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Introduction

Several authors have recognized that pricing kernels should reward assets for their contri-
bution to the higher order moments, such as skewness and kurtosis, of the return on the
market portfolio in order to successfully explain individual asset risk premiums. The logic
for including higher moments is either based on polynomial approximations to the unknown
pricing kernel requiring expansions at least up to the third or fourth order (see e.g. Bansal,
Hsieh, and Viswanathan (1993), Chapman (1997), among others), or else based on an ex-
pansion of the CAPM beyond the variance-return trade-off to risk sensitivities pertaining
to skewness, and thus provide a rationale for the presence of higher empirical moments (see
e.g. Harvey and Siddique (2000), Dittmar (2002), Jondeau and Rockinger (2006), among
others).

The main drawback of pricing kernels going beyond mean-variance analysis is that they
do not map directly into a fundamental preference-based asset pricing model through ag-
gregation of individual portfolio choices. It is the purpose of this paper to close this gap.
The present paper is in fact slightly more ambitious as we go beyond the usual representa-
tive agent utility models by allowing not only for heterogeneity of preferences but also for
heterogeneity of beliefs among agents. In particular, we provide a general framework that
maps heterogeneity of beliefs and preferences into polynomial expansions of the pricing ker-
nel. Hence, a first contribution of our paper is to provide a structural interpretation to the
empirical pricing kernels involving skewness and kurtosis. The parameter estimates obtained
by Bansal, Hsieh, and Viswanathan (1993), Chapman (1997), Dittmar (2002) and Harvey
and Siddique (2000), among others, can be viewed as reduced form estimates to which we

attach an economic interpretation in terms of aggregation of heterogenous preferences and
beliefs.

The first contribution of the paper is that we estimate pricing kernels that are functions
of deep structural parameters and we show that the resulting pricing kernels fit returns very
well, when appraised via traditional pricing error statistics. To handle the various sources of
heterogeneity, beliefs and preferences that is, we follow the framework of Samuelson (1970)
and its recent generalization of Chabi-Yo, Leisen, and Renault (2006). This generic approach
allows us to derive, for risks that are infinitely small, optimal shares of wealth invested in each
security that coincide with those of a Mean-Variance-Skewness-Kurtosis optimizing agent.
Through these local approximations we are able to tease out the various sources of risk.

A second contribution is that our theoretical analysis reveals that the empirical pricing
kernels studied by the aforementioned authors omit a component pertaining to the dispersion
of investors’ preferences for skewness. More specifically, the empirical pricing kernels involve
the squared and the cubic market return, the right aggregates to price respectively skewness
and kurtosis. However, we show that when expansions are taken to the next order required to
price kurtosis, the dispersion of investors’ preferences for skewness gives a nonzero weight to
an additional factor ignored by studies based on a representative agent asset pricing model.
The fact that heterogeneity of preferences gives rise to additional pricing factors may be
related to the general theory of pricing with heterogeneity (see in particular Constantinides



and Duffie (1996) and Heaton and Lucas (1995)). While the former focuses on incomplete
consumption insurance, we focus instead on incompleteness with respect to nonlinear risks.
Preferences for skewness leads investors to track the squared market return and the part
that cannot be hedged with primitive (linear) assets introduces an additional factor of risk
with a non-zero market price. The market price of this factor is proportional to the cross-
sectional variance (among investors) of skewness preferences. This result is comparable to
Constantinides and Duffie (1996), who find that the cross-sectional variance of consumption
growth across agents gives rise to an additional priced risk factor. The advantage of our
approach is that it is more appealing when it comes to empirical analysis. We can treat
the cross-sectional variance of skewness preferences as a structural parameter that can be
estimated from aggregate price data, whereas the cross-sectional variation of consumption
growth requires consumer panel data. Finally, regarding market incompleteness it also worth
noting that the small noise expansion approach of Samuelson was initially conceived to
transplant insights from continuous time asset pricing models based on Brownian motions
to a discrete time static investor optimization setting. In this regard, we can think of the
non-hedgeable part of the squared market return as incompleteness introduced in a diffusion
setting through stochastic volatility.

A third contribution of our paper is that the structural interpretation of the pricing
kernel we obtain allows us to disentangle the effects of heterogeneous beliefs and preferences
on asset prices. Various additional pricing factors appear in the pricing kernel with weights
depending on the dispersion across investors of preferences, beliefs and interactions between
them. Differences across investor’s beliefs will be revealed through their different assessments
of expected returns, similar to the recent literature on model uncertaintyﬂ As in the model
uncertainty literature, a reference probability model is used to characterize the pricing kernel.
Obviously, individual investor’s beliefs will differ from the reference model, and so might also
be the aggregation of beliefs across agents.

A fourth contribution of the paper is that our closed form formulas for pricing kernels
allow us to estimate means, variances and covariances of the distribution among investors
of preference and beliefs parameters. We use this information to gauge the magnitude of
aggregated belief distortions about risk premiums necessary for the pricing kernel to move
inside the Hansen-Jagannathan bounds.

To sum up, we establish both theoretically and empirically a well-founded aggregation
theory which tells us what are the relevant aggregates when investors are heterogeneous with
respect to both preferences and beliefs.

Asset pricing models with heterogeneous beliefs and heterogeneous preferences are more
realistic than representative agent models. When it comes to empirical implementation,
however, we still have a long distance to go. One obvious reason is lack of data measur-
ing heterogeneity, since data on portfolios, preferences and beliefs of individual agents is

!See e.g. Hansen and Sargent (2001), Anderson, Ghysels, and Juergens (2005a), Anderson, Ghysels, and
Juergens (2005b), Hansen, Sargent, and Tallarini (1999), Anderson, Hansen, and Sargent (2003), Chen and
Epstein (2002), Hansen, Sargent, Turmuhambetova, and Williams (2004), Kogan and Wang (2002), Liu,
Pan, and Wang (2005) Uppal and Wang (2003), Maenhout (2004), among others.



very sparse and of questionable quality. The most significant progress, as far as empirical
implementation is concerned, has been made with regards to empirical asset pricing with
heterogeneous beliefs. Recent examples include, Shefrin (2001), Anderson, Ghysels, and
Juergens (2005a) and Qu, Starks, and Yan (2003), among others. We use data similar to
Anderson, Ghysels, and Juergens (2005a) which consists of returns on portfolios with strong
disagreement among analysts to capture the pricing effect of heterogeneity of beliefs.

Our empirical findings, based on Hansen-Jagannathan bounds and GMM estimation of
structural parameters, suggest that the heterogeneity of beliefs plays an important role in
the pricing kernel and solves both the equity premium puzzle of Mehra and Prescott (1985)
and the risk-free rate puzzle of Weil (1989). In the mean-variance-skewness model, we find
that the skewness parameter estimates have the right sign and magnitude, yet none of the
estimates are statistically significant. In contrast, the heterogeneity of beliefs parameter is
strongly statistically significant with a very reasonable range of values, combined with risk
tolerance parameters that are also within economically plausible ranges. When we look to the
averages across industries, we find that if the return on the market in excess of the risk-free
rate increases by 1%, the excess average industry return increases by roughly 0.5%. We also
find that the price of risk of the beliefs portfolio is significant and positive and if the excess
return on the beliefs portfolio increases by 1% the excess average industry return increases
by as high as .57%, i.e. as high as the market portfolio excess return impact. The price of
skewness risk of the squared market return is significant, negative and economically consid-
erable. If the excess return on the squared market return increases by 1% the excess average
industry return decreases by roughly 1.6%. It should be noted that this reduced form impact
of skewness, involves not only the (statistically insignificant) skewness preference parameter,
but also other structural parameters such as (variance) risk aversion. Other portfolios also
appear in the reduced form pricing kernel with typically smaller, yet empirically significant
impacts on returns.

The paper is organized as follows. In section [ we start with a brief description of
Samuelson’s small noise expansion framework and its recent generalization of Chabi-Yo,
Leisen, and Renault (2006). The key innovation of the present paper with respect to Chabi-
Yo, Leisen, and Renault (2006) is the introduction of heterogeneous beliefs about expected
returns. In the next section ] we introduce a Mean-Variance-Skewness asset pricing model
and derive equilibrium portfolio allocations and the implied pricing kernel with heterogeneous
beliefs and preferences. Section B takes the analysis a step further as we study a Mean-
Variance-Skewness-Kurtosis environment. In section llwe turn our attention to the empirical
analysis of our models.

1 General framework

We follow the framework of Samuelson (1970), who argued that, for risks that are infinitely
small - sometimes also called small noise expansions - optimal shares of wealth invested in
each security coincide with those of a mean-variance optimizing agent. Chabi-Yo, Leisen,
and Renault (2006) derived a more general approximation theorem to further characterize



the local sensitivity of the optimal shares with respect to other risks. For example, the
Taylor expansion of the utility function one step beyond the quadratic approximation yields
a price for skewness in a Mean-Variance-Skewness framework. Furthermore, one additional
expansion yields a mean-variance-skewness-kurtosis approach.

The purpose of this section is to revisit the general framework of Samuelson, and expand
its realm of applications. In subsection [[] we start from the generalization of Samuelson’s
result as derived by Chabi-Yo, Leisen, and Renault (2006)E and introduce heterogeneous
preferences into Samuelson’s small noise expansion setting. A final subsection concludes
with heterogeneity of beliefs. While novel in its context, our approach is very much inspired
by recent work on model uncertainty.

1.1 Samuelson’s Small Noise Expansions Revisited

We consider an investor s with von Neumann-Morgenstern preferences, i.e. (s)he derives
utility from date 1 wealth according to the expectation over some increasing and concave
function u, evaluated over date 1 wealth. For the moment we will focus on a single investor
s, be it representative or not, and later we will populate the economy with s =1, ..., S
potentially different investors. For given risk-level o (s)he then seeks to determine portfolio
holdings (wis)i<i<n € R™ that maximize her/his expected utility for a given initial wealth
invested ¢,:

max  Fug(Ws) (1)

(wis)1<i<n ER™

with Ws = (s {Rf + Zwis : (Rf - Rf)} .

i=1

where Ry the gross return on the riskless asset and the solution is denoted by (wis(0))1<i<n
and depends on the given scale of risk o.

To define “risk” we turn next to the data generating process for returns. In particular,
let us denote by R, the (gross) return from investing one dollar in risky security i = 1, ..., n.
The more general notation used in equation (), namely R}, is designed to accommodate
heterogeneity of beliefs which will be introduced in the next subsection. In the current
subsection, where individual beliefs are not explicitly introduced, we will simply let R; =
R, for all 7 and s.

The random vector R = (R;)1<;<, defines the objective joint probability distribution of
interest, which is specified by the following decomposition:

Ri(0) = Ry + 0%a;(0) + o;. (2)

Here, a;(0), 1 = 1, ..., n, are positive functions of o. The parameter o characterizes the scale of
risk and is crucial for our analysis. In this paper we are interested in small noise expansions,

2See also Anderson, Hansen, and Sargent (2006) for recent work on small noise expansions.
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i. e. approximations in the neighborhood of ¢ = 0. They provide a convenient framework
to analyze portfolio holdings and resulting equilibrium allocations for a given random vector
Y = (Y;')lgign with

ElY]=0, and Var(Y) =%,

where Y is a given symmetric and positive definite matrix. For future reference we denote
by
'y = E[YYTY]

the matrix of covariances between Yj and cross-products Y;Yj, ¢,7 = 1,...,n. Typically,
asymmetry in the joint distribution of returns means that at least some matrices 'y, k =
1,...,n are not zero.

In equation (), the term o2a;(c) has the interpretation of a risk premium. Obviously,

equation () does not restrict the probability model of asset returns unless something is
said explicitly about the functions a;(c). Samuelson (1970) restricts a;(c) to constants a;.
Under this assumption risk premiums are proportional to the squared scale of risk. Samuelson
(1970) also provides a heuristic explanation for equation (B2), as it closely relates to continuous
time finance models. In particular, thinking in terms of Brownian motion, o may be thought
of as the square root of time, while the drift and the diffusion terms are given by the vector
with components (R; + a;6%) and (oY) respectively.

We will show that local variations of a;(¢) in the neighborhood of ¢ = 0 allow us to
characterize the price of skewness and kurtosis in equilibrium. In particular, in a second
order expansion a;(c) = a;(0) + cal(0) + 02/2a/(0), we will show that - in the case of
homogeneous beliefs - specifying the price of skewness is tantamount to fixing the slope

a;(0) while the price of kurtosis is encapsulated in the curvature a/(0). To show these

results, we first need to slightly generalize the main Samuelson (1970) result about small

noise expansions.

Let us reconsider investor s with von Neumann-Morgenstern preferences expressed by
us in equation (). Recall that the solution to the optimal asset allocation is denoted by
(wis(0))1<i<n. The focus of interest here is the local behavior of the shares w;s(o) for small
levels of risk, as characterized by the quantities:

wis(0) = lim w;i(0) , w;,(0) = lim wii () , w;,(0) = lim w(0) (3)

By a slight extension of Samuelson (1970), the following holds:

A. optimal shares of wealth invested w;s(0), i = 1,...,n depend on the utility function u
only through its first two derivatives u’(¢;Rs) and u”(qsRy),

B. the first derivatives of optimal shares with respect to o, w..(0), i = 1,...,n depend on
the utility function u, only through its first three derivatives u,(q.Ry), u, (¢:Ry) and

"

Ug (quf)

C. the second derivatives of optimal shares with respect to o, w/.(0), i = 1,...,n involve

the first four derivatives u(q.Ry), u, (¢:R), u, (¢:Ry) and u, (q.Ry).

>



Property ([Al) implies that a mean-variance approach, using a second order Taylor expansion
of ug, provides a correct characterization of optimal shares w;s(0) in the neighborhood of
zero risk. Moreover, property ([B]) implies that a third order Taylor expansion of u, - that is
a mean-variance-skewness approach - also provides a correct characterization of the slopes
wi,(0) of optimal shares in the neighborhood of zero risk. Finally, property () implies
that the curvatures w/.(0), ¢ = 1,...,n of optimal shares involve the first four derivatives

u,(q:Ry), u,(¢:Ry),u, (¢:Ry) and wu, (gsRy). The relevant formulas are then derived from
a fourth order Taylor expansion of ug, that is a mean-variance-skewness-kurtosis approach.

Since small noise expansions are based on the local behavior of the utility function around
zero risk, it is not surprising that preferences will be characterized by their derivatives of the
terminal wealth in an hypothetical risk-free environment evaluated at the value (¢;Ry)

In particular, preferences will be characterized by three parameters:

r, = —LleRy) @)
Ug (quf)
7__52 ulsﬂ(QSRf)
2 Uls(quf)

g
Ky = _T_sus/ (QSRf) (6)
3 us(Qst )
called respectively risk tolerance, skew tolerance and kurtosis tolerance. The risk tolerance
coefficient 7y is positive, (note that 1/7; is the Arrow-Pratt absolute measure of risk aversion),
while the skew and kurtosis tolerance coefficients ps and k, are assumed to be non-negative,
following the literature on preferences for higher order moments (Chapman (1997), Dittmar
(2002), Harvey and Siddique (2000), Jondeau and Rockinger (2006)). Note that the positivity
of skew tolerance is also supported by the literature on prudence (Kimball (1990)).

