the state of Nature than does j, enables i to

believe j's actions are correlated with Nature via k. Hence, if one allows for correlation with

opponents but not with Nature then games must completely specify all agents, even if their

actions are not payo� relevant.

Example 3 (Example 2 continued) In the preceding betting game the only IIR action is

N . Now add a third player to the game who chooses an action a3 2 A3 = fB;Ng. The
payo�s to players 1 and 2 are unchanged, and una�ected by player 3's choice, while player

3 payo� is constant. Player 3 has two possible types t3 and t
0
3 who know whether the state

is � or �0. IIR requires independence across opponents and nature, and hence this has no

e�ect. However,if one allows arbitrary correlations in beliefs about players actions but not

10Of course, if one wants to explicitly model and study the e�ect of di�erent forms of correlation one would

need to use a di�erent solution concept (such as IIR) that does not implicitly allow all such correlation.
11Ely and Peski (2005) study a de�nition of interim rationalizability in two-player incomplete-information

games that is equivalent to our de�nition of interim independent rationalizability (in two-player games).

They suggest that, in many-player games, one might want to examine hybrid notions of interim rationaliz-

ability such as the one we criticize here.
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with Nature, then the resulting "interim hybrid rationalizability" solution concept (which we

have not formally de�ned) would allow for B (as well as N), as player 1 could believe that

player 2's play is correlated with player 3's, and that player 3's play is correlated with �.12

3.3 Equivalent formulations

We provide some obvious equivalent de�nitions that further illustrate the analogies to

the complete-information environment.

3.3.1 Iterated Undominance

Fudenberg and Tirole (1991) demonstrate the important distinction between interim and

ex ante (strictly) dominated strategies. As one would expect, it is the interim version that

is related to interim rationalizability. Speci�cally, iteratively deleting strategies that are not

interim best replies is equivalent to iterated deletion of strictly interim dominated strategies

(where beliefs in both are allowed to be correlated). Let UTi;0 (ti) = Ai;

UTi;k+1 (ti) =

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

ai 2 Ai

���������������������

there does not exist �i 2 �(Ai) such thatX
T�i���A�i

gi ((ai; a�i) ; �) � [(t�i; �; a�i)] <X
Ai

X
T�i���A�i

�i (a
0
i) gi ((a

0
i; a�i) ; �) � [(t�i; �; a�i)]

for all � 2 �(T�i ��� A�i) such that

(1) � [(t�i; �; a�i)] > 0) a�i 2
�
UTj;k (tj)

�
j 6=i

(2)
X
A�i

� [(t�i; �; a�i)] = �i (ti) [(t�i; �)]

9>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>;

;

and

UTi (ti) = lim
k!1

UTi;k (ti) .

Claim 1 RTi (ti) = UTi (ti).

12The conclusion about the e�ect of dummy players also holds in a model where player 3 has a third

possible type t003 and player 2 is certain that player 3 is t
00
3 : what is important is only that player 1 believes

that player 3 knows �. Unlike the example in the text, this version does not reproduce the entire set of ICR

actions.
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3.3.2 Best-reply sets

Similarly, there is an obviously equivalent best-reply set (Pearce (1984)) de�nition of

ICR. Let STi : Ti ! 2Ai
�
? be a speci�cation of possible actions for each type, and ST =�

ST1 ; :::; S
T
I

�
.13

De�nition 1 ST is a best-reply set if for each ti and ai 2 STi (ti), there exists ��i : T�i��!
�(A�i) such that

(1) ��i (t�i; �) [a�i] > 0) a�i 2 ST�i (t�i)

(2) ai 2 argmax
a0i

X
t�i;a�i;�

� (ti) [(t�i; �)]��i (t�i; �) [a�i] gi ((a
0
i; a�i) ; �)

Claim 2 1. If STc for all c in some index set C are best-reply sets then [cSTc is a best-reply
set.

2. The union of all best-reply sets is equal to
��
RTi (ti)

�
ti2Ti

�
i2I
.

Property 1 is immediate. That the union includes RTi follows from that observation that��
RTi (ti)

�
ti2Ti

�
i2I
is a best-reply set. To see the converse, note that no action in a best-reply

set can be deleted at any stage of the iteration, since at each point in the iteration each such

action is a best reply to actions in the best-reply set, and hence remains.

3.3.3 Fixed points of a best-reply correspondence

Lastly we provide a �xed-point de�nition of RTi . The best-reply correspondence takes as

given a feasible subset of actions for each type of each opponent of i, and for each type ti of

i, determines the set of best replies.