Ps

Next, we show that the standard mean-variance formulas always provide the local first
approximation of the demand for risky assets, irrespective of preferences for higher order
moments. In particular:

Theorem 1.1 Consider the portfolio optimization problem appearing in equation () and let
returns be generated by equation [4). Moreover, let the preferences of investor s be specified
as in ([{f)). Then, in the limit case o ~» 0, the vector ws(0) = (wis(0))1<i<n of shares of wealth
invested by investor s is defined by:

qsws(0) = 7,2 1a(0)

where a(0) = (a;(0))1<i<n @s the vector of risk premiums in the neighborhood of small risks.

Proof: See Appendix [Al

The above result tells us that a two mutual funds theorem is valid. Besides the risk free
asset, investor s chooses to hold a share of the same risky portfolio, dubbed the mean-variance
mutual fund and defined by the coefficients of the vector:

s =X""a(0) (7)
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The individual risk tolerance coefficient 7, defines the respective weights of the two mutual
funds in investor’s s portfolio. When all investors are equal, or one thinks of a single repre-
sentative agent, this result coincides exactly with the standard result in case of homogeneous
beliefs and joint normality of returns. In this latter case, it will be shown in the next section
that the risk premium terms a;(co) are in equilibrium constant functions of ¢, and therefore
always equal to a;(0).

In the general case of possibly skewed and leptokurtic distributed returns, the prices
for skewness and kurtosis risk will play a role through the vectors of co-skewnesses and co-
kurtosis of the various assets with respect to the benchmark mean-variance portfolio ¢ =
¥71a(0). Let us therefore define:

¢ = i =Co[(<TY)%, Y]] (8)
di = COU[(CTY)?’,Y;]

Following Kraus and Litzenberger (1976), Ingersoll (1987), Fang and Lai (1997), Harvey
and Siddique (2000) and Dittmar (2002) among others, ¢; (resp. d;) is called co-skewness
(resp. co-kurtosis). It is well known that the linear combination of portfolio betas yields the
variance of the portfolio return. Similarly, we show that the linear combination of portfolio
co-skewness and co-kurtosis yield convenient decompositions of the skewness and kurtosis of
the portfolio return.

Z@ci = E[Y)’] = B((M — EM)?]
Sads = ElTY)] = E(M - EM)Y

where M = >""  GR;(0) is the return on the mean-variance mutual fund.

To conclude, it is worth showing that the role of the above coefficients ¢; and d; vanish
when returns are (multivariate) Gaussian, namely: (1) an assumption of joint symmetry
of the probability distribution of returns, which is in particular fulfilled in case of joint
normality of returns, implies that all the matrices I'; and therefore all the co-skewnesses ¢;
are zero for all assets i, (2) joint normality of returns implies that:

Cov[(sTY)* Y] = Cov[(sTY)?, E(Y;[TY)]
E[(sTY)Var [TY]Cov[Y;, ¢TY]

and therefore:
d; = 3Var[sTY]Cov[Y;,¢TY] = 3Var[sTY]a;(0) 9)

Hence, the reason why the co-kurtosis coefficients do not play any role in case of joint nor-
mality is simply because they are proportional to usual the beta coefficients or, equivalently,
to the CAPM risk premium terms.



1.2 Heterogeneous beliefs

In this section we discuss heterogenous beliefs and do so by starting with characterizing
beliefs-distorted risk premiums, followed by beliefs-mimicking portfolios.

1.2.1 Beliefs-distorted risk premiums

We noted that equation () closely relates to continuous time finance models. A key insight
we add to Samuelson’s original setting is inspired by the recent work on model uncertainty.
This literature has adopted the view that alternative models, not far from an assumed
reference model in terms of entropy, are absolutely continuous with respect to the reference
model. This implies, by the Girsanov theorem, that (local) alternatives differ only in terms
of drift functions.

The analogy with the model uncertainty literature leads us to consider an investor s as
having personal beliefs differing from the reference model (B) by a s-specific factor distorting
the risk premium o2a;(c). Obviously, this factor should not intervene in the limit case of
homogeneous beliefs (¢ = 0). Hence, the beliefs of investor s beliefs, for s = 1,...S, are
defined by the following stochastic model for returns:

Ri(0) = Ry + 0*(a;(0) + ohis(0)) + oY; (10)

where the function oh;s(0) represents beliefs distortions with respect to the “objective” risk
premium a;(o). Note that the notion of objective risk premiums will only be well defined
once we implement the model empirically, when the econometrically identified pricing kernel
will be defined with respect to the so called “objective” probability measure. The latter
probability measure features returns as in equation () where all beliefs distortions have
vanished. It should be noted however, that we do not maintain the assumption that the
“average” investor’s beliefs correspond to the objective probability. This is an issue, notably
discussed at length in Anderson, Ghysels, and Juergens (2005a). As the latter point out, the
assumption that agents are on average correct is one of weak rational expectations, and often
rejected in the behavioral finance literature (see Anderson, Ghysels, and Juergens (2005a)
for further discussion).

We do impose some constraints, however, with respect to the distortions of beliefs of the
average investor. In particular, note that in equation ([0) the beliefs distortion function
his(o) is pre-multiplied by o, and this ensures that the price of risk a;(0) is not modified by
beliefs distortions in the neighborhood of zero risk. Consequently, heterogeneity of beliefs
will not be identified through asset demands and equilibrium prices in the limit case as o

3 See for instance, Hansen and Sargent (2001), Anderson, Ghysels, and Juergens (2005a), Anderson,
Ghysels, and Juergens (2005b), Hansen, Sargent, and Tallarini (1999), Anderson, Hansen, and Sargent
(2003), Chen and Epstein (2002), Hansen, Sargent, Turmuhambetova, and Williams (2004), Kogan and
Wang (2002), Liu, Pan, and Wang (2005) Uppal and Wang (2003), Maenhout (2004), among others.

4Note also that according to Maenhout (2004), this restriction is entirely natural for the portfolio problem
we are interested in, as a preference for robustness is often motivated by substantial uncertainty about the
expected return, and therefore precisely the drift term.



goes to zero. Therefore, in our framework, heterogeneity of beliefs is unrevealed within the
context of the standard mean-variance analysis. In fact, the mean-variance mutual fund
result (L)) remains valid within the more general setting with heterogenous beliefs:

Theorem 1.2 Consider the portfolio optimization problem appearing in equation () and
let returns be generated by equation (I0). Moreover, let preferences be specified as in ({f).
Then, in the limit case o ~~ 0, the vector ws(0) = (wis(0))1<i<n of shares of wealth invested
is defined by:

qsws(0) = 7,5 1a(0)

where a(0) = (a;(0))1<i<n @s the vector of risk premiums in the neighborhood of small risks.

Proof: See Appendix [Al

1.2.2 Beliefs-mimicking portfolios

Theorem implies that the portfolio and pricing effects of heterogeneous beliefs will only
appear through higher order moment expansions of the asset pricing kernel, when preferences
for respectively high positive skewness and possibly low kurtosis are taken into account.

It is worth discussing at this stage the main implications of the modelling strategy we
pursue as it transpires in Theorem A first issue pertains to identification. In particular,
distortions of beliefs could be confounded with preferences for skewness in the slopes of
optimal portfolio shares, i.e. w/,(0). Hence, one may wonder whether both effects can be
disentangled in the return equation ([[) since both give rise to the price of risk being affected
by a function of 0. We will show in section Bl that we can clearly separate the two effects -
beliefs distortions and preferences for skewness - in the risk premium per unit of variance.
More specifically, preference for skewness will appear in the vector ¢ = (¢;)1<;<n of co-
skewnesses scaled by skew tolerance, whereas distortion of beliefs, non-uniform among the
various assets, will give rise to additional mutual funds, we will call “beliefs portfolios 7. To
see this, note from equation ([[) that the slope of the risk premium in the neighborhood
of zero risk is decomposed as (a}(0) + h;s(0)), where a(0) is the slope (at zero risk) of the

7
objective (i.e. independent of s) risk premium function.

In the initial setup of Samuelson (1970) the slope a;(0) was set to zero. The role of the
slope a;(0), was first exploited in Chabi-Yo, Leisen, and Renault (2006), to price the higher-
order factors of risk, the price of skewness in their case, not captured by the mean-variance
portfolio. In this paper we extend this approach and further decompose the slope into two
components. The first component will price skewness, as originally suggested in Chabi-Yo,
Leisen, and Renault (2006), whereas the second component will related to beliefs portfolios,
with the purpose to hedge the heterogeneity of beliefs represented via the distortions h;s(0).
In particular, we can define:



Definition 1.1 A beliefs-distortion function his(o) according to (Il) gives rise to the fol-
lowing investor’s beliefs portfolios:

o = 27 ey ® a(0)] (11)

where © is the Hadamard (element-wise) product of matrices and ces = (vis)(1<i<n), where
;s 18 defined such that: h;s(0) = a;5a;(0).

Note that the above definition is very general and only involves a mild implicit assump-
tion. Namely, beliefs distortions are only about risk premiums that the traditional CAPM
does not set to zero. In particular, since the vector a(0) of prices of risk will be conformable
to a standard CAPM beta-pricing, we expect that a zero-beta asset ¢ will be endowed not
only with a zero objective risk premium a;(0) but also a zero beliefs distortion h;s(0) for any
investor s.

In the next section it will be shown that beliefs portfolios matter when there is at least
some investor s, with (h;s(0))(1<i<n) not proportional to (a;(0))<i<n), Where the latter de-
termines the mean-variance portfolio. As a matter of fact, a beliefs portfolio gés) does not
coincide (up to a scaling factor) with the mean-variance portfolio ¢ = % 71a(0), if and only
if the components of ass are not all equal. Hence, whenever for some agent s, the («y,) are
not equal, will imply that we need beyond the mean-variance portfolio also “beliefs repre-
senting portfolios ” where the assets are re-weighted in proportion to the associated beliefs

distortions, or “fad effects”.

The above discussion prompts the question whether we need S linearly independent
portfolios, as many as there are agents. If (J 4 1) is the dimension of the subspace R™
spanned jointly by (ces)1<s<s and the n-dimensional sum vector 1 = (1,...,1)’, we will
have a J-dimensional structure of beliefs distortions. This will lead to J mutually linearly
independent vectors af = (a?)i<i<pn, also independent of 1. It will be shown in the next
section that this beliefs heterogeneity will yield J beliefs-mimicking mutual funds:

G=©a0)] j=1....J (12)

Without loss of generality we will henceforth normalize all the weights X 7'[a’ ® a(0)] such
that:

1 e~
=Y al=1 Vj=1,..J
ni:l

This normalization ensures comparability with mean-variance analysis, as ¢ = L' [1 ® a(0)]
= X7'a(0). We can also unambiguously define a system of belief loadings (Asj)a<j<.) for
each investor s :

J
Nes = )\501 + Z )\sjaj (13)
j=1

J J
= o+ D A1+ Aylad — 1)
j=1 j=1

10



Large loadings \,; for some j imply that investor s strongly disagrees with a(o) being the
correct description of the cross-section of expected returns. (S)he rather believes that some
asset i will have relatively higher (resp. lower) expected return when «] is larger (resp.
smaller) than one. It is worth noting that when all the non-zero components of a’ are
equal, an interesting case emerges as o/ ® a(0) amounts to a situation where some risk
premiums are zero while all other components are multiplied by the same re-normalization
factor. Moreover, a diagonal matrix 3 yields a beliefs portfolio X~'[a/ ® a(0)] proportional
to the mean-variance portfolio, except that the portfolio shares for some particular assets
are annihilated and this because there is no need to introduce a discrepancy between beliefs
and objective value of the risk premiums. This approach will be pursued in the empirical
section M while neglecting possible interactions between correlations and beliefs.

It is worth reminding the reader of the fact that the above analysis pertains to slopes in
the neighborhood of zero risk, e.g. the slopes of optimal portfolio shares w’(0) =(w!,(0))1<i<n-
We could however also consider higher order derivatives, like the curvature w?(0). As far as
first order derivatives are concerned, they will capture discrepancies, due to both preferences
for skewness and heterogeneity of beliefs, with respect to the common mean-variance model.
When considering higher order derivatives, like w”(0), we will be able to capture preferences
for kurtosis as well as higher order effects associated with heterogeneity of beliefs about
expected returns. One may therefore expect additional mutual funds to emerge, designed to
hedge not only against kurtosis, but also against heterogeneity of beliefs about co-skewness
coefficients, or co-skewness not only with respect to the mean-variance portfolio, but also
beliefs-representing portfolios.

To avoid a proliferation of mutual funds, we will make some simplifying assumption in
the mean-variance-skewness-kurtosis asset pricing model introduced in this paper. The key
simplifying assumption will be that:

B, (0) = 4sd)(0). (14)

Without this simplification, we would end up with different types of beliefs portfolios, such as
Y aes ©@a(0)] and X7 [des ® @/ (0)], the latter because hl (0) = &;.al(0). Restricting & = a,
as in equation ([[d) is justifiable as simplification. A sufficient condition is the homogeneity
condition:
his(g) - aisai(a)v (15)
which corresponds to the following stochastic model for asset returns:
Ri(0) = Ry + 0%a;(0)[1 + oays] + oY) (16)

While the above data generating process is restrictive with regards to equation (I0), it is
worth emphasizing this only applies to the curvature w”(0). As far as the mean-variance-
skewness-beliefs asset pricing model is concerned, we do not require the homogeneity re-
striction appearing in ([[H). For instance, with a one-dimensional beliefs distortion (i.e. J
=1):

Qes = Ag0l + A

several additional effects of beliefs distortions are expected in the curvatures w,(0) of optimal
portfolio shares. Skipping for the moment the details discussed later in the paper, we will
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show that beyond the vector of co-kurtosis, higher order small noise expansions will result
in three additional portfolios involving beliefs distortions:

e A portfolio g = X7 ® a ® a(0)] which represents something like a beliefs portfolio
built on the basic beliefs portfolio ¢, = X7 '[a @ a(0)] defined above. Obviously, with
uniform beliefs distortion (cy; = 1 for all 7), all portfolios coincide with the basic mean-
variance mutual fund ¢ = X7 'a(0).

e A portfolio based on a cross-co-skewness measure between the mean-variance mutual
fund ¢ and the beliefs portfolio ¢, :

ciw=¢"Tig= Cov[(sTY)(¢;Y), Y] (17)

The cross-co-skewnesses c;;, are all zero like the co-skewnesses ¢; when the primitive
asset return distributions are symmetric (I'; = 0). For general distributions, they
coincide in the case of uniform beliefs distortion (a; = 1 for all 7).

e A portfolio based on beliefs about co-skewnesses, that is based on the vector o ® c.

2  Mean-Variance-Skewness-Beliefs Pricing

In this first of two sections we go beyond the standard mean-variance formulas that form the
basis for the CAPM. In a first subsection EXI] we analyze the individual investor’s problem,
before deriving in the next subsection the implications for equilibrium allocations and
prices. A final subsection derives the pricing kernel.