De�nition 2 The correspondence of best replies for all types given a subset of actions for

all types is denoted BRT :
��
2Ai
�
ti2Ti

�
i2I
!
��
2Ai
�
ti2Ti

�
i2I
and is de�ned as follows. First,

given given F =
�
(Fti)ti2Ti

�
i2I 2

��
2Ai
�
ti2Ti

�
i2I
the best replies for ti are

BRTi (ti; F ) =

8>>><>>>:ai 2 Ai
���������
there exists ��i : T�i ��! �(A�i) such that

(1) ��i (t�i; �) [a�i] > 0) a�i 2 Ft�i
(2) ai 2 argmax

a0i

X
T�i���A�i

gi ((a
0
i; a�i) ; �)��i (t�i; �) [a�i] � (ti) [(t�i; �)]

9>>>=>>>;
13We abuse notation by calling ST a "set" to emphasize the link to the complete information case; it is a

correspondence.
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Next we de�ne 14

BRT (F ) =
��
BRTi (ti; F )

�
ti2Ti

�
i2I
.

Claim 3 The largest �xed point of BRT is
��
RTi (ti)

�
ti2Ti

�
i2I
.

This follows from any �xed point corresponding to a best-reply set and the previous claim

regarding best-reply sets.

Remark 1 The de�nition of the best-reply correspondence is obviously equivalent to the

following.

BRTi (ti; F ) =

8>>>>>>>><>>>>>>>>:
ai 2 Ai

there exists � 2 �(T�i ��� A�i) such that

(1) �
��
(t�i; �; a�i) : a�i 2 Ft�i

	�
= 1

(2) ai 2 argmax
a0i

X
T�i���A�i

gi ((a
0
i; a�i) ; �) �[(t�i; �; a�i)]

(3)
�
margT ��i���

�
[(t�i; �)] = � (ti) [(t�i; �)]

X
A�i

� [(t�i; �; a�i)]

9>>>>>>>>=>>>>>>>>;
A rewriting similar to this is used in proofs in the case of in�nite types but as it is easier

to understand in the �nite types case, we present the �nite form here.

3.4 Epistemic Foundations

To better understand the two solution concepts, ICR and IIR, we relate them to common

knowledge of rationality. In order to do this, we introduce a richer language|an "epistemic

model"|to model the knowledge of the players. We are able to provide an epistemic foun-

dation for the solution concepts in the spirit of the existing epistemic-foundations litera-

ture.15 We note that|at least in our epistemic formulation|additional common-knowledge

assumptions are necessary to provide an epistemic foundation for interim independent ratio-

nalizability. We discuss this further at the end of this subsection.

Throughout this section, we �x a type space T = (Ti; �i)
I
i=1. We will sometimes refer

to this object as a "standard" type space and to elements of Ti as standard types. As

14We abuse notation and write BR both for the correspondence specifying best replies for a type and for

the correspondence specifying these actions for all types.
15Aumann (1987), Brandenburger and Dekel (1987), Tan andWerlang (1988), Aumann and Brandenburger

(1995).
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discussed, we view this type space as exogenously given, and not necessarily a complete

description (in particular not necessarily including all possible correlation). We then assume

only that this type space (and the game and rationality) is common knowledge. That is,

we embed the basic type space in an arbitrary larger space, the epistemic space|which can

be any extension to a more description of the players' perception of the world, specifying at

least their actions at any state|and we assume that the (original) type space is common

knowledge in this epistemic space. Then we ask what can we say about play in game de�ned

by the original type space; i.e., what solution concept|de�ned on games with the original

type space|is characterized.

Let Ei be a �nite set of epistemic types for player i; and let E = (Ei)i2I . An epistemic

model speci�es for each i how ei determines

1. beliefs over the types of others and the payo� states, �i : Ei ! �(E�i ��);

2. i's action,

3. i's "standard type," � i : Ei ! Ti.

Thus an epistemic model consists of (Ei; �i; a
�
i ; � i)

I
i=1 ; its state space is 
 = E ��.

There are some events in which we are particularly interested. For a given epistemic

model, we write Rati for the set of states where player i is "rational",

Rati =

8<:��ei; e0�i� ; �0�
������a�i (ei) 2 argmaxai

X
E�i��

gi
��
ai; a

�
�i (e�i)

�
; �
�
�i (ei) [(e�i; �)]

9=; ,
and Rat for the set of states where all players are rational,

Rat = \
i
Rati.

We write Wi for the set of states where player i has the correct beliefs about T�i �� given
his type

Wi =

8><>:��ei; e0�i� ; �0�
�������

X
fe�i:(�j(ej))j 6=i=t�ig

�i (ei) [(e�i; �)] = �i (� i (ei)) [(t�i; �)]

9>=>; ,
W = \

i
Wi.
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The idea here is that there is some type space (it would be part of what is in the minds

of the players, or it could model an objective ex ante information structure), and we will

want to assume that the beliefs in the type space are common knowledge in the epistemic

space.

The set of states where individual i knows the event H � 
 is

Ki (H) =

8<:��ei; e0�i� ; �0�
������

X
f(e�i;�):((ei;e�i);�)2Hg

�i (ei) [(e�i; �)] = 1

9=; ,
the set of states where everyone knows the event H is

K� (H) = \
i
Ki (H) ,

and the set of states where there is common knowledge of H is

CK (H) = \
n
(K�)

n (H) .