2.1 The individual investor problem

A Taylor expansion of the utility function one order beyond the quadratic approximation
characterizes the demand for additional portfolios beyond the basic mean-variance mutual
fund ¢ = ¥ 7'a(0). Namely, two additional portfolios appear, as stated in the following
theorem:

Theorem 2.1 Assume the setting of Theorem [L3, with preferences specified as in ({}) and
), where ps is the skewness tolerance. Then, in the neighborhood of o = 0, the first order
approzimation [w,(0) + ow.,(0)] of the vector wy(c) of shares of wealth invested is defined by:

4s|ws(0) 4+ 0w, (0)] = 7.2 7H(1 + 0aes)] © a(0) + o2 psc + a (0)]. (18)

Proof: See Appendix

Recall that identification issues may potentially arise, as one may expect that distortions
of beliefs may be confounded with preferences for skewness in the slopes of optimal portfolio
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shares, i.e. w/,(0). Theorem Pl clearly disentangles the respective roles of preferences for
skewness and distortion of beliefs. Besides the mean-variance portfolio ¢ = %71a(0), two
additional portfolios are included in the demand of investor s : (1) the beliefs-distorted
portfolio gb(s) = Y aes ® a(0)] and (2) the so-called skewness portfolio (see Chabi-Yo,
Leisen, and Renault (2006)) defined by g = X'c. Note that the coefficient of the beliefs-
distorted portfolio in the investor’s demand does not involve anything related to skewness
or skewness preferences. Likewise, the coefficient of the skewness portfolio in the demand of
investor s does not involve anything related to beliefs distortion and is simply proportional
to the intensity ps of skew tolerance.

It was previously noted that the coefficient ¢; measures the contribution of asset 7 to the
skewness of the mean-variance portfolio ¢ and can be called the co-skewness of asset i in
the portfolio. This is the reason why, in the particular case of a diagonal covariance matrix
Y., a large co-skewness ¢; will increase the demand for asset ¢, particularly when investor
s has a strong preference for positive skewness, as measured by p,;. Therefore, individual
preferences for positive skewness will increase, ceteris paribus and up to correlation effects,
the equilibrium price of assets with positive co-skewness. This effect will appear in the
equilibrium value a’(0) of risk premium slopes.

An alternative interpretation of the skewness portfolio follows from Chabi-Yo, Leisen,
and Renault (2006) who observe that the affine regression of the squared return (¢'R)? of
the mean-variance mutual fund on the vector R = (R;)1<;<, of returns on risky assets is an
affine function of ¢,;. Hence, while derivative assets with nonlinear payoffs may be in practice
a way to trade skewness, the skewness portfolio ¢, appears in our framework as the best
way to replicate the nonlinear payoff (¢'R)? via trading exclusively assets which have payoffs
that are linear functions of primitive returns.

2.2 Equilibrium Prices and Agent Demands

We turn now to equilibrium prices and demand, starting with some assumptions about
aggregate quantities:

Assumption 2.1 We assume that the net supply of each risky asseti =1, ...,n is exogenous

and independent of the scale of risk o. Then the Taylor expansions of individual portfolios
shares must fulfill the following market clearing conditions:

S s
Z qsws(0) = S, Z gsw,(0) =0
s=1 s=1
where S is the number of (types of ) agents in the economy.

Assumption 2.2 There is a J-dimensional structure of beliefs distortions:

J
Qs = Aol + D Ajod  Vs=1,...58. (19)

j=1
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Note that the beliefs structure in Assumption implies that the first order expansion of
the vector of risk premiums can be written as:

ER(0) — Rf1 = 0*[(1+0Xy)1+0d'(0)] (20)
+02[o Z Agja? © a(0)], (21)

With a slight abuse of language, we will refer to a 0-dimensional structure when aes = g1,
and thus the risk premium expansion is the first line of equation (20). In this case, a positive
Aso implies an overconfident investor s who uniformly scales expectations with an upward
bias (relative to the objective expectations) across all assets.

We will show that Assumptions BTl and implies that the “market portfolio” @ is the
portfolio selected by the average investor, with average initial wealth g = 1/S Zle qs and
average preferences and beliefs. To do so, we need the following quantities:

Definition 2.1 The average investor is characterized by the following population averages:

S S S

— ]- — s= 7—sps N s= Ts>\s' .

TSl po ey D™l gy (@)
s=1 Zs:l 7-8 25:1 Ts

Note that the average skew tolerance and average loadings of beliefs distortions are computed
with weights proportional to risk tolerance. Hence:

S S
 nlps—p) =0, Y m(Ag-XN)=0 j=01...J
s=1 s=1

As noted before, it is important to remind the reader that we did not assume that
the average investor’s beliefs coincide with the expectations under the objective probability
model (). Hence, we do not impose that the averaged loadings of beliefs distortions A; are
all zero.

We substitute wy(0), w,(0), as characterized by Theorems and 2], into the market
clearing condition and obtain:

a(0) = Yw/7  a(0) = —pc—Ao(a®a(0)) =7, Xl ©a(0) (23)
To summarize, we have the following theoretical result:
Theorem 2.2 Let Assumption [Z1 and [Z3 and Definition [Z1 hold and let the preferences

be as in Theorem [Zl. Then the first order approzimation of the asset demand of investor s
m equiltbrium 1s:

4s[w*(0)+ow,(0)] =

Al

{[1 +0(Aso — No)]J@ + oX 7t Z(Asj -\ © Yw] }+Ts(ps—ﬁ)2_lac

j=1
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Theorem Z2 is a mutual funds separation theorem which displays (J + 2) mutual funds in
equilibrium:

e Similar to the standard Sharpe-Lintner CAPM, investor s holds a share the of market
portfolio @ = 7T¢ proportional to the mean-variance mutual fund. Per unit of wealth
invested, the size of this share is determined by the risk tolerance of investor s relative
to the average one.

e A non-zero vector ¢ of co-skewnesses appears when some asset return distributions
are skewed. This vector ¢ gives rise to an additional mutual fund defined by shares
proportional to ¢, = X 'c. The corresponding portfolio is held in a positive quantity
by investors s whose skewness tolerance py is higher than average.

e A J-dimensional structure of beliefs distortions with heterogeneous beliefs may even
introduce J additional beliefs portfolio defined by shares proportional to gg =Y ol ®
a(0)]. It is held in a positive quantity by investors s whose expectations on risk premi-
ums are scaled by a beliefs loadings A;s higher than average. Its composition deviates
from the market portfolio @ the more the beliefs coefficient o’ for asset i deviates from
one.

Note that, by definition, the skewness portfolio ¢, and the beliefs portfolios gg L J =
1,...,J, are all in zero net aggregate supply.

A simple case of the additional mutual fund comes with a 0-dimensional beliefs distortion
structure. In this case, heterogeneity of beliefs does not really give rise to an additional mu-
tual fund since the beliefs portfolio coincides with the market portfolio. Up to the skewness
portfolio, individual asset demands are only shares of the market portfolio according to the
formula:

(7/T)[1 + o (Nos — Ao)[@ (24)

Hence, the only role of heterogeneity of beliefs in this case is an apparent distortion of risk
aversion. In particular, consider an overconfident investor s, as characterized by a distortion
factor \gs, scaling uniformly above average her expectations over all assets returns. In terms
of asset demands, such an investor will be observationally equivalent to an investor with an
average distortion of beliefs but a risk tolerance larger than 7, by a factor of [1+0(Ags— Ao)].

The above result coincides with similar findings in the model uncertainty or robustness
literature, see for instance Maenhout (2004) (see his formula (17), page 962). Therefore, as
concern for robustness amounts to an increase in effective risk aversion, we conclude that
overconfidence results in a decrease of effective risk aversion.

Our setting also nests Uppal and Wang (2003) who allow for non-uniform concerns for
robustness among risky assets or equivalently for asset-dependent distortions of expected
returns. In a similar way they end up with effective risk aversions different for each asset
(see their formula (28), page 2476). Moreover, we have shown that the various factors o’
scale the various components of the market return differently (see the difference between
w=7¢ =7 % 'a(0) and ¢/ = X[’ ® a(0)]), giving rise to additional mutual funds.
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It is reasonable to assume that there is no distortion for some assets, hence expected
returns are agreed upon by all agents (a{ = 0 for such an asset i) while expected returns for
other assets are uniformly uncertain. This gives rise to a beliefs portfolio ¢; = 7' [a? ®a(0)]
where only the uncertain assets are included. This feature will be exploited in the empirical
analysis reported later in the paper.

To conclude, as far as preferences for robustness is concerned, it is worth noting that in a
Gaussian framework, our portfolio and asset pricing model is observationally equivalent to a
general version of both Uppal and Wang (2003) and Maenhout (2004). However, we need to
emphasize an important difference in case of significant preferences for positive skewness and
asymmetries in asset payoffs as well. While such asymmetries and skewness preferences have
been well documented (see Chabi-Yo, Leisen, and Renault (2006) and references therein),
we argue that they must be jointly identified with heterogeneity of beliefs or concern for
robustness with regards to model uncertainty. They both correspond to higher order terms
in the risk-return trade-off and, for this reason, must be considered simultaneously. However,
since they give rise to different mutual funds, it leaves room for separate identification of
these two effects, as shown in the next subsection and in our empirical study as well.

2.3 The Pricing Kernel

The empirical work discussed in section HFl will involve asset pricing data, as is typically the
case, as there is no data on asset demands. It is therefore necessary to characterize our
model in terms of implied pricing kernels. This will allows us to draw comparisons with the
empirical work of Bansal, Hsieh, and Viswanathan (1993), Chapman (1997), Harvey and
Siddique (2000), Dittmar (2002), among others.

The fundamental asset pricing equation tells us that the pricing kernel m should be able
to price correctly all assets at hand and:

Em =1/Ry and EmR =1 (25)

where expectations are computed with respect to the objective probability measure defined
by equation (&), namely:
R = R;1 + o%a(o) + oY

As usual, we may expect the pricing kernel to be spanned by the returns on the mutual funds
which appear in individual equilibrium asset demands. Therefore, when the risk premium
vector is approximated by its first order expansion o2[a(0) + oa’(0)], we may expect the
pricing kernel to be spanned by (i) the risk free rate Ry, (ii) the market return Ry, = WTR
= 7¢TR, (iii) the payoffs on the J beliefs portfolio Rgm) = F(qg)TR, j=1,...,J, and (iv) the
payoff on the skewness portfolio R s, = <], R. Moreover, we noted that the affine regression
of the squared market return R2, on the vector R of primitive returns is an affine function
of the payoff of the skewness portfolio. Therefore, we do not modify the fundamental pricing
relationship (25) when we replace the payoff Ry, of the skewness portfolio with R?2, in the
pricing kernel m. This is the reason why we can prove the following result:

16



Theorem 2.3 The vector of asset risk premiums o?a(c) approzimated by o*[a(0) + oa’(0)],
(with a(0) and a'(0) determined in equation (Z3)) is consistent with the pricing kernel:

m(o) = Ag + Aymd(Ray) + > Al md(R),) + Asmd{[md(Ra))*}

i=1

with: Ag = 1/Ry, Ay = (=1/(Ry7))(1 — o)), A3 = p/(Rs7°), Ap; = (0X;)/(Rs7), j = 1,
ooy Jy,md(X) = X — E(X) denotes the mean-deviation part of a random variable X, and
md([md(X)]*) corresponds to (X — E(X))* - E(X — E(X))*. In addition, the market return
Ry = WTR = 7SR, the payoffs on the J beliefs portfolios Rgm) = ?(gg)TR, j=1,...,J

Proof: See Appendix

It is worth noting that in Theorem 23], the small noise expansions enabled us to aggregate
individual preferences and beliefs, which yielded the factors for equilibrium pricing. For
example, compared to the existing literature it was not a priori assumed that the squared
market return was the relevant aggregate for pricing skewness. Indeed, in the prior literature
(see e.g. Harvey and Siddique (2000) and Dittmar (2002)), the squared market return appears
through Taylor expansions of a representative agent utility function. In contrast, in Theorem
the squared market return appears as a pricing factor for co-skewness whose mimicking
portfolio is the skewness portfolio. The latter has been derived as the correct aggregate, that
is the mutual fund held in equilibrium by all investors whose skewness tolerance is higher
than average. Similarly, the beliefs portfolios appear as mutual funds all heterogeneous
investors will use to hedge their differences in beliefs, while they were previously put forward
by Anderson, Ghysels, and Juergens (2005a) only as a reduced form approximation.

It is worth noting that a beliefs portfolio is relevant in the pricing kernel if and only if
the average investor has a non-zero belief distortion. Hence, in the particular case where
aggregation of beliefs would generate the objective probability distribution, beliefs distortions
have no pricing effect at this order of expansion.

When all investors are considered as identical with the same initial endowment g, then
the aggregation issue becomes straightforward: they all chose the same portfolio w(c) (in
particular @ = g w(0)) and the relevant averages 7, p, and \; are interpreted as characteristics
of a representative investor identical to all the investors in the economy:

v'(qRy)

u"(qRy)
B ?2 u/// (aRf)
P = 5 7=
2 u'(qRy)
In such a case: (i) the coefficient A; of the market return is (R;lf) is the same as in the
common CAPM formulas, (ii) the coefficient Ay of the squared market return is (p/R;7?)
as in Dittmar (2002), (iii) the coefficient Ap; of the return on the beliefs portfolio ¢ is

(0/Ry)(\;/7) because in this case, a common degree of for instance overconfidence among
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investors for a subset of assets (positive A; common to all investors) is observationally equiv-
alent to an effective risk aversion different for each asset as in Uppal and Wang (2003),
Anderson, Ghysels, and Juergens (2005a), among others.

To summarize, we established a well-founded aggregation theory which tells us what are
the relevant aggregates when investors are heterogeneous with respect to both preferences
and beliefs. This is in contrast to the results of Gorman (1953) who used exact aggregation
argument, whereas we use Samuelson’s small noise expansion setting. Moreover, the average
preference for skewness must be taken into account to assess the pricing effect of the average

distortion of beliefs. Most importantly, at order zero, our expansions reduce to the common
CAPM.

Finally, if we want to characterize the pricing effects of the dispersion among investors
of both preferences and beliefs, that is to exhibit some risk factors whose price depends not
only on average values p and \ of skew tolerance and distortion of beliefs respectively but
also on their cross-sectional dispersion among investors, we need to go one step further, that
is to take also into account the average tolerance for kurtosis, the topic of the next section.

3 Mean-Variance-Skewness-Kurtosis-Beliefs Pricing

Having introduced the Mean-Variance-Skewness asset pricing model, we now turn to its
further extension, that is, we add kurtosis risk. The structure of the section is the same as
the previous one. In a first subsection Bl we analyze the individual investor problem, before
deriving in the next subsection the implications for equilibrium allocations and prices.
A final subsection derives the pricing kernel.