Proposition 2 Interim Correlated Rationalizability characterizes common knowledge of ra-

tionality and of the standard type space, i.e.,

1. in any epistemic model, if ((ei; e�i) ; �) 2 CK (Rat \W ), then a�i (ei) 2 RTi (� i (ei));

2. There is an epistemic model such that if if ai 2 RTi (ti), then there is a state ((ei; e�i) ; �)
such that ((ei; e�i) ; �) 2 CK (Rat \W ), � i (ei) = ti and a

�
i (ei) = ai

Proof. (1) Suppose
��
e�i ; e

�
�i
�
; ��
�
2 CK (Rat). Let E�j be the set of epistemic types of

player j where j knows CK (Rat). Let

Si (ti) = fai j for some ei 2 E�i , a�i (ei) = ai and � i (ei) = tig :

Observe that, by construction,

a�i (e
�
i ) 2 Si (� i (e�i )) .

Now for any ai 2 Si (ti), pick any ei 2 E�i such that a�i (ei) = ai and � i (ei) = ti. Let

�ai;tii [(t�i; �; a�i)] =
X

f(e�i;�):��i(e�i)=t�i and a��i(e�i)=a�ig
�i (ei) [(e�i; �)] .
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Again by construction,

ai 2 argmax
a0i

X
T�i���A�i

�ai;tii [(t�i; �; a�i)] gi ((a
0
i; a�i) ; �) .

Common knowledge of W ensures that
X
a�i

�ai;tii [(t�i; �; a�i)] = �i (ti) [(t�i; �)] for all t�i; �.

Thus an inductive argument ensures that Si (ti) � RTi;k (ti) for all k and thus Si (ti) � RTi (ti).

So

a�i (e
�
i ) 2 Si (� i (e�i )) � RTi (� i (e

�
i )) .

(2) To begin we construct the epistemic spaces "pointiwise," i.e. we construct a seperate

epsitemic spaces for every action ai that is an element of R
T
i (t

�
i ) for some t

�
i : Then we explain

how to combine these into one larger epsitemic space that has the stated properties for all

such actions. So �x a player i; a type t�i ; and suppose that a
�
i 2 RTi (t�i ). We will construct

an epistemic type space. Let Ei =
�
(ti; ai) : ai 2 RTi (ti)

	
. Let

a�i (ei) = a�i ((ti; ai)) = ai

� i (ei) = � i ((ti; ai)) = ti.

Observe that for each ai 2 RTi (ti), there exists �
ai;ti
i 2 �(T�i ��� A�i) such that

(1) �ai;tii [(t�i; �; a�i)] > 0) a�i 2
�
RTj (tj)

�
j 6=i

(2)
X
A�i

�ai;tii [(t�i; �; a�i)] = �i (ti) [(t�i; �)] for all t�i; �

(3) ai 2 argmax
a0i

X
T�i���A�i

�ai;tii [(t�i; �; a�i)] gi ((a
0
i; a�i) ; �)

;

Let

�i (ei) [(e�i; �)] = �i (ti; ai)
h�
(tj; aj)j 6=i ; �

�i
= �ai;tii [(t�i; �; a�i)] .

We have now constructed an epistemic type space that embeds the standard type space,

with Rati = 
 for all i and thus (((t�i ; a
�
i ) ; e�i) ; �) 2 CK (Rat) for all e�i; �. This shows

that for each action there is an epsitemic type space as desired.

To conclude it is trivial to combine these epistemic type spaces together into one large

epistemic type space. Note that given two epistemc models,
�
E1i ; �

1
i ; a

�1
i ; �

1
i

�I
i=1
and

�
E2i ; �

2
i ; a

�2
i ; �

2
i

�I
i=1

they can be combined in the obvious way to obtain a \joint" epistemic model
�
~Ei; ~�i; ~a

�
i ; ~� i

�I
i=1
,

with state space ~
 = ~E � �, where ~Ei = E1i [ E2i ,
~�i (~ei) [~e�i; �] = �mi (e

m
i )
�
em�i; �

�
if
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~e = em 2 Em, and zero otherwise, ~a�i (~ei) = ~a�mi (emi ) and ~� i (~ei) = �mi (e
m
i ) if ~ei = emi .

Moreover, if an event in Em �� is common knowledge at state (em; �) then the same event
is an event in ~
 and it is common knowledge at (~e; �) = (em; �).

Remark 2 A standard reinterpretation of the result is that if we start with the standard type

space T = (Ti; �i)Ii=1, we can construct a larger type space and a morphism from the original
type space to the larger type space which preserves all properties of the standard type space,

and a Nash equilibrium on that larger type space, such that for each type in the original type

space and each interim correlated rationalizable action for that type, there is a corresponding

type in the larger space who plays that action in equilibrium.