3.1 Individual Asset Demand

A Taylor series expansion of the utility function two steps beyond the quadratic approxima-
tion yields a price for skewness and kurtosis, or a mean-variance-skewness-kurtosis framework
using the simplified model ([[H) for returns. The first order conditions are identical to the
mean-variance-skewness agent first order conditions, namely:

Elu,(W*(0))(0ai(0)(1 + ais0) + Yi)] = 0

This means that the level w,(0) and slope w,(0) of the portfolio weights of agent s are
identical to those obtained in Theorem Bl To further characterize the curvature w?(0) of
the portfolio weight of agent s we rely on the extended Samuelson (1970) result, namely we
use a Taylor expansion of the utility function up to the fourth degree:

Theorem 3.1 Assume the setting of Theorem [LA, with preferences be specified as in (@),
where ps and kg denote respectively the skewness and kurtosis tolerances. Then, in the
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neighborhood of o = 0, the second order approzimation [w,(0) + ow,(0) 4+ 02w"(0)/2] of the
vector wgs(o) of shares of wealth invested is defined by:

ws(0) = (7s/qs)

wi(0) = (7/qs)[psssr + 55 + X7 (0)]

w!(0)/2 = (7:/qs)[sg" +271a"(0)/2] (26)
—Ks(Ts /s )Skurt /2 + (Ts/qs) (3ps — 1)(sT2¢)s
+2(75/ )27 ps [ps (ST iser) + STy + sTTic"] iy

S
[

where:
S = X ta(0) S = Xle
Shurt = X 'd G = X' aes©®a(0)] (27)
¢’ = Y 1d(0) g = Z_l[a.SQa’(O)]

Proof: See Appendix

We noted in the previous section that the formulas for asset demand allow us to disen-
tangle the effects of preferences versus distortion of beliefs. In this respect, Theorem Bl
introduces again several distinct portfolios:

First, the mean-variance portfolio ¢ = ¥71a(0) and is replaced by a similar portfolio
involving higher order terms: Y ~'[a(0) + oa’(0) + ¢%a”(0)/2]. Note that the equilibrium
expressions of the slope a (0) and curvature a”(0) of the vector of risk premiums involves
some additional mutual funds which will be further discussed in the next subsection.

Second, the beliefs-distorted portfolio ¢; = X7 e, ® a(0)] is now completed by a higher
order isomorphic term ¢/ = X7 aes @ a’(0)]. Note again that the coefficients of these beliefs-
based portfolios in the investor s demand do not involve skewness, kurtosis or preferences
for them.

Third, note that the skewness portfolio ¢;,= Y ~!c is now augmented with a kurtosis
portfolio e = Y7 1d. Its coefficients in the asset demand of investor do not involve beliefs
distortions and are simply proportional to respectively the intensities p, and x4 of investor s
skew and kurtosis tolerances. The coefficients ¢; and d; measure respectively the contributions
of asset ¢ in the skewness and kurtosis of the mean-variance portfolio ¢. In particular, up
to correlation effects, a large co-skewness ¢; increases the demand for asset ¢ in proportion
of investor s preference for positive skewness p;, a large co-kurtosis d; will decrease his/her
demand for asset ¢ in proportion of his/her aversion for kurtosis 4. Therefore, individual
preferences for large positive skewness (resp. small kurtosis) will increase (resp. decrease),
ceteris paribus, the equilibrium price of assets with positive co-skewness (resp. positive co-
kurtosis). These effects will appear in the equilibrium values a’(0) and a”(0) of risk premiums
slopes and curvatures.

Recall that Chabi-Yo, Leisen, and Renault (2006) showed that the affine regression of
the squared return (¢TR)? of the mean-variance mutual fund on the vector R = (R;)1<i<n
of returns on risky assets is an affine function of the skewness portfolio ¢,,. This yielded
an alternative interpretation of the skewness portfolio. Not surprisingly, following similar
arguments, one can show that the affine regression on R of the cubic return (sTR)? is an
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affine function of the kurtosis portfolio ¢x,,.. Hence, the skewness and the kurtosis portfolios
are respectively the best mimicking portfolios for the nonlinear payoffs (¢<TR)? and (¢TR)3.

As explained in section [ in the case of joint normality of returns, the skewness portfolio
s vanishes while the kurtosis portfolio ¢gy.+ is simply proportional to the mean-variance
portfolio <.

Finally, beyond the skewness portfolio ¢, = X7'c built on the vector of co-skewnesses
¢; = <TI';¢, several portfolios are associated to various cross-co-skewnesses. We previously
considered a cross-co-skewness measure between the mean-variance mutual fund ¢ and the

beliefs portfolio ¢ :
iy = sy = Cov[(TY) ((¢5)TY), Y] (28)

Along similar lines, we also define a cross-co-skewness measure between the mean-variance
mutual fund ¢ and the skewness portfolio ¢, as well as a cross-co-skewness measure with the
“differentiated ”portfolio ¢’ = X1a(0) :

Cisk = gTFigsk = CO’U[(CTY) (g;rkY)7 }/;]

cix = ¢TI'i¢" = Cov|[(STY)(¢'TY), Y]]

It is worth parenthetically recalling that all these cross-co-skewnesses are zero - like the
co-skewnesses ¢; - when the primitive asset return distributions are symmetric (I'; = 0).
Moreover, Theorem Bl shows that cross-co-skewnesses give rise to additional portfolios,
Yl Yley and Y le, that gain importance in the portfolio decisions of investor s as
his/her skewness tolerance p, increases.

Finally we should note that a more illuminating interpretation of the various portfo-
lios as mutual funds will emerge in the next subsection when we consider the quadratic
approximation of the vector of equilibrium risk premiums.

3.2 Equilibrium Prices and Agent Demands

We need again to define some aggregate quantities in order to characterize equilibrium quan-
tities. In particular, in addition to Definition EZIl, we have:

Definition 3.1 In addition to the average investor characteristics in Definition 21 we also
have the following population average with regards to kurtosis preferences:

S
Ts
R = Z Ks (29)
s=1 Z Ts

To avoid the proliferation of mutual funds, we simplify the structure of beliefs distortions by
reinforcing Assumption in the following way:



Assumption 3.1 There is a one-dimensional structure of beliefs distortions. For alli =1,
.,nyands =1,...,5:

his = cvisa;(0) i = asa;(0)
and o = Ag .
Note that Assumption Bl implies an even simpler framework compared to Assumption
with J = 1. To simplify notation, we simply write a;s = As «; instead of a;s = Ags +

Asa;. We use again the market clearing condition, namely 3% ¢,w”(0) = 0 to derive the
component a”(0) of the equilibrium risk premiums, namely:

a"(0) = Fd—2XMa®da (0)) —2(37 — 1)(sTX¢)a(0)
—4(p? = P)csk — 4(pX = Ap)cy

with Csl = (Cisk>1§i§n with Cisk = §TFi§sk and Cp = (Cib>1§i§n with Cipy = §TFi§b and average
quantities defined as:

S S
— P Ty
P=> 0= A=) phiesg (30)
s=1 TS s=1 28:1 7_5

Therefore, to summarize, we have established the following:

Theorem 3.2 The vector of asset risk premiums in equilibrium, ER - R;1 = o%a(0), admits

a second order Taylor expansion in the neighborhood of zero risk characterized by:

a/(O) = Yw/T
a(0) = —XMa©a(0))—pc
a’(0) = ®Rd—203p—1)(0">w)Xw/7 (31)

—4(p? = P*)cak — 4(pX — Xp)ey
+20p(a @ ¢) + 23 [a ® (a © a(0))]

Proof: See Appendix [El

The difference with the risk premiums obtained in the context of a mean-variance-
skewness investor is the term a”(0) which can be decomposed in several components. The
first three components would appear even without beliefs distortions. Hence, they are com-
parable to results in the literature on preferences for higher order moments where indeed a
price ®d for low kurtosis is also found. The latter price is proportional to the average kur-
tosis aversion & and the vector d of co-kurtosis coefficients d; = Cov[(sTY)3,Y;]. This term
is similar to pc which determines the price for high skewness, notably the focus of interest
in the cubic pricing kernel of Dittmar (2002). The main difference with Dittmar (2002) is
that we do not operate within the representative agent paradigm. The standard approach to
relaxing this paradigm (see e.g. Constantinides and Duffie (1996) and references therein) is
to introduce both incomplete consumption insurance and consumption heterogeneity. While
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we also have investor heterogeneity, we have a different approach to market incompleteness.
Recall that the role of the skewness portfolio g,y is to track the squared market return (¢TR)?,
namely the affine regression of (<TR)? on R is an affine function of . Therefore, in terms
of quadratic hedging errors, the optimal way to hedge the risk (sTR)? with a portfolio com-
prising the risk-free rate and n risky assets R;, i = 1, ..., n, is to use the skewness portfolio
Gsk- However, markets are not complete with regards to this “quadratic risk.” There is a
non-zero residual risk, as in general:

Var[(TR)*] > Var((¢}R)]

We argue that correctly taking this residual risk into account is what creates a wedge between
our heterogeneous agent pricing model (without beliefs distortions) and the representative
agent model used in Dittmar (2002). In the latter case, a Taylor expansion of the utility
function one only finds a compensation for co-kurtosis coefficients d;, while we find in addition
to this a compensation for cross-skewness coefficients c;sp = Cov[(¢<TY)(¢]Y),Y;]. These
coefficients measure the contribution of asset ¢ to the aggregate risk:

Z SiCisk = COU[(§TY)27 (%Tky)] = E[(§TY)2(§sTkY)]

i=1

In contrast, the co-kurtosis coefficients d; measure the contribution of asset i to the market
kurtosis:

> sidi = Covl(sTY )2, (sTY)] = E[(TY )]

i=1
The difference between these two aggregate risks comes entirely from the differences between
(sTR)?, and what is hedged, namely (sJR).

It is interesting to note here that the approach we adopt, namely to combine investor
heterogeneity and incomplete hedging, leads to conclusions strikingly similar to those of
Constantinides and Duffie (1996). In their case, the pricing effects of heterogeneity are
proportional to the cross-sectional variation of individual consumers’ consumption growth. In
our case, we find pricing effects that are proportional to the cross-sectional variance (p2 —p?)
of individual investors’ tolerance for skewness. Our approach has some clear advantages as
far as empirical analysis is concerned as we treat the determinants of the cross-sectional
variance as structural parameters that can be estimated using asset pricing time series data.
Instead, the empirical implementation of Constantinides and Duffie (1996) requires, as they
note, individual consumption/portfolio choice panel data.

The result in Theorem adds two or possibly three priced factors, in addition those
due to heterogeneous skewness preferences. To facilitate the interpretation of the additional
factors, we will assume that:

Assumption 3.2 All the non-zero coefficients of a are equal and therefore:
a®al0) x a® (a®al0))

meaning that both are proportional.
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Assumption will also be used in the empirical analysis reported in section Bl With As-
sumption B2 only the assets 7 for which a; # 0, i.e. assets for which beliefs distortions matter,
are selected. Their pricing effects, characterized by betas with respect to the beliefs portfo-
lios ¢, = L7 Ha ® a(0)], are significant once there is a non-zero aggregate beliefs distortion

A.

When both aggregate beliefs distortion A and aggregate skew tolerance 5 are non-zero,
an additional priced factor emerges, as shown in in Theorem This factor is characterized
by a ® ¢, namely, whenever «; # 0 and price effect of co-skewness appears through ¢;. Aban-
doning the representative agent setting also adds a factor pertaining to the covariation of
skewness preferences and beliefs distortions. That is, the non-zero cross-sectional covariance
P - 7 A yields a cross-co-skewness factor determined by:

¢ = Cov((sT)(%), Y3)

These coefficient represent the contribution of asset ¢ to the covariance between the mean-
variance portfolio and the skewness portfolio:

Z siciv = Cov[(sT)?, ()] = Cov[(s]), ()]

since the hedging error (s7)? - (¢].) is uncorrelated with all linear portfolios. Hence, the
cross-sectional covariance between skew tolerance and beliefs distortion factors has a pricing
effect when the skewness and beliefs portfolios are correlated.

Given assets risk premiums in equilibrium, we rewrite agent’s portfolio weights given in
Theorem Bk

Theorem 3.3 Assume the setting of Theorem [LA, with preferences be specified as in (),
where ps and ks denote respectively the skewness and kurtosis tolerances. Then, in the
neighborhood of o = 0, the second order approzimation [w,(0) + ow.,(0) 4+ 02w"(0)/2] of the
vector wg(o) of shares of wealth invested is defined by:

G505 (0) = ¢s[ws(0) + 0w, (0) + %W (0)/2] (32)
with:
qswf(O) = 75(@/T) B
QSws(O) = Ts(ps - E)gsk + (TS/?)()\S - )‘)%
gsw?(0)/2 = T(As — N)sp — Ts/2(Ks — F)Skurt
37,/ 7)(p. — P) (W ED)@
+275[ps(ps — E) - (/i_ ﬁ2l]2_1csk
+275[ps(As = A) = (Ap = PA)|E 7 ey
where:
= Ylc o = o taoXw]
Skurt = X' ¢ = Yd(0)
& = ¥ aod0)

where a’'(0) = = a ® a(0) - pc and a(0) = X(T/7), and fori =1, ..., n: cigp = STliSer, Cin
= §Tri§é-
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Proof: See Appendix [El

To summarize, equilibrium individual asset demands w,(o), as represented by their second
order expansion as appearing in equation (B2), involves the following mutual funds in addition
to the mean-variance portfolio ¢ = W/7 :

e the beliefs portfolio ¢, = 71 [a ® Y]

e the skewness portfolio ¢, = X 7te, with ¢; = Cov[(¢TY)? Y]]

the kurtosis portfolio ¢¢ = 71, with d; = Cov[(sTY )3, Y]]

the cross-co-skewness portfolio: ¢.sp = B cgr, With ¢ = Cov[(sTY)(s]Y), V]

the beliefs-about-skewness portfolio ¢ = X7 (a ® ¢)

the cross-co-skewness beliefs portfolio g5 = X1y, with ¢ = Cov[(sTY)(¢]Y), Y]]

A particular investor s will hold in equilibrium shares of some mutual funds, where
the shares depend on the spread between his/her preference/beliefs characteristics and the
economy-wide averages:

Mutual funds Corresponding Preference /Beliefs
Characteristics

Beliefs portfolio As

Skewness portfolio Ps

Kurtosis portfolio K

Cross-co-skewness portfolio ps(ps — D)

Beliefs-about-skewness portfolio As

Cross-co-skewness beliefs portfolio | ps(As — A)

3.3 The Pricing Kernel

In equilibrium, the pricing kernel of the average investor should correctly price the vector of
returns as shown in expression (2H).

As in section 23 we determine the factors which span the pricing kernel, using the mutual
funds that appear in the equilibrium asset demands. Therefore, when the risk premium
vector is approximated by its second order expansion [a(0)+ca’(0) + (c2/2)a”(0)], we expect
the pricing kernel to be spanned by:

e First, the factors appearing in Theorem for the first approximation of the risk
premium vector, namely:

— (1) the risk-free rate Ry
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— (2) the market return Ry, = @R

— (3) the payoff on the beliefs portfolio Ry = 7¢TR

— (4) the quadratic market return R3,
e Second, four additional factors corresponding to the supplementary mutual funds ap-

pearing in Theorem

— (5) the cubic market return R3,

— (6) the product of the market return and the payoff on the skewness portfolio
— (7) the product of the market return and the payoff on the beliefs portfolio
- (8)

8) a beliefs-about-skewness portfolio

The cubic market return characterizes the reward on the kurtosis portfolio which can be
interpreted as the affine regression of R3, on the vector R of primitive returns. The product
of the market return and the payoff on the skewness (respectively beliefs) portfolio, charac-
terizes the reward on the cross-co-skewness (respectively cross-co-skewness beliefs) portfolio.
Finally, while the beliefs portfolio ¢, = X7 '[a ® a(0)] (and its payoff Ry, = 7<TR) was
introduced by the beliefs about the vector a(0) of risk premiums, we have also to introduce
a beliefs-about-skewness portfolio with payoff Ry, = 7¢] R = T(a ® ¢)TE'R. For the sake
of simplicity, we define the random variables:

md(Rasseen) = Var(R)"'Cov((md(Ry))% R)md(R)

md(R3,,) = (Var(R)™'Cov(Ryp, R))md(R)
mdR3,) = (Var(R))™((e © a) © Cov(Ry, R))md(R)
md(Rppe) = (Var(R))™ (o © Cov((md(Ry))?, R))md(R)

where md(X) denotes the mean-deviation part of a random variable X, and md([md(X)]¥)
corresponds to (X — E(X))* - BE(X — E(X))*. Then the following theorem holds:

Theorem 3.4 In equilibrium, assuming Assumptions [0 and [ZA to hold, then the vector
of assets risk premiums

o’a(0) = 0*[a(0) + oa (0) + 02a"(0) /2]
1s consistent with the pricing kernel:

m = Ao+ Aimd(Rar) + Aomd(Rap) + Asmd((md(Rar))?) + Aymd((md(Ra))?)
+Asmd(md(Ra)md(Ras skew)) + Asmd(md(Rar)md(Ryy,))
+A7md( 3/[%)) + ASmd( ?\4bskew)

with:
Ay = 1/_Rf A = =1/FRy) +3(p— )Var(Ruy)/(T*Ry)
Ay = oM(RyT) Ay = p/R;T)
Ay = —F/2R,7) As = Q(Pz—gz)/(?ng)
As = 2(poX—aXp)/(T°Ry) A = — (o)) (TRy)
As = —p (o)) /Rf7?)
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where md(X) denotes the mean-deviation part of a random variable X, and md(md(X)]¥)
corresponds to (X — E(X))* - BE(X — E(X))*.

Proof: See Appendix

Note that with Assumption B2, we can regroup the terms Asmd(R ) and Azmd(Roee),
which combined yields a single factor defined by the beliefs portfolio R ,,. This pricing kernel
generalizes the market co-skewness and co-kurtosis models that are analyzed by Harvey and
Siddique (2000), Dittmar (2002) and many others. Distortion and heterogeneity of beliefs
introduce additional factors in the pricing kernel that were defined above. If there are no
beliefs distortions, then Ay= Ag=A; = Ag = 0. In this case, the pricing kernel has the same
functional form as the one proposed by Dittmar (2002), with the exception that there is
an additional factor which captures the dispersion of investors skew tolerance parameters.
This factor will not show up if one uses Taylor expansion series as in Dittmar (2002). An
interesting exercise is to investigate whether additional factors that appear in the pricing
kernel are economically relevant.

4 Empirical Analysis

In this section we assess the empirical evidence pertaining to the pricing kernels for the mean-
variance-skewness and mean-variance-skewness-kurtosis asset pricing models. We need to
augment the notation to present the empirical analysis. First, we collect all the (structural)
parameters of a model into a parameter vector 6. Obviously, depending on the model, the
number of parameters will differ. The specification of the parameter vector will be left
general for the moment until we discuss specific models. Moreover, so far none of the
variables had time indices - they will from now on. For example, the pricing kernel was
denoted by m. For the purpose of empirical analysis we will denote it by m,,1(0), indicating
its dependence on the value of the parameter vector and its dependence on time. Finally,
the empirical implementation will need to make some simplifications in order to keep the
number of factors, and their interpretation tractable. Most importantly, we will assume
Assumptions B and to hold. The former reduces the beliefs portfolio to a single one,
which corresponds to the setup in Anderson, Ghysels, and Juergens (2005a).

In its generic form, the fundamental pricing equation can then be written as
ERt+1mt+1(9) =1

where, as noted before, 1 is the sum vector (1,1, ...,1)T of dimension n, R;.; is a vector of
returns on n risky assets. We write the vector of errors as follows:

€41 = (Ryg1)me1(0) — 1 (33)

and denote the sample counterpart of Fe;,; as:

gr(0) = %Z ers1 = Brle] (34)

t=1
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where T' represents the number of time series observations and Er[.] is a sample average
operator. A test of model specification can be obtained by minimizing the quadratic form:

J = gT(8>/WTgT(8>

In the estimation process, we use the iterated GMM and the Hansen and Jagannathan (1997)
method. The latter specifies the weighting matrix Wy as the second moment of instrument-
scaled returns:

Wr = (ETRt-i-lR:t-i-l)_l

To estimate all the models, we utilize the returns on 20 industry sorted portfolios, where
the industry definitions follow the two-digit SIC codes used in Moskowitz and Grinblatt
(1990) and are described in Table [l Our empirical analysis is most closely related to
that of Dittmar (2002) who also uses 20 industry portfolios. This will allow us to draw
some comparisons between our empirical results and those of Dittmar (2002). The data is
monthly and spans the period December 1981 until December 2005, or a total of 289 monthly
returns. As proxy for the market return, R,;, we use the CRSP value-weighted index. To
proxy the beliefs market return R,; we utilize the dispersion returns used in Anderson,
Ghysels, and Juergens (2005a), which consists of portfolios of stocks with strong disagreement
among analysts. In order to construct the portfolios based on exposure to analyst dispersion,
we utilize the Thomson Financial/IBES Summary History file. The Summary History file
contains distributional data on earnings forecasts by investment analysts, including consensus
and median forecasts, standard deviation, high and low forecasts, and the number of analysts
providing forecasts. TF/IBES updates the Summary History file on the third Wednesday
of each month. The variable of interest for our purposes is the standard deviation, which
measures the dispersion of analysts’ beliefs in their forecasts. We use two observational
periods in order to measure dispersion: the one-year ahead annual earnings (short-term)
forecast and the five-year earnings growth (long-term) forecast. In each month, we identify
all firms that have at least three analysts providing forecasts for each stock in order to get
meaningful dispersion measures. For robustness, we also require the number of analysts at
five and ten as well. In our empirical analysis we report the case of 3 and 10. In order to
construct high and low exposure portfolios, we rank firms according to their dispersion of
analyst forecasts (short-term and long-term individually) in each month. The first method
employed is to rank stocks above the median as high dispersion stocks while those below the
median are low dispersion stocks. In the second method, stocks are separated into deciles,
to capture the extremes, only the high dispersion stocks (decile 10) is considered. Stocks are
value-weighted in each portfolio.

The empirical analysis will involve various approaches. First we will appraise theoretical
pricing kernel against Hansen-Jagannathan volatility bounds. Next, we will estimate the
structural parameters via GMM. A third and final empirical approach will be related to
betas and market prices of risk. In particular, the mean-variance-skewness and -kurtosis
pricing kernel can be rewritten as:

m(f) = ATF (35)
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where A is a vector with component A;. For each industry portfolio, the pricing relation
EmR; = 1 implies the beta-pricing relationship:

K
ER; —R;=—-R;Cov(m,R;) = GiA = ZﬁijAJ (36)
j=1

where 3; = Cov(R;, F)(Var(F))™" and A = —R;Var(F)A. The vector A is the market
price of risk.

The remainder of this section is structured as follows. In a first subsection, we start with
assessing the empirical relevance of our models using Hansen-Jagannathan bounds. Next,
we estimate the structural parameters for the mean-variance-skewness and -kurtosis models.
In addition we also compute the implied nonstructural pricing kernel parameters. The final
subsection is devoted to betas and prices of risk.

4.1 Hansen and Jagannathan Bounds

To be included

4.2 Estimation of the Mean-Variance-Skewness Pricing Kernel

The empirical results for the pricing kernel with skewness appear in Tables B and Bl The
former contains the structural parameter estimates. In Table Bl the coefficients are estimated
using an iterated GMM approach and using the Hansen and Jagannathan (1997) weighting
matrix. We utilize the returns on 20 industry sorted-sorted portfolios appearing in Table
[ As proxy for the market return, R,;, we use the CRSP value-weighted index. To proxy
the "beliefs market return” we utilize the dispersion returns used in Anderson, Ghysels,
and Juergens (2005a), which consists of portfolios of stock with large disagreement among
analysts. Two portfolios are considered, long-run dispersion denoted HighLT D - Top Decile
and short-run forecast dispersion denoted HighST'D - Top Decile. Dispersion portfolios are
reported with at least 10 and at least 3 analysts coverages respectively. Hence, the parameters
are estimated for four beliefs portfolio returns, respectively using GMM and the Hansen and
Jagannathan (1997) weighting matrix. For each model specification, the first line represents
the parameter estimates. The second line represents the p-value of the parameter estimates.
The third line contains the objective function value, the p-value for the model fit and the
J-statistics.

First of all, we find that the overall model fit is remarkably good, as the J-statistics yield
non-rejections of the overidentifying restrictions. We have a total of 21 moment conditions
and four structural parameters, hence 17 overidentifying restrictions, which is typical for
many empirical asset pricing models. The overall empirical success of these models is there-
fore remarkable. In addition, we also find reasonable values for the implied risk parameters.
Namely, if we interpret the risk aversion tolerance in terms of a CRRA utility function, as
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in equation (77?), we find risk aversion levels ranging from 7.9 to 21.3 (see the columns 1/7).
We also find reasonable levels of implied risk-free rates, particularly with the Hansen and
Jagannathan (1997) weighting matrix (see columns 1/R; with values ranging from 1.05 to
995).

The skewness parameter p estimates vary between .08 and .69. While the parameters have
the right sign and magnitude, none of the estimates are statistically significant. In contrast,
for the heterogeneity of beliefs parameter o\ we find strongly statistically significant values
ranging from .37 to .87.

To appraise the market price of risk implications of the structural parameters we also
report in Table @l the coefficients Ag, Ay, A, Az implied by the estimated structural pa-
rameters reported in Table Bl We find that all four parameters are statistically significant
(although among the four Az is somewhat borderline). Recall that our empirical analysis is
most closely related to that of Dittmar (2002) who also uses 20 industry portfolios. Before
we draw comparisons, it should be noted that Dittmar includes a human capital factor into
his specification of the pricing kernel, while in our specification we include a beliefs port-
folio. Table III of Dittmar (2002) presents results of specification tests when the measure
of aggregate wealth does not include human capital. These results are therefore the closest
to our specification (ignoring the beliefs portfolio) when estimated with the H-J weighting
matrix also used by Dittmar. Apart from these difference, it should be noted that Dittmar
consider a pricing kernel with time-varying coefficients. Table III in Dittmar (2002) contains
the sample average values of the coefficients. Our estimates of the intercept, i.e. Ag in Table
B roughly .99 with the H-J weighting, are in the same range (between 0.94 and 1.08) as

the corresponding estimates of d(Z)o; in Table III of Dittmar (2002). Similarly, Dittmar’s

estimate of d(Z)a (equal to 77.6) are directly comparable with our H-J weighting estimates
of A3 (ranging from 40.82 and 84.33).

Overall for the mean-variance-skewness model we find that, all structural parameters
have the expected sign. It seems that beliefs are more important than skewness because
all beliefs parameters are statistically significant while skewness parameters are not (given
our sample size). However there are two reason to be cautious. Table Hl indicates that
the (skewness) non-structural parameter As is significant - although obviously since A3z =
p/(R;7?) in this model the statistical significance of the reduced form parameter is not only
due to the skewness parameter p. Moreover, as shown in Table @ the market price of risk
indicates that the skewness risk is significant and it is priced. The market price of risk also
has the expected sign.

4.3 Estimation of the Mean-Variance-Skewness-Kurtosis Pricing
Kernel

The empirical results for the pricing kernel with skewness and kurtosis preferences appear in
TablesBland@. The former contains the structural parameter estimates. The top panel shows
the parameters when the iterated GMM approach is used while the bottom panel presents
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the parameters estimated with the Hansen and Jagannathan (1997) weighting matrix. We
utilize again the returns on 20 industry sorted-portfolios appearing in Table [0, and the
market return and beliefs portfolio returns described in the previous section. The first line
presents the parameter estimates and the second line presents the p-values. The third line
contains the objective function value, the p-values for the model fit and the J-statistics.

First of all, the J-statistics show that the mean-variance-skewness-kurtosis pricing kernel
fit is slightly better than the mean-variance-skewness pricing kernel fit. The distance measure
and the p-values for the pricing kernels suggest significant improvements moving from a
pricing kernel with skewness (see Table B) to the pricing kernel with skewness and kurtosis
preferences. The implied risk aversion parameters (1/7) are reasonable. When High STD
return is used to proxy the “market beliefs return”, the risk aversion parameters are all
statistically significant except when the Hansen and Jagannathan weighting matrix and
High STD return with 10 and more analysts are used. In addition, when the Hansen and
Jagannathan weighting matrix is used, the risk aversion parameter is lower than the one
obtained with the mean-variance-skewness pricing kernel. The risk aversion levels range
from 3.76 to 20.99. We also find reasonable level of the risk-free rate, particularly with the
Hansen and Jagannathan weighting matrix, with £(m) = 1/R roughly .995.

The estimates of the skewness parameter p vary between 0.15 and 0.50. While these
parameters are positive as expected, there are significant at 1% level when the iterated GMM
approach is used and the High STD return is a proxy for the “market beliefs return”. The
heterogeneity of beliefs parameter o\ also has the expected sign. Furthermore, the estimates
are statistically significant at 10% level when High STD return is used. Their values range
from 0.60 to 1.26. The kurtosis tolerance parameter % estimates vary between 0.10 and 23.37.
While these parameters have the right sign and magnitude, none are statistically significant.
The parameter p? which captures the dispersion of investors’ skew tolerance parameters has
the right sign and ranges from 0.21 to 14.13. This parameter is significant only when the
iterated GMM approach is used and when the High STD return with 3 and more analyst is
used to proxy the “market beliefs return”.

The parameter po\ which captures the interaction between the skew-tolerance parameter
7 and the beliefs parameter o) is positive and ranges from 0.37 to 1.86. When High STD
return with 10 and more analysts is used to proxy the “beliefs market return”, this parameter
is statistically significant at 10% level and significant at 5% level with High STD return with
3 and more analysts as a proxy.

The estimate parameters displayed in Table [ indicates that (see for example the results
for High STD top Decile), the risk aversion %, the average skew tolerance, p, the parameter
that capture dispersion of investor skew tolerance parameters, p2, and the parameters that
captures interaction (covariance) of skewness preference and beliefs o \p are significant and
have expected sign. The average kurtosis preference parameter % is not significant.

To appraise the market price of risk implications of the structural parameters, we report
in Table [ the coefficients, Ay through Ag implied by the structural parameters reported in
Table @ These coefficients have the expected sign. Among those parameters only a few (A,
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Ay, Ay) are statistically significant. While the parameters As, Ay, As, Ag are not signifi-
cant, the market price of risk implied by the corresponding factor loadings are statistically
significant (see subsection FE4] below). It does suggests that the loading factors are not inde-
pendent. Moreover, there might also be time variation in parameters Ag throughAg, as say
in Dittmar (2002), although such a specification does not naturally flow from our theoretical
development.

4.4 Betas and Market Prices of Risk

In this final empirical subsection we turn our attention to market betas and price of risk. In
Tables [ and B we report the betas for the Mean-Variance-Skewness-Skewness and -Kurtosis
models for the 20 industry portfolios. To interpret the results we also compute market prices
of risk. These are reported in Tables @ and 0.