Remark 3 A referee noted that one could give a di�erent interpretation of our epistemic

analysis: At states in the epistemic type space where there is common knowledge of rational-

ity, every player will be choosing an interim independent rationalizable action for his type in

that epistemic type space, so there is a sense in which one can interpret the result as yielding

IIR and not ICR. To understand the di�erence between these two interpretations, consider

Aumann's (1987) characterization of correlated equilibrium. Aumann essentially assumed a

singleton type space (i.e. a complete information game) that was embedded in an epistemic

space, and then showed that if there is a common prior on the epistemic space then the dis-

tribution of actions corresponds to a correlated equilibrium distribution on the original game.

Adopting the alternative approach of the referee would imply asking what is played on the

enlarged game with the epistemic type space. This does not yield all the correlated equilibria;

in two player games, it yields exactly the Nash equilibria. We follow Aumann in studying the

implications of common-knowledge assumptions on any epistemic space in which a certain

game (with a degenerate type space in Aumann's case, or a general type space in ours) and

rationality of the players is common knowledge.

Finally, we brie
y note for comparison an epistemic characterization of interim indepen-

dent rationalizability in our language. The set of states where player i has independent

beliefs, i.e., believes that each other player's type is a su�cient statistic for his behavior, is
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Yi =

8>>>>>>><>>>>>>>:
��
ei; e

0
�i
�
; �0
�
�������������

for each j 6= i, there exists �j : Tj ! Aj such thatX
f(e�i;�):��i(e�i)=t�i and a��i(e�i)=a�ig

�i (ei) [(e�i; �)]

=

0@ X
f(e�i;�):��i(e�i)=t�ig

�i (ei) [(e�i; �)]

1AY
j 6=i

�j (tj) [aj]

9>>>>>>>=>>>>>>>;
Y = \

i
Yi

Proposition 3 Independent Interim Rationalizability characterizes common knowledge of

rationality, the standard type space and independent beliefs, i.e.,

1. in any epistemic model, if ((ei; e�i) ; �) 2 CK (Rat \W \ Y ), then a�i (ei) 2 IIR�i (� i (ei));

2. if ai 2 IIR�i (ti), then there exists an epistemic model and a state ((ei; e�i) ; �) such

that ((ei; e�i) ; �) 2 CK (Rat \W \ Y ), � i (ei) = ti and a
�
i (ei) = ai.

The proof closely follows the proof of proposition 2 and hence is not provided. This result

is the incomplete-information analog of Proposition 3.1 in Brandenburger and Dekel (1987).

This proposition shows that additional assumptions|beyond common knowledge of ra-

tionality and the type space|are need to justify restricting attention to actions that are

interim independent rationalizable on the type space. The additional assumption of com-

mon knowledge of independent beliefs makes explicit the key idea underlying the solution

concept: no unexplained correlation in beliefs is allowed.

4 In�nite Type Spaces

4.1 The type spaces

We now extend our analysis to type spaces that are not necessarily �nite. To do so, we

base our development on Heifetz and Samet's (1998) topology-free construction.

For measurable X we denote by � (X) the set of (probability) measures on X; all product

spaces are endowed with the product sigma-algebra. The primitives of our model are a �nite

set � of states of Nature, a �nite set I = f1; :::; Ig of players, and a type space T = (Ti; �i)Ii=1.
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We assume that each Ti is a measurable space, set T�i = �j 6=iTj; and give T�i�� the product
sigma-algebra.16

Following Heifetz and Samet, we assume that for every measurable space X, the set

� (X) of measures on X is endowed with the sigma-algebra generated by

ff� : � (Z) � pg : p 2 [0; 1] and Z a measurable subset of Xg : (2)

Each � (T�i ��) gets the corresponding sigma algebra; we then assume that each �i :

Ti ! �(T�i ��) is a measurable function. Points ti 2 Ti are called player i's types, and

we say that each type ti of player i has belief �i (ti) about the joint distribution of the

opponent's type and the state of Nature. The above setup de�nes what Heifetz and Samet

call a measurable type space.17

There is a belief-preserving morphism from one measurable type space into another mea-

surable type space if it can be mapped into that space while preserving the belief structure.

Formally, there is a belief-preserving morphism from (Ti; �i) into
�
~Ti; ~�i

�
if for each i there

exists measurable 'i : Ti ! ~Ti with

~�i ('i (ti)) [Z] = �i (ti)
��
(t�i; �) :

�
�; '�i (t�i)

�
2 Z

	�
for all measurable Z � ~T�i ��, we call ' = ('1; :::; 'n) the morphism.
A particularly useful type space is a "universal type space" that we describe next. Let

X0 = �, and de�ne Xk = Xk�1 � [� (Xk�1)]
I�1, where � (Xk) is the set of probability

measures on the algebra described above, and each Xk is given the product algebra over its

two components. An element (�1; �2; :::) 2 (� (Xk))
1
k=0 , H is called a hierarchy (of beliefs).