They are as many betas as components to the pricing kernel, and therefore three betas
for the Mean-Variance-Skewness model and seven betas for the Mean-Variance-Skewness-
Kurtosis model. Hence in Table B which covers the former, we report three betas for the
20 industry sorted portfolio appearing in Table [ Betas are computed for the full sample
with respect to the excess market portfolio 7y = Ry — ERyy, (denoted f;2), the excess
“market beliefs return” rp;, = Ry — ERpgp, (denoted f;3) and excess market squared
return R2, — FR32,, (denoted 3;4). Likewise in Table B betas are computed for the full
sample with respect to the excess market portfolio Rj;, the excess “market beliefs return”
rae = Ra — ERyp, (denoted §3), the excess market squared return 72, — Er?,, (denoted
Bia), the excess cubic market return r3,— Er3,, (denoted (3;5), the cross-product of the market
return 7, and a skewness portfolio excess return s skew = Rt skew — B skew, (denoted Gig),
and finally the product of the market excess return r,; and the excess “market beliefs return”

TMb-

A first subsection is devoted to the Mean-Variance-Skewness model, and a second to the
model that includes kurtosis.

4.4.1 Mean-variance-Skewness Models

We will focus most of our discussion on the case 10 and more analyst-High LTD return, the
first panel in Table [ This panel is representative of the results for the other cases. We
note first that the coefficients (3;5 are all positive. The lowest value 0.3484 is for Electrical
Equipment while the highest value 0.7366 is for Primary Metals. For the sake of robustness,
it is worth noting that for example in the case of 10 and more analyst High STD return the
lowest value is 0.1207 for Mining while the highest value 0.6816 for Electrical Equipment.
Hence, the range is roughly similar.

To interpret further the case 10 and more analyst-High LTD return, let us compute the
market price of risk, assuming for instance the Iterated GMM approach is used to estimate
the model (see Table [ - the results are quite similar with the Hansen and Jagannathan
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weighting matrix). As shown in Table [, the market prices of risk have the expected sign
and are reasonable. For example, if the excess return on the market portfolio increases by 1
%, then the expected excess return on the Electrical Equipment industry portfolio increases
by 0.64%, given it has a [, = 0.3484. Likewise, for the highest beta industry - Primary
Metals - the expected excess return on Primary Metals increases by 1.36%H

Next we turn to the beliefs portfolio R, measured as 10 and more analyst-High LTD
return, and its associated beta ;3. All are positive except for Utilities (-0.0162) and (3;3 ranges
from 0.01 to 0.68 (excluding the negative one). The lowest is for Food & Beverage industry
portfolio and the highest for Electrical Equipment. Therefore, for the latter portfolio, if the
return on the beliefs portfolio increases by 1 %, then the expected excess return on Electrical
Equipment increases by 0.68 %. Note that this positive impact on returns of increased
dispersion has been a bit controversial. Diether, Malloy, and Scherbina (2002) argued that
increased dispersion led to decline in returns, whereas Anderson, Ghysels, and Juergens
(2005a) found the opposite. The results reported here, obtained via a new model specification
and a large set of industry portfolios seems to confirm that increases of dispersion of beliefs
have a positive impact on returns as reported in Anderson, Ghysels, and Juergens (2005a).
This result is also robust to changes in the beliefs portfolio. In the case of 10 and more
analyst High STD return the ;3 vary from 0.2697 to 0.6901. Hence, the results are even
stronger. The highest beta is obtained for Primary Metals. This also applies to the 3 and
more analyst High LTD and High STD returns cases as well.

Finally, we turn to the skewness portfolio and its impact on expected excess returns as
measured by the coefficients (3;4. They are negative for all industries and range from -2.5985
to -0.18. The highest value is observed for Textile Products. Since the market prices of risk
of the skewness factor is also negative, an increase in the return on the skewness portfolio
by 1 % will increases the expected excess return on Textile Products by 0.55%.

When we look to the averages across industries, he price of risk of the market return
factor is significant and is positive. In addition, if the return on the market in excess of
the risk-free rate increases by 1%, the excess average industry return whose beta is 0.5099,
increases by 0.5%. We also find that the price of risk of the beliefs portfolio is significant
and positive. If the excess return on the beliefs portfolio increases by 1% the excess average
industry return whose beta is 0.1863, increases by 0.19%. The price of risk of the squared
market return is significant and is negative. If the excess return on the squared market

return increases by 1% the excess average industry return whose beta is -1.6683, decreases
by 1.67%.

Continuing with industry averages, let us consider some of the other various on the beliefs
portfolios. The finding that the price of risk of the market return factor is significant and is
positive is robust. In addition, if the excess return on the market increases by 1%, the excess
average industry return increases by 0.36% (High STD return with 10 or more analysts)
0.44% (High LTD return with 3 or more analysts), and finally 0.26% (High STD return with
3 or more analysts). All of this are results roughly of the same order of magnitude. We

5As noted before, similar results are obtained with 10 and more analyst High STD return. For example,
expected excess return on the Mining portfolio increases by 1.41 %.

32



also find that the price of risk of the beliefs portfolio is positive. If the risk premium on the
beliefs portfolio return increases by 1% the excess average industry increases by 0.46% (High
LTD return with 3 or more analysts), 0.24% (High LTD return with 3 or more analysts), and
finally 0.57% (High STD return with 3 or more analysts). Note that this impacts are again
roughly similar and of the same order of magnitude as the impact of excess returns on the
market. Finally, the finding that the price of risk of the squared market return is significant
and is negative is also robust for industry averages using other beliefs portfolio specifications.
Notably, when the excess return on the squared market increases by 1% the excess average
industry return decreases by 1.02% (High STD return with 10 or more analysts), 1.65%
(High LTD return with 3 or more analysts), and finally 1.1% (High STD return with 3 or
more analysts) .

4.4.2 Mean-variance-Skewness-Kurtosis Models

Let us start again with the 10 and more analyst High LTD return case. As shown in Table
B, the coefficients [, are all positive and vary from 0.35 to 0.7385. The highest value is
observed for Primary Metals. The average value of (3; is 0.4780 with a standard deviation of
0.0990. Assume again that the Iterated GMM approach is used to estimate the model and
compute the market prices of risk (see Table [[M). As shown in Table [[0, the market price of
risk have expected sign and are quite reasonable. For Primary Metals, the market portfolio
beta ;5 and price of risk imply an increase of the Primary Metals portfolio excess expected
return by 1.30% upon a 1 % increase in the market return. On average, the increase of
expected excess returns on industry portfolios increases by 0.85%.

When we consider industry averages and we find that the price of risk of the excess market
return is significant and is positive. An increase of 1% moves the excess average industry
return upward by 0.48% (High LTD return with 10 or more analysts) and 0.4% with all
three other beliefs portfolio specifications. If the excess return on the beliefs portfolio return
increases by 1% the excess average industry return increases by 0.19% (High LTD return
with 10 or more analysts), 0.45% (High STD return with 10 or more analysts), 0.24% (High
LTD return with 3 or more analysts), and finally 0.56% (High STD return with 3 or more
analysts). Hence the impact is more dispersed but still of the same magnitude as the market
portfolio. The price of risk of the squared market return is again significant and is negative
and increases of its excess return by 1% impact the excess average industry negatively by
0.16% (High LTD return with 10 or more analysts), 0.7% (High STD return with 10 or more
analysts), 0.2% (High LTD return with 3 or more analysts), and finally 0.3% (High STD
return with 3 or more analysts). Note, however, that the betas are not significant. Hence,
skewness seems not to significantly affect expected returns. Next we move to the price of risk
of the cubic market return which is significant and is positive with premiums on the cubic
market return increases by 0.1% resulting in the excess average industry return rising 0.46%
(High LTD return with 10 or more analysts), 0.41% (High STD return with 10 or more
analysts), 0.6% (High LTD return with 3 or more analysts), and finally 0.55% (High STD
return with 3 or more analysts). This is a fairly stable pattern across different configurations,
unlike the skewness case. The price of risk of the payoff defined by the cross product of the
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market return and the skewness payoft R/ skew 1S mostly positive and significant with the
risk premium on this payoff increases by 1% resulting in rather small impacts on the average
industry portfolios in the order of 0.1%. The last case we consider is the price of risk of the
payoft defined by the cross product of the market return and the beliefs mutual fund Rj,,.
An increase of excess return of this portfolio results in a negative and significant response of
average industry returns of between 0.6 % and 0.8%.

5 Conclusions

In this paper we provide economic foundations, in terms of risk preferences and heterogenous
beliefs, for pricing kernels that depend on higher order empirical moments of the return on
the market portfolio. This far, the parameter estimates obtained by Bansal, Hsieh, and
Viswanathan (1993), Chapman (1997), Dittmar (2002) and Harvey and Siddique (2000),
among others; can be viewed as reduced form estimates to which we attach an economic
interpretation in terms of attitudes towards risk and aggregation of heterogenous preferences.

The structural interpretation of the pricing kernel we obtain allowed us to disentangle the
effects of heterogeneous beliefs and preferences on asset prices. Various additional pricing
factors appear in the pricing kernel with weights depending on the dispersion across investors
of preferences, beliefs and interactions between them. We also established a well-founded
aggregation theory which tells us what are the relevant aggregates when investors are het-
erogeneous with respect to both preferences and beliefs. This is in contrast to the results of
Gorman (1953). To handle the various sources of heterogeneity of beliefs and preferences,
we follow the framework of Samuelson (1970) and its recent generalization of Chabi-Yo,
Leisen, and Renault (2006). This generic approach allowed us to derive, for risks that are
infinitely small, optimal shares of wealth invested in each security coincide with those of
a Mean-Variance-Skewness-Kurtosis optimizing agent. Through these local approximations
we are able to tease out the various sources of risk.

We show that heterogeneity of beliefs as specified by only appears at higher orders.
Consequently, heterogeneity of beliefs remains hidden within the context of the standard
mean-variance analysis. In fact, the mean-variance mutual fund result remains valid within
the more general setting with heterogenous beliefs. We also show that distortions of beliefs
can be identified separately from preferences for skewness and kurtosis. More specifically,
beyond the mean-variance mutual fund one also has a ”beliefs-representing” mutual fund
where assets are re-weighted in proportion to their associated fads effects. The portfolio is
held in a positive quantity by investors whose expectations on risk premiums are scaled by
a beliefs factor higher than average. This result coincides with similar findings in the model
uncertainty or robustness literature, see for instance Maenhout (2004) and Uppal and Wang
(2003). Its empirical implementation follows Anderson, Ghysels, and Juergens (2005a).

Through our theoretical developments we also show that the empirical pricing kernels
involve the squared and the cubic market return, the right aggregates to price respectively
skewness and kurtosis. However, we also show that when expansions are taken to the next
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order required to price kurtosis, we find that the dispersion of investors’ preferences for
skewness gives a nonzero weight to an additional factor ignored by studies based on a repre-
sentative agent asset pricing model. The fact that heterogeneity of preferences gives rise to
additional pricing factors may be related to the general theory of pricing with heterogeneity
(see in particular Constantinides and Duffie (1996) and Heaton and Lucas (1995)). Our
empirical analysis reveals that this omitted factor is empirically important.

Our closed form formulas for pricing kernels also allowed us to estimate means, variances
and covariances of the distribution among investors of preference and beliefs parameters. We
used this information in two ways, (1) it allows us to gauge the magnitude of disagreement to
have a pricing kernel move inside Hansen-Jagannathan bounds on stochastic discount factors,
and (2) it allowed us to obtain empirical estimates of structural dispersion parameters.

We also assessed the empirical evidence pertaining to the pricing kernels for the mean-
variance-skewness and mean-variance-skewness-kurtosis asset pricing models. To estimate
all the models, we utilized the returns on 20 industry sorted portfolios. Before estimating the
parameters of the various specifications, we start with a first assessment based on Hansen-
Jagannathan (H-J) bounds and find that for reasonable risk and heterogeneity parameters
we find that the implied pricing kernels are empirically plausible and have risk premiums
that are empirically reasonable.

When we use GMM-based methods to estimate the structural parameters, we find that
the overall model fit is remarkably good, as the J-statistics yield non-rejections of the overi-
dentifying restrictions. The J-statistics also show that the mean-variance-skewness-kurtosis
pricing kernel fit is slightly better than the mean-variance-skewness pricing kernel fit. The
distance measure and the p-values for the pricing kernels suggest significant improvements
moving from the pricing kernel with skewness to the pricing kernel with skewness and kurtosis
preferences.

Our empirical findings suggest that the heterogeneity of beliefs plays an important role in
the pricing kernel and solves both the equity premium puzzle of Mehra and Prescott (1985)
and the risk-free rate puzzle of Weil (1989). We also find that the economic impact of beliefs
portfolios is as important as traditional factors, such as the market portfolio.
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Technical Appendix

A Proof of Theorem [I.1 and

The terminal wealth of agent s is:
Ws(o) =qs | Ry + Zwis (o) [Ri(0) — Ry]| -
i=1

For o given, agent s optimal portfolio choice (wis(0))1<i<n is characterized by the first-order conditions:

Eu(Ws(0)) [Ri(c) — Rf]] =0 for i=1,..,n

S

Using the stochastic model (M) for asset returns, we can rewrite these conditions as:
opis(c) =0

where

and
kis(0) = 0a;i(0) + 0?his(0) + ;.

Note that k;s(o) is a random variable with zero mean and thus ¢;5(c) = 0. If we denote ¢}, (o) the derivative
of p;s(0), then according to the results of Samuelson (1970), as extended by Chabi-Yo, Leisen, and Renault
(2006), we know that w;s(0), wi,(0) and w/.(0) can be characterized by solving respectively ¢} (c) = 0,
1

¢i(0) = 0 and ¢}

"(c) = 0. This gives rise respectively to mean-variance, mean-variance-skewness and

mean-variance-skewness-kurtosis pricing. Then we have:

dW
(@) = B a0, ) DD k()] + Bl (7. 0Dk o)
with:
dW(o = . ~ dR?
) k(o) (B 0) = Ryl 00 Y o) T (5
i=1 i=1
where iR
d—i(a) = 20a,(0) 4 02a(0) + 30%hs(0) + >Rl (o) + Y
o
and
k(o) = ai(0) + oadi (o) + 20hs(0) + o*hl (o).
Therefore,

dW
do

0is(0) = E |u{(qsRy)——(0)kis(0) | + E [u(qsRy)kis(0)]
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with: LY (0)= g, >} _; w),.(0)Yh, kis(0) = Y;, K, (0)= a;(0). Therefore, we have:

©;5(0) = 0 ul(qRy)gs Y why(0)E [YaYi] + uf(gs Ry)ai(0) = 0.
h=1

In matrix notation this yields:
¢sYws(0) — 75a(0) = 0.

B Proof of Theorem 2.1

Let find the second derivative of ¢;5(0) and k;s(o) with respect to o.

eh) = B[ o D o) + 2 [ o) DDk o) (B.1)
d*W (o)

d?o

B [u;'<ws<a>> m(cf)} T E [ (Wa(o))R (o)

with:
AW, (o) " dR

o =0, Y w0) [Ri(0) — Byl + 20, ) ()5
=1 =1

: N
(0) + gs Z wis(o) do? (o)
i=1

g

where:
dsz$
do?

(0) = 2a;(0) + 4od}(0) + o%a)/ (o) + 602N, (o) + 60his(0) + b}, (o) (B.2)

and
kit (0) = 2aj(0) + 0a} (0) + 2his(0) + 4ohis(0) + 0*hi(0).