For the topology-free model we describe here, Heifetz and Samet (1998) prove the ex-

istence of a universal type space comprised of a subset of hierarchies, T �i � H, and a

measurable belief function, ��i : T
�
i ! �

�
T ��i ��

�
, for all i. Note that since there is a

common uncertainty space �, the sets T �i are copies of the same set T
�. Therefore, where

no confusion results, we drop the subscript of i for notational simplicity. The type space is

16The measurable structure on player i's beliefs is used to model the beliefs of other players about i's

type. The set-up here, which is standard, implicitly assumes that any two players i and j have the same

measurable structure on the types of a third player k
17Heifetz and Samet allowed � to be a general measurable space. We continue to endow � and all other

�nite sets with the obvious �-algebra.
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universal in that there is a unique belief-preserving morphism of any other measurable type

space into this universal type space. Speci�cally for any hierarchy t� 2 T �, we write ��k (t�)
for the kth component of t� and we write T �k for the (measurable) set of k

th-level beliefs for

all types in T �, T �k � �(Xk�1). Given any measurable type space type ti's marginal beliefs

about the state of Nature are

�̂1i (ti) [�] = �i (ti) [f(t�i; �) : t�i 2 T�ig] .

For each k = 2; 3:: and measurable Z � Xk�1, let

b�ki (ti) [Z] = �i (ti)
hn
t�i 2 T�i

����b�1�i (t�i) ; ::::; b�k�1�i (t�i) ; �
�
2 Z

oi
;

the morphism guarantees that b�ki : Ti ! T �k is measurable for each k.

Let b��i (ti) = �b�ki (ti)�1
k=1
, and then b��i : Ti ! T �i is the morphism 'i discussed above.

The connection between this and the topological construction of the universal type

space (Mertens and Zamir (1985); see also Brandenburger and Dekel (1993), Heifetz (1993),

Mertens, Sorin and Zamir (1994)) is clari�ed by the following claims, which are standard;

see, e.g., footnote 5 in Battigalli and Siniscalchi (1999) and Ely and Peski (2005). The �rst

part of the claim states that the sigma-algebra de�ned by Heifetz and Samet (1998) is the

Borel algebra for the weak topology when the domain is Polish. Hence we also use � (X)

to denote the Borel algebra when it is equivalent. This relationship implies the second part:

that the hierarchies of beliefs constructed above coincide with the hierarchies that are con-

structed in Brandenburger and Dekel (1993) when � is Polish (a fortiori �nite). Since the

universal type space is unique (Heifetz and Samet (1998, Proposition 3.5)), the topological

construction of the universal type space and the measure theoretic construction result in the

same universal type space (up to belief-preserving morphisms).

Claim 4 1. For a Polish space X, the sigma-algebra on �(X) generated by Heifetz and

Samet (1998) when X is endowed with the Borel algebra, is the same as the Borel

algebra of �(X) when �(X) is endowed with the weak topology.

2. For �nite � there is a belief-preserving isomorphism between the measure-theoretic

universal type space constructed in Heifetz and Samet (1998) and the earlier topological

constructions referred to above.
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4.2 Interim Correlated Rationalizability

We now restate some of our earlier de�nitions and prove for this environment the key

analogous results. In many cases, the only changes the de�nitions require are easy to identify:

sums need to be replaced by integrals, measurability conditions must be imposed, and �nite

probabilities must be replaced by measures. We describe in detail those few cases where

extra care is required in the notation; for brevity, we do not repeat the de�nitions whose

extensions are obvious.

4.2.1 Best replies

For any subset of actions for all types, we �rst de�ne the best replies when beliefs over

opponents' strategies are restricted to those actions. We writeZ
T�i���A�i

f (�) �(�) [d (t�i; �; a�i)]

for the integral of a measurable function f on T�i ��� A�i under measure �; andZ
T�i

f (�) �(�) [(dt�i; �; a�i)]

when integrating with respect to t�i only, while holding � and a�i �xed .

De�nition 3 The correspondence of best replies for all types given a subset of actions for

all types is denoted BRT :
��
2Ai
�Ti�

i2I
!
��
2Ai
�Ti�

i2I
and is de�ned as follows. First,

given a speci�cation of a subset of actions for each possible type , F =
��
Ftj
�
tj2Tj

�
j2I
, with

Ftj � Aj for all tj and j 2 I, we de�ne the best replies for ti as

BRTi (ti; F ) =

8>>><>>>:ai 2 Ai
���������
there exists a measurable ��i : T�i ��! �(A�i) such that

(1) ��i (t�i; �) [a�i] > 0) aj 2 Ftj
(2) ai 2 argmax

a0i

P
��A�i

R
T�i

gi (a
0
i; a�i; �)��i (t�i; �) [a�i] � (ti) [(dt�i; �)]

9>>>=>>>;
(3)

Next we de�ne18

BRT (F ) =
��
BRTi (ti; F )

�
ti2Ti

�
i2I
.