Therefore,

PO = ol @RE (G0 0] + 20l E | 00

2w,
do?

(g Rp)E [ <o>kz-s<o>} T (quRp)E (K (0)]

with:

k" (0) 2a%(0) + 2his(0) = 2a5(0) + 2a;5a;(0),
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and

dW
W (0) = (s Z whs Yh7

d2 WS (O) = 2(]5 Z w;zs (O)Yh + 2QS Z Whs (O)Qh (O)

do?
Therefore, after dividing by u/ (¢sRy), we obtain:

el (0) = 0 & 0 = —27,a5(0) — 275045a:(0)

+20, 35y whi(0)E [YaYi) + 2(ps /7042 E [y wins (0)Y3]" Vi

It is worth noting that:

vi| = E[w] Y] Y] =w] 0B YTYi]w,(0) = w] (0)w,(0)

Z Whs (O)Yh
h=1

Then, by substituting the value ws(0) = (75/¢5)X " ta(0) given by Theorem [[Z we have:

2

Yi| = (PO a(0) = (5PETiE = ()

Z Whs (O)Yh
h=1

Therefore:

0 (0)=0 & 0= —75a,(0) — Tsa;5a;(0) + gs Zwﬁw(O)EYth + PsTsCin
h=1

This can be written as:
453w, (0) = 75 [psc + a’(0) + s © a(0)]

C Proofs of Theorem 2.3 and 2.3

With Assumption Z2 the slope w’(0) becomes such that:
ds /
=3 = Aosa Ajsad s 0).
r 00 = +Z is0? ©a(0) + poc +'(0)
Hence, the market clearing condition Z _1 qswi(0) = 0 is tantamount to:
J
a’'(0) = —pc — Aoa(0 Z

when substituting this formula in w’(0) above, we obtain the result in Theorem
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Now, we want to determine a pricing kernel m(o) such that:

Em(o)Rs] = 1
E[m(o)Ri(o)] = 1 fori=1,2,..,n

when the probabilistic model for returns is provided by writing a first-order expansion of the risk premium:
Ri(0) = Ry + 02 [a;(0) + ¢al(0)] + o;.
Then, we look for a zero-mean random variable Z (o) such that:

m(o) = Rif [1-0Z(0)].
We have

Cov(Y, Z(0)) = a(0) + aa’(0)
Let us write

_ J _

— w — . w

0 '0) = (1 —oXg)X= —poc — Ao @ X—.
a(0) + ca’(0) = (1 — o)) — —poc O'E ol © =

j=1
We have:
- T 1_ —
(I1—=0X)X= = Cou(Y,=w™ (1 —0))Y)
T T
—poc = —poCou(Y,(TY)?) = Cov(Y, - 22 @Y)?)
T
) o o . ) o7
AdOXZ = TZ0d =Co(Y, [oﬂ ® 2:} »y)
T T T
Therefore, we choose:
- J
Z(0) = —Y(l —ox) - Z[@Y) - E@Y)? Z (of © E ety
T j—
That is:
1—o\
Z(o) = ( = 0) 1 —(Bx — ERyp)
po I _
- (Ry — ERy)? — = E(Ry —ERM)ﬂ — 0 Ni(=(Ry, — ER}y,))
j=1
Therefore,
1 o 1 1
= ——— = — — ——(1—0oX)(Ry — ER
m(o) R ( I Rf’?'( ao)(Ru M)
_ J
o —
+Rf?2 [(RM ERy)” — E(Rum ERM)Q] ?;/\J(RMIJ ERMb)
O
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D Proof of Theorem 3.1

From expression (BIl), we derive:

dio) = B o) @Dy o)
s [} (7o) DD RO )] 9 [u v o DD o)
[ 2 o ] s\9)n
438 [l ) Do) + 38 w0 Tkt o)
: S
438 [ul(Wa(o) TP k()| + B [ (Walo) ()]
Moreover, we already showed that:
k;S(O) = ai(0)7
k' (0) = 2a.(0)+ 2his(0) = 2a,(0) + 2aisai(0),

since his(0) = a;sa;(0) and from the expression of k7. (c):

1" 1"

(0) + 6hi,(0) + dohi,(0) + 20h},(0) + 0% hy, (o)

1"

ko (o) = 3a}(0) + 0q;

and thus: k. (0) = 3a/(0) + 6asal(0) since A} (0) = a;sa’(0). Therefore, after replacement in o, (o), we

have:

. = s r E
pu(0) = u (@R | (S

11 111 ( dWS
do do?

<0>>3n] 30! (guRp)E [dWS(") EW. (o) YZ}

dWs (o)
do

)

30 (R )as0)F | pe

)2] + 3ul!(gsRy)a;(0)E {

(o2 3 slo
#30llag) 2al(0) + 205a0)E | DD | g | Sy

+ug(gsRy) (3a (0) + 6isa;(0))

Recall that:

;o _uslasBy)
° u/s/(QSRf)7
2 "t "t
<Ry s 1 s (@R
e = s U, (g f)ép_:_(_u (q f))’
2 uls(quf) Ts 2 uls/(quf)
3 1" SR B 1 nr SR,
P _Teus (@sBy) ks lu, (g5By)

3 ul(qRy) 72 3 ul(qsRy)
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Therefore, after division by u”(gsRy), we deduce that:

0= o Zp[ oy -ole [T 0 S 0]
—Gi—:ai(O)E {(dX (0)) ] +3a;(0)E [djrf (0)]
+6(a(0) + ana(0) | SL0) + B[S 0]

—37s(al (0) + 2a5a5(0)) = 0

From the expression (B3) and ([B2)) of the second derivative of W, and R$ we have:

BW (o de(U)
W = quww — Ry] +3qs;w o

NG
+3¢s Z wls d02 + ds Z wis(0 do3

and % = 6a}(0) + 6h;s(0) + nis(o) with 1,5(0) = 0. Using,
R;(0)—Ry = 0,
dR?
—(0 = 5/;'5
7 (0)
2R
do2 (0) = 20’1(0)7
>R
~(0) = 6aj(0) + 6asai(0),
do3

since h;s(0) = a;sa,(0), we conclude:

d3W n n
=5 (0) = 3q Z wils(0)Yn + 645 > wp (0)an(0)
h=1
+GQS Z whs + ahsah(o)]

We conclude that:

117 K/S n 4/)5 n n
#is(0)=0 & 0=30E |3 wnOY)Yi| = =B | O wns Y)Y whs (0)¥2)Y,
h=1 h=1 h=1
4ps o - - Ps o = 2
E s(0)Y; s(0 0)Y; 2 i(OF s(0)Y;
' (;% (0) h)(hz::lwh (0)an(0)) qsa (};wh (0)Ys

(Q_ wis(0)Yn)Y:
h=1

— 75 [0 (0) + 20350;(0)] -
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This can be written as:

o (0)=0fori=1,..n & 0="T0g_ 40

However, we already know that:

ws(0) = ;_—Szfla(c))z%

S0) = SV pee+d (0) + s @ a(0)] = 2 [pyc + 3 7(0) + 71

qs qs

After replacement, we obtain:

P(0)=0 i=1,....n © 0=“jfd—zxps[<Triw;<0)hggn
—GpSE;—S«Tzc)(zc) + 2<§<TE<><E<>

S

+B(0) - 2 (0) + 200, 0. 0)

We conclude that:

W'0) = —ETev-1g4 Ty1070) + 25 g, @ d/(0)
ds ds qs
+2(TE) 2 3 — 1)< + 4572871 | pcT g + < TTH (£ (0)) + <TF1‘§1§S)} 1<i<

which is the result of Theorem Bl O

E Proof of Theorem

By virtue of Assumption Bl we have J = 1 and Asp = 0, that is aes = A5 . Therefore, the curvature w” (0)

becomes:

W) = —Zlyn-1g4 Te=1070) + 2805 s © d/(0) + 2(sTS6) Z [3ps — 1]

ds s ds s

+4ps§2*1 [pss Tisek + s TT4(271a/ (0)) + AssTTiy]

1<i<n
S

Hence, the market clearing condition > >_, gsw?”(0) = 0 is tantamount to:
0 = "X M+ (0) + 222" Ha® d'(0))

+2(3p — 1)(<"E¢)s + 457! [Fch“icsk +7TTi(X 71 (0) + ApsTTigy -

sStsn
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We therefore deduce:

a’(0) = Fd—2(3p—1)(sT8¢)%s — 2\ (a ® a’(0))
A1 H2TT. ST (Y1, NocTT.
4 [p STlicer +psTTi (X7 "a’(0)) + Aps Fng}1<i<

We now replace a/(0) in the expression above and deduce:

a’(0) = Fd—2(35—1)(sT8¢)Xs — 2\ (a ® a’(0))
—4(p% = °)cak — 4(pX — PNy

F  Proof of Theorem

To be included

G Proof of Theorem 3.4

To be included
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Table 1: Data Summary Statistics
This table presents the monthly mean, standard deviation, skewness and kurtosis of returns on 20 industry-
sorted portfolios as in Moskowitz and Grinblatt (1990). Portfolios are equally weighted and formed on the
basis of two-digit SIC codes. The data is monthly and spans the period December 1981 until December 2005,
or a total of 289 monthly returns.

Mean Standard Skewness Kurtosis
Return  Deviation

Mining 0.0098 0.0656 -0.1481 5.155

Food & Beverage 0.0136 0.0397 -1.4664 11.0527
Textile & Apparel 0.0085 0.0559 -0.5282 7.1586
Paper Products 0.0124 0.0512 -0.6537 7.0838
Chemical 0.0163 0.0723 0.3543 7.4573
Petroleum 0.012 0.0523 -0.3361 6.0288
Construction 0.0123 0.0551 -0.5444 7.4727
Primary Metals 0.0116 0.0672 -0.0427 5.9363
Fabricated Metals 0.0136 0.0524 -0.553 7.1284
Machinery 0.0123 0.0714 -0.0322 5.2919

Electrical Equipment 0.015 0.0867 0.2555 5.6432
Transport Equipment 0.0117 0.0562 -0.6242 7.1855

Manufacturing 0.0142 0.0638 -0.058 5.664
Railroads 0.0143 0.0518 -0.7714 7.0987
Other Transportation  0.012 0.0535 -0.8337 7.3698
Utilities 0.0123 0.0332 -0.6676 5.6057
Department Stores 0.0123 0.0639 -0.2068 5.1487
Other Retail 0.0114 0.0564 -0.4524 7.0957
Finance, Real Estate 0.0127 0.0364 -0.7203 8.8371
Other 0.0129 0.0703 -0.0188 6.6526
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Table 2: Description of Model Parameters and Return Processes
This table provides a summary of the different parameters and returns used in the Mean-Variance-Skewness
and Mean-Variance-Skewness-Kurtosis models.

Symbol Definition Description

Ts Eq. @  Risk tolerance coefficient
1/7s Eq. @  Arrow-Pratt absolute measure of risk aversion
Ds Eq. @) Skew-tolerance coefficient
Ks Eq. @) Kurtosis-tolerance coefficient
oAs Eq. @) Coeflicient of beliefs distortions
w Def. BT Market portfolio or portfolio selected by
investor with average initial wealth, preferences and beliefs
T Average Risk tolerance coefficient
1/7 Average absolute risk aversion
P Def. B Average skew tolerance
2N Def. Bl Average beliefs distortion
R Def. Bl  Average kurtosis tolerance
p? Def. Dispersion of skewness parameters
Ap Def. B Covariance of skewness preference parameters and beliefs
Ry Gross return on riskless asset
Ry Market Return
R Payoff on beliefs portfolio (Market beliefs returns)

R (o) Eq. (@) Investor s beliefs of returns
ohis(c) Eq. M) Beliefs distortion with respect to objective risk premium a;(o)

S Eq. @ ¥ 'a(0) Mean-variance mutual fund

glgs) Def. [T Beliefs portfolio associated with beliefs-distortion function h;s(o)
gg Eq. Beliefs-mimicking mutual funds

Cles Eq. Belief loadings investor s
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Table 3: Parameter Estimates Mean-Variance-Skewness-Beliefs Asset Pricing Model

This table reports results of GMM estimation of the Euler equation ER;{1my1(0) = 1, using the Mean-Variance-Skewness-Beliefs pricing kernel.
The coefficients are estimated using a iterated GMM approach and using the Hansen and Jagannathan (1997) weighting matrix. We utilize the returns
on 20 industry sorted-sorted portfolios appearing in Table [l As proxy for the market return, Rjs, we use the CRSP value-weighted index. To proxy
the ”beliefs market return” we utilize the dispersion returns used in Anderson, Ghysels, and Juergens (2005a), which consists of portfolios of stock
with large disagreement among analysts. Two portfolios are considered, as there long-run and short-run forecasts, and therefore disagreements on
which portfolios are based. Dispersion portfolios are reported with at least 10 and at least 3 analysts coverage respectively. Hence, the parameters are
estimated for four beliefs factor returns. For each beliefs factor return, the first line represents the parameter estimates. The second line represents
the p-value of the parameter estimates. The third line contains the objective function value, the p-value for the model fit and the J statistics.

/Ry /7 7 oA /Ry /7 P aA

Dispersion portfolios with 10 or more analysts Dispersion portfolios with 3 or more analysts

Iterated GMM

High LTD 1.0538 13.9978 0.4416 0.5212 1.0861 16.4609 0.3776 0.5663

Top Decile 0.0000 0.0026 0.2455 0.0000 0.0000 0.0007 0.1918 0.0000
5% = 0.0787 P-value = 0.1576 J = 22.7492 52 =0.0711 P-value = 0.2471 J = 20.5487

High STD 1.0179 19.1168 0.3694 0.8372 1.0250 30.4703 0.1544 0.8673

Top Decile 0.0000 0.0090 0.2193 0.0000 0.0000 0.0011 0.1583 0.0000
5?2 = 0.0783 P-value = 0.1619 J = 22.6235 5% = 0.0539 P-value = 0.5541 J = 15.5757

Hansen-Jagannathan Weighting

High LTD 0.9954 7.9401 0.6506 0.3733 0.9954 7.9730 0.6948 0.3753

Top Decile 0.0000 0.1203 0.5804 0.0556 0.0000 0.1085 0.5553 0.0577
5% = 0.1086 P-value = 0.0736 J = 26.049 52 =0.1078 P-value = 0.0824 J = 25.5821

High STD 0.9949 21.3078 0.1688 0.8068 0.9946 31.4243 0.0859 0.8404

Top Decile 0.0000 0.0128 0.3777 0.0000 0.0000 0.0070 0.3444 0.0000

5% = 0.0882 P-value = 0.1327 J = 23.531 52 = 0.0768 P-value = 0.4695 J = 16.7776
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Table 4: Parameter Estimates Mean-Variance-Skewness-Beliefs Model Implied Pricing Kernel
This table reports results of GMM tests of the Euler equation ERy41m41(8) = 1, using the Mean-Variance-Skewness-Beliefs pricing kernel. The
coefficients Ay, A1, As, A3 are computed using estimated structural parameters reported in Table Bl Details of the GMM estimation and the portfolio
configurations also appear in that table. The p-values are computed using the Delta method. since Ay, Ay, Ao, A3 are nonlinear function of the
structural preference parameters.