18We abuse notation and write BR both for the correspondence specifying best replies for a type and for

the correspondence specifying these actions for all types.
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Remark 4 Because A�i�� is �nite, and utility depends only on actions and beliefs, the set
of best responses given some F , BRTi (ti; F ) , is non-empty provided there exists at least one

measurable ��i that satis�es (1). Such ��i exist whenever F is non-empty and measurable,

and more generally whenever F admits a measurable selection.

Given F as in the previous de�nition, with non-empty Ftj � Atj for all tj and j 6= i, we

will write 	Ti (ti; F ) for the set of beliefs on the �nite set A � �, consistent with type ti's
beliefs and certainly that other players are choosing actions consistent with F�i. Thus

	Ti (ti; F ) =

8>>><>>>: i 2 �(A�i ��)
���������
 i [(�; a�i)] =

R
T�i

��i (t�i; �) [a�i] � (ti) [(dt�i; �)]

for some measurable ��i : T�i ��! �(A�i)

such that ��i (t�i; �) [a�i] > 0) a�i 2 Ft�i

9>>>=>>>; .
(4)

This is the set of distributions over A�� that is consistent with ti's beliefs about T�i ��
and certainty that the play of t�i is consistent with F�i, so

BRTi (ti; F ) =

8><>:ai 2 Ai
�������

there exists  i 2 	Ti (ti; F ) such that
ai 2 argmax

a0i

X
A�i��

 i [(a�i; �)] gi ((a
0
i; a�i) ; �)

9>=>; .
4.2.2 Iterative de�nitions

We now de�ne rationalizability as the result of iterating the BR map. As in the �nite case,

let RT0 =
�
(Ai)ti2Ti

�
i2I ; R

T
k = BRT

�
RTk�1

�
, and RT = \1k=1RTk . The corresponding objects

on the universal type space are R�0 =
�
(Ai)t�i2T �i

�
i2I , R

�
k = BRT

� �
R�k�1

�
, and R� = \1k=1R�k:

Let 	Ti;k(ti) = 	
T
i (ti; R

T
k ); and 	

�
i;k(t

�
i ) = 	

T �
i (t

�
i ; R

�
k).

Lemma 1 If ' is a belief-preserving morphism from (T; �) to (T �; ��) and 'i(ti) = t�i ; then

for all k, RTi;k(ti) = R�i;k(t
�
i ), 	

T
i

�
ti; R

T
�i;k
�
= 	�i ('i (ti) ; R

T �
�i;k), R

T
i;k : Ti ! 2Ai=; is a

measurable function, and
�
t�i 2 T �i : ai 2 R�i;k (t�i )

	
is closed in the weak topology.

Proof. The proof is by induction on k: Endow the universal type space with the product

topology, where each level of the beliefs is given the weak topology (as in the usual topological

construction of the universal type space), and suppose the claim has been shown for all
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k0 � k. So suppose that for all i, and ti 2 Ti, R
T
i;k�1 (ti) = R�i;k�1 (' (ti)) and 	

T
i;k�1 (ti) =

	�i;k�1 (' (ti)), thatR
T
i;k : Ti ! 2Ai=; is a measurable function, and that

�
t�i : ai 2 R�i;k (t�i )

	
�

T �i is closed.

(Part I) The set
�
t�i : ai 2 R�i;k (t�i )

	
is closed and therefore measurable. To see this, con-

sider a sequence t�ni that converges to t�i and such that ai 2 R�i;k (t
�n
i ). Then for each t

�n
i

there is a  k�1;ni 2 	�i;k�1(t�ni ) such that ai 2 argmaxa0i
P

A�i�� gi (a
0
i; a�i; �) 

k�1;n
i [(a�i; �)].

Moreover,  k�1;ni [(�; a�i)] =
R
T�i

��n�i (t�i; �) [a�i] �i (t
�n
i ) [(dt�i; �)] for some �

�n
�i : T

�
�i ��!

�(A�i) where �
�n
�i
�
t��i; �

�
[a�i] > 0 implies a�i 2 R��i;k�1

�
t��i
�
. Let ��n = �

�
��n�i; �i (t

�n
i )
�
,

and by compactness of �
�
T ��i ��� A�i

�
consider a convergent subsequence of ��n con-

verging to �1�. Moreover, by compactness we also have a regular version of conditional

probabilities, denoted �1� [�j (t�i; �)] 2 �(A�i), which, by regularity is a measurable function
on T ��i��. Hence we can de�ne a measurable �1��i : T ��i��! �(A�i) by �

1�
�i (t�i; �) [a�i] =

�1� [a�ij (t�i; �)]. Note that �1� = �
�
�i (t

�
i ) ; �

1
�i
�
. De�ne  i 2 �(A�i ��) by  i [(a�i; �)] �R

T ��i
�1� [(dt�i; �; a�i)]. Clearly ai 2 argmaxa0i

P
A�i�� gi (a

0
i; a�i; �) i [a�i; �]. It remains to

show that �1��i (t�i; �) [a�i] > 0) a�i 2 R��i;k�1.
Note �rst that

�1�
��
(t�i; �; a�i) : a�i 2 R��i;k�1

	�
= 1. (5)

This follows from ��n
���

t��i; �; a�i
�
: a�i 2 R��i;k�1

	�
= 1 and ��n ! �1�.

Equation (5) can be written as � (t�i ) [N ] = 0, where N �
�
(t�i; �) : supp�

1
�i (t�i; �) 6� R��i;k�1

	
.

So changing ��1�i on N has no e�ect on any expect payo�s or other calculations, and can be

done so long as measurability of ��1�i continues to be satis�ed. Fix � 2 � for the remainder of
the argument. For each (of the �nitely many) B � A�i, let B

� �
�
t�i 2 T ��i : R��i;k�1 = B

	
and B� �

�
t�i 2 T ��i : supp�1�i (t�i; �) � B

	
. Both sets are measurable, hence B� � B�i is

measurable, and since � (t�i ) [N ] also � (t
�
i ) [B

� �B�] = 0. So rede�ne ��1�i (t�i; �) on B
��B�

to equal any a�i 2 B. Since fa�ig� is measurable, so is fa�ig� [ (B� �B�), so after this

rede�nition ��1�i is still measurable and B
��B� is empty. Doing this process for all B � A�i

we obtain a measurable ��1�i such that �
�1
�i (t�i; �) 2 R��i;k�1 for every (not only a.e.) t�i.

(Part II) Assume ai 2 RTi;k (ti). Since 	
T
i;k�1 (ti) = 	�i;k�1 (' (ti)) it is immediate that

RTi;k (ti) = R�i;k ('i (ti)).

(Part III) By (part I), (part II) and the measurability of 'i we have that R
T
i;k : Ti ! 2Ai=;

is measurable.

(Part IVa) We now argue that 	�i;k (t
�
i ) � 	Ti;k (ti).
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	�i;k (t
�
i ) =

8>><>>: �i 2 �(A�i ��)
��������
 �i [(�; a�i)] =

R
T ��i

���i
�
t��i; �

�
[a�i] �

�
i (t

�
i )
��
dt��i; �

��
for some measurable ���i : T

�
�i ��! �(A�i)

such that ���i
�
t��i; �

�
[a�i] > 0) a�i 2 R��i;k

9>>=>>;
Fix  �i and the �

�
�i in the above expression, and de�ne ��i : T�i � � ! �(A�i) by

��i (t�i; �) = ���i
�
'�i (t�i) ; �

�
. Since RT�i;k (t�i) = R��i;k

�
'�i (t�i)

�
and ���i

�
t��i; �

�
[a�i] >

0) a�i 2 R��i;k we have ��i (t�i; �) [a�i] > 0) a�i 2 RT�i;k. So

 i [(�; a�i)] =

Z
T�i

��i (t�i; �) [a�i] �i (ti) [(dt�i; �)]

is in 	Ti
�
ti; R

T
�i;k
�
. >From the morphism we have that

 �i [(�; a�i)] =

Z
T ��i

���i
�
'�i (t�i) ; �

�
[a�i] �

�
i (' (ti))

��
dt��i; �

��
=

Z
T�i

��i (t�i; �) [a�i] �i (ti) [(dt�i; �)] .

Thus

	�i;k (t
�
i ) � 	Ti;k (ti) :

(Part IVb) To prove the converse, suppose  2 	Ti
�
ti; R

T
�i;k
�
and let ��i be the associated

conjecture so  i [(�; a�i)] =
R
T�i

��i (t�i; �) [a�i] �i (ti) [(dt�i; �)]. We will de�ne �
�
�i : T

�
�i �

� ! �(A�i) as follows.

First, for every B�i � A�i let T
B�i
�i =

�
t�i 2 T�i : B�i = RT�i;k�1 (t�i)

	
. Note that

by the induction hypothesis, for all t��i 2 '�i

�
T
B�i
�i

�
we have RT�i;k�1

�
t��i
�
= B�i. Hence

'�i

�
T
B�i
�i

�
is measurable (see part I). Moreover, by induction we have that if RT�i;k�1 (t�i) 6=

RT�i;k�1
�
t0�i
�
then '�i (t�i) 6= '�i

�
t0�i
�
. Hence

n
'�i

�
T
B�i
�i

�o
B�i�A�i

is a �nite measurable

partition of T ��i. Finally, for any B�i �x some �a
B�i
�i 2 B�i.

The idea used to de�ne ���i
�
t��i; �

�
[�] 2 �(A�i) is as follows. We map ��i (t�i; �) into

���i
�
t��i; �

�
by taking all t�i for whom B�i is k � 1 rationalizable, denoted TB�i�i , taking the

conditional average of ��i (t�i; �) over those t�i, and assigning that average conjecture to
those t��i who have that same k � 1 rationalizable set. Moreover, those t��i are the image of
T
B�i
�i , and these images, '�i

�
T
B�i
�i

�
, partition T ��i. So we can combine all those averages to

get a strategy for all t��i 2 T ��i. There is a slight issue for the case where the conditional
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isn't well de�ned because the conditioning event, T
B�i
�i , has probability zero. In that case

the strategy is really irrelevant, but as we require it to be measurable and to map into the

k � 1 rationalizable set, we add that restriction by having the strategy assign probability 1
to some k � 1 rationalizable action for all t��i 2 '�i

�
T
B�i
�i

�
whenever �i (ti)

h
T
B�i
�i

i
= 0.

We now formalize this verbal description.

���i
�
t��i; �

�
[a�i] =

8>>>><>>>>:

R
T
B�i
�i

��i(t�i;�)[a�i]�(ti)[(dt�i;�)]

�(ti)
h
T
B�i
�i

i if t��i 2 '
�
T
B�i
�i

�
and � (ti)

h
T
B�i
�i

i
> 0

1 if t��i 2 '
�
T
B�i
�i

�
, � (ti)

h
T
B�i
�i

i
= 0 and a�i = �a�i

0 if t��i 2 '
�
T
B�i
�i

�
, � (ti)

h
T
B�i
�i

i
= 0 and a�i 6= �a�i

This is measurable because it is constant on each of the �nitely many measurable cells ofn
'
�
T
B�i
�i

�o
B�i�A�i

. Moreover, ���i
�
t��i; �

�
[a�i] > 0 ) a�i 2 RT

�
�i;k�1. So this �

�
�i can be

used to de�ne  �i 2 	�i
�
t�i ; R

�
�i;k
�
by  �i [�; a�i] =

R
T ��i

���i
�
t��i; �

�
[a�i] �

�
i (t

�
i )
��
dt��i; �

��
.

Now

 �i [�; a�i] =

Z
T ��i

���i
�
'�i (t�i) ; �

�
[a�i] �

�
i ('i (ti))

��
d
�
'�i (t�i)

�
; �
��
=

=
X
B�i

0@RTB�i�i
��i (t�i; �) [a�i] �i (ti) [(dt�i; �)]

� (ti)
h
T
B�i
�i

i
1A ��i (' (ti))

h
'�i

�
T
B�i
�i

�i
=

Z
T�i

��i (t�i; �) [a�i] �i (ti) [(dt�i; �)] =  i [�; a�i] ,

where the �rst equality is by de�nition, the second by substitution and changing the integra-

tion of a �nite valued \step function" to a sum, and the third using ��i (' (ti))
h
'�i

�
T
B�i
�i

�i
=

� (ti)
h
T
B�i
�i

i
. Thus for any  2 	Ti

�
ti; R

T
�i;k
�
we have found  � � 	�i

�
t�i ; R

�
�i;k
�
.

Corollary 1 RTi (ti) = RTi (t
0
i) if �̂

�
i (ti) = �̂�i (t

0
i).

4.2.3 Fixed-point de�nitions

Modulo the requirement that ��i be measurable, and replacing summations with inte-

grals, the de�nition of best reply sets is in the �nite case. The properties mentioned there

also hold, although the argument is slightly di�erent.
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Lemma 2 1. If STc for all c in some index set C are best-reply sets then [cSTc is a

best-reply set.

2. The union of all best-reply sets is the largest �xed point of BRT .

To see property 2 denote the union of all best-reply sets as S and observe that if ai 2
BRTi (ti;S�i), then adding ai to Si (ti) will continue to constitute a best-reply set.

De�nition 4 RTF =
��
RTi;F (ti)

�
ti2Ti

�
i2I
�
�
ATi
�
i2I is the largest �xed point of BR

T .

In general, the largest �xed point need not be coincide with the iterative de�nition given

above, as reducing the set to the largest �xed point may require trans�nite induction; see

Lipman (1994). However, because payo�s depend only on distributions over the �nite sets

of actions and states of nature, we can show that the �xed point de�nition is well posed and

coincides with the iterative de�nition.

Proposition 4 RTF equals R
T .

Proof. It is su�cient to prove that RT is a best-reply set. That nothing larger can be a

best-reply set is immediate. For every a 2 RT we have that for every k there is a conjecture
�k 2 �

�
RT�i;k ��

�
against which a is a best reply. Since all the RTi;k are closed, and u is

continuous, we have that there exists a limit to a convergent subsequence of �k, such that a

is best reply against � 2 RT�i:

Corollary 2 Given two type spaces, T and T 0, on the set of states of Nature �, with ti a
type of i in T and t0i a type of i in T 0, we have b��i (t0i) = b��i (ti)) RT

0
i;F (t

0
i) = RTi;F (ti).
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