Ao Ay Ao As Ao Ay Ao As

Dispersion portfolios with 10 or more analysts Dispersion portfolios with 3 or more analysts
Iterated GMM

High LTD 1.0538 -14.7506 7.6873  91.1863 1.0861 -17.8775 10.1247 111.129
Top Decile 0.0000  0.0056 0.0115 0.1035 0.0000  0.0025 0.0034 0.0635

High STD 1.0179 -19.4592 16.2914 137.4129 1.0250 -31.2323 27.0891 146.9828
Top Decile 0.0000 0.013 0.014 0.0223 0.0000  0.0020 0.0022 0.0233

Hansen-Jagannathan Weighting

High LTD 0.9954 -7.9038  2.9506  40.8269 0.9954 -7.9166  2.9710 43.7452
Top Decile 0.0000  0.0545 0.1837 0.2694 0.0000  0.0434 0.1562 0.2263

High STD 0.9949 -21.2001 17.1038 76.2513 0.9946 -31.2555 26.2660 84.3323
Top Decile 0.0000  0.0022 0.0066 0.0382 0.0000  0.0004 0.0012 0.0230
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Table 5: Parameter Estimates Mean-Variance-Skewness-Kurtosis-Beliefs Asset Pricing Model

This table reports results of GMM tests of the Euler equation FR;1m41(0) = 1, using the Mean-Variance-Skewness-Kurtosis-Beliefs pricing kernel.
The coefficients are estimated using a iterated GMM approach. The parameters are estimated for four beliefs factor return. For each beliefs factor
returns, the first line represents the parameter estimates. The second line represents the p-value of the parameter estimates. The third line contain the
objective function value, the p-value for the model fit and the J statistics. We utilize the returns on 20 industry sorted-sorted portfolios appearing in
Table[ll As proxy for the market return, Rps, we use the CRSP value-weighted index. To proxy the ”beliefs market return” we utilize the dispersion
returns used in Anderson, Ghysels, and Juergens (2005a), which consists of portfolios of stock with large disagreement among analysts. Two portfolios
are considered, as there long-run and short-run forecasts, and therefore disagreements on which portfolios are based.

1/Ry 1/7 7 ox R p? PO
Dispersion portfolios with 10 or more analysts
Tterated GMM

High LTD 1.0461 10.9792 0.3495 0.6022  0.6457  0.5307 0.4653
Top Decile 0.0000 0.2544 0.6090 0.1554  0.7713  0.6739  0.3747

62 = 0.0740  P-value =0.0924 J = 21.3770
High STD 1.0463 23.1502 0.4045 0.6840 0.1381  0.3079 0.3762
Top Decile 0.0000 0.0141 0.0000 0.0056  0.4646  0.1447 0.0917

6% = 0.0628  P-value =0.2002 .J = 18.1464

Hansen-Jagannathan Weighting

High LTD 0.9955 3.7680 0.2296 0.6746 23.3731 14.6629 1.7808
Top Decile 0.0000 0.6839 0.9795 0.5721 0.9005  0.8884 0.8080

62 = 0.1042 P-value = 0.0673 .J = 22.5893
High STD 0.9950 16.9593 0.3252 0.9882 0.3162  0.3122  0.4603
Top Decile 0.0000 0.1303 0.2881 0.0766  0.6493  0.4370  0.0755

52 = 0.0840 P-value = 0.0937 J = 21.3222

Table continued on next page ...
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1/Ry 1/7 P ) R P> POA
Dispersion portfolios with 3 or more analysts
Iterated GMM

High LTD 1.0684 11.5263 0.1553 0.7015 0.4996  0.6242 0.4755
Top Decile 0.0000 0.1925 0.8623 0.1289  0.7540  0.6183  0.2279

52 = 0.0625 P-value = 0.2038 J = 18.0665
High STD 1.0562 25.8097 0.3284 0.9361 0.1071  0.2204  0.4440
Top Decile 0.0000 0.0053 0.0001 0.0034 0.4202  0.0753  0.0096

62 = 0.0417 P-value = 0.6031 J = 12.0395

Hansen-Jagannathan Weighting

High LTD 0.9955 3.7637 0.5059 0.6645 22.8813 14.1382 1.8612
Top Decile 0.0000 0.6882 0.9533 0.5920 0.9023  0.8883 0.8105

62 = 0.1038 P-value = 0.0766 .J = 22.0996
High STD 0.9946 20.9953 0.2255 1.2689 0.2094  0.2198  0.4492
Top Decile 0.0000 0.0558 0.4686 0.0475 0.5566  0.3355  0.0304

52 = 0.0696

P-value = 0.4707 J = 13.7209




¢S

Table 6: Parameter Estimates Mean-Variance-Skewness-Kurtosis-Beliefs Model Implied Pricing Kernel
This table reports results of GMM tests of the Euler equation ER;1m+11(0) = 1, using the Mean-Variance-Skewness-Kurtosis-Beliefs pricing kernel.
The coefficients Ay through Ag are computed using estimated structural parameters reported in Table Details of the GMM estimation and the
portfolio configurations also appear in that table. The p-values are computed using the Delta method. since Ay through Ag are nonlinear function of
the structural preference parameters.

AO Al A2 A3 A4 A5 AG

Dispersion portfolios with 10 or more analysts
Iterated GMM

High LTD 1.0461 -11.3237 6.8500  44.0786 -446.9954 1131.278  45.1098
Top Decile 0.0000  0.1608 0.0465 0.7635 0.5817 0.6939 0.6255

High STD 1.0463 -17.7982 16.8747 226.8425 -896.1014 3745.798 -25.4342
Top Decile 0.0000  0.0741 0.0250 0.1969 0.2486 0.2437 0.8784

Hansen-Jagannathan Weighting

High LTD 0.9955 -3.7911  2.5042 3.2447  -622.4283 1556.2866  44.3839
Top Decile 0.0000  0.5810 0.3310 0.9781 0.3616 0.5620 0.5717

High STD 0.9950 -17.1470 17.1238 93.0788 -767.2222 2003.6596 -1.7724
Top Decile 0.0000  0.0412 0.0107 0.4730 0.2970 0.4664 0.9890

Table continued on next page ...
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AO Al A2 A3 A4 A5 AG
Dispersion portfolios with 3 or more analysts
Iterated GMM
High LTD 1.0684 -14.4159 8.5167  22.0406 -408.6934 1963.7870 93.2852
Top Decile 0.0000  0.0808 0.0258 0.8882 0.6131 0.5294 0.3655
High STD 1.0562 -27.8861 26.1225 231.0267 -971.9555 4087.034  2.4345
Top Decile 0.0000  0.0186 0.0080 0.2580 0.2604 0.2604 0.9904
Hansen-Jagannathan Weighting
High LTD 0.9955 -3.6809  2.4562 7.1349  -607.2527 1473.7017 39.7041
Top Decile 0.0000  0.5776 0.3065 0.9534 0.3736 0.5767 0.6246
High STD 0.9950 -27.7807 27.3490 98.8687 -963.6039 3109.5760 32.8957
Top Decile 0.0000  0.0052 0.0013 0.4541 0.1935 0.2697 0.8090
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Table 7: Beta for the Mean-Variance-Skewness-Beliefs Model
This table reports betas for the 20 industry sorted-sorted portfolios appearing in Table [ Betas are computed for the full sample with respect to
market portfolio Rys, (denoted (3;2), the beliefs market return Ry, (denoted ;3 and market squared R%, (denoted (;4). As proxy for the market
return, Rjs, we use the CRSP value-weighted index. To proxy the ”beliefs market return” we utilize the dispersion returns used in Anderson, Ghysels,
and Juergens (2005a), which consists of portfolios of stock with large disagreement among analysts. Two portfolios are considered, as there long-run
and short-run forecasts, and therefore disagreements on which portfolios are based. Dispersion portfolios are reported with at least 10 and at least 3
analysts coverage respectively.

10 or more analysts 3 or more analysts
High LTD High STD High LTD High STD
Biz Bi3 Bis Biz Bi3 Bia Bi2 Bi3 Bis Biz Bi3 Bis

1

Mining 0.5131 0.0695 -2.5597 0.1207 0.5789 -1.9108 0.3473 0.2024 -2.6276 0.0644 0.6293 -2.0694
Food & Beverage 0.459 0.0187 -1.9988 0.2589 0.2697 -1.7105 0.4205 0.0496 -2.0138 0.1785 0.3567 -1.742
Textile Products 0.448 0.1436 -2.5985 0.2704 0.4329 -2.0196  0.3906 0.1907 -2.5826 0.1562 0.5551 -2.0818
Paper Products 0.4883 0.1608 -1.4122 0.2825 0.4933 -0.7554  0.4598 0.185 -1.3748 0.1861 0.5929 -0.8527
Chemical 0.4115 0.4108 -1.6499 0.5816 0.4209 -0.8098 0.2293 0.56 -1.6141 0.3867 0.6381 -0.8047
Petroleum 0.5583 0.0238 -1.679 0.1898 0.4806 -1.1749 0.5023 0.0687 -1.7019 0.1656 0.4959 -1.3242
Construction 0.5637 0.1594 -1.1798 0.3188 0.5381 -0.4797 0.5029 0.2093 -1.1605 0.2182 0.6416 -0.5893
Primary Metals 0.7366 0.1708 -1.2155 0.3801 0.6901 -0.352 0.688 0.2111 -1.1858 0.2864 0.7814 -0.5202
Fabricated Metals 0.5821 0.0652 -1.9849 0.3539 0.3745 -1.5443 0.5174 0.1175 -1.9987 0.2747 0.4573 -1.6134
Machinery 0.5347 0.408 -1.2338 0.5862 0.5595 -0.2582  0.4634 0.4685 -1.1382 0.4372 0.7192 -0.3375
Electrical Equipment  0.3484 0.6875 -1.1218 0.6816 0.6459 0.2258 0.223 0.7939 -0.9636 0.497 0.8449 0.1440
Transport Equipment 0.5648 0.147 -1.7634 0.3296 0.5076 -1.1065 0.5443 0.1647 -1.7261 0.222 0.62 -1.2000
Manufacturing 0.4086 0.3365 -1.9997 0.4665 0.443 -1.2134 0.3079 0.42 -1.9437 0.3248 0.5973 -1.2576
Railroads 0.5873 0.0278 -1.9646 0.301 0.3876 -1.5492 0.5917 0.0246 -1.953 0.2152 0.4778 -1.6178
Other Transportation 0.6493 0.0948 -1.4377 0.415 0.4269 -0.9146  0.601 0.1342 -1.4329 0.3117 0.5366 -0.9832
Utilities 0.4226 -0.0162 -0.1877 0.1992 0.2447 0.04 0.3805 0.0173 -0.2161 0.1618 0.282 -0.0163
Department Stores 0.5757 0.1255 -1.9671 0.3983 0.4051 -1.4343 0.523 0.1687 -1.9545 0.2926 0.5181 -1.4935
Other Retail 0.5184 0.1801 -2.0023 0.39 0.4293 -1.3896 0.4379 0.246 -1.9869 0.2692 0.5593 -1.4454
Finance, Real Estate 0.4415 0.0214 -1.6801 0.2414 0.2738 -1.3848  0.411 0.046 -1.6897 0.1742 0.3453 -1.4281
Other 0.3854 0.4923 -1.7297 0.5236 0.5835 -0.6439 0.2751 0.5849 -1.6276 0.3622 0.7571 -0.7219
Mean 0.5099 0.1863 -1.6683 0.3644 0.4593 -1.0193 0.4408 0.2432 -1.6446 0.2592 0.5703 -1.0977

Standard Deviation 0.0963 0.1864 0.5392 0.1458 0.1201 0.6323 0.1246 0.2124 0.5545 0.1000 0.1459 0.6291




qq

Table 8: Beta for the Mean-Variance-Skewness-Kurtosis-Beliefs Model

This table reports betas for the 20 industry sorted-sorted portfolios appearing in Table [ Betas are computed for the full sample with respect to
market portfolio Ry, (denoted (3;2), the beliefs market return Rz (denoted B;5 the market squared R, (denoted S3;4), the cubic market return
R3, (denoted f3;5), the cross-product of the market return and a skewness portfolio (denoted SB;6), and finally the product of the market return and
beliefs portfolio (denoted ;7). As proxy for the market return, Rjs, we use the CRSP value-weighted index. To proxy the ”beliefs market return”
we utilize the dispersion returns used in Anderson, Ghysels, and Juergens (2005a), which consists of portfolios of stock with large disagreement
among analysts. Two portfolios are considered, as there long-run and short-run forecasts, and therefore disagreements on which portfolios are based.
Dispersion portfolios are reported with at least 10 and at least 3 analysts coverage respectively.

10 or more analysts

High LTD High STD
Biz Bi3 Bis Bis Bis Bir Biz Bi3 Bis Bis Bis Bir

1

Mining 0.4752 0.064 -2.1154 5.6256 6.5297 0.4147 0.0581 0.5839 -3.2151 5.4208 28.2061 3.3343
Food & Beverage 0.4128 0.006 1.5060 7.3802  20.5085 -1.5832 0.2387 0.2500 1.7455 5.1806 0.2922 -3.0527
Textile & Apparel 0.4393 0.1377 -0.1989 -0.4045 27.4506 -1.0667 0.2928 0.4192 0.9675 -2.5456 6.5848 -3.1263
Paper Products 0.4073 0.1489 -0.3687 13.9072  0.1336 0.4213 0.193 0.4839 -0.052 13.4755 7.2127 1.1178
Chemical 0.3487  0.401 -0.5420 12.161  -8.9155 -0.1749 0.5375 0.3998 2.0846 12.5622 -31.3072 -3.1383
Petroleum 0.5311  0.0152 0.9615 -0.7457 54.7942 -0.2000 0.1309 0.4818 -0.9297 -0.2509 75.8987  3.3375
Construction 0.4889 0.1465 0.7111 12.5583  7.4055 -0.1712 0.2585 0.5224 1.6891 10.6513 0.4531 -1.0703
Primary Metals 0.7385  0.1638 2.3124 -1.989 32.6876 -2.0163 0.3563 0.6886 0.2256 -0.5645 36.5442 1.0717
Fabricated Metals 0.5507 0.056 0.7060 6.3851 5.1069 -1.5798 0.3353 0.3619 0.4522 5.1615 -8.5029 -1.9337
Machinery 0.491 0.4024 -1.0532 7.2244 0.053 0.5416 0.5362 0.5512 0.6067 8.593 -2.1847  -0.0509

Electrical Equipment  0.3534  0.6892 -1.6815 -1.0979  -0.8968 0.3577 0.6971 0.6359 1.9581 1.4447  -22.4089 -2.7369
Transport Equipment 0.5155  0.1341 1.6621 8.2866 16.9798 -1.5683 0.2709 0.4948 0.7289 8.6736 12.5004 -0.3653

Manufacturing 0.3873  0.3333 -1.6615 4.6295 -7.2205 -0.1479 0.454 0.4338 0.0192 5.1878  -19.8365 -1.6653
Railroads 0.5312  0.0172 -0.0835 8.2748  16.983 -0.1874 0.2545 0.377 0.0903 6.2322 15.7827  -0.2764
Other Transportation 0.5978  0.0835 1.0922 7.7799  18.6543 -0.7479 0.384 0.4111 1.7724 5.6559 6.1816 -1.906
Utilities 0.375 -0.0268 2.1965 9.4216 0.185  -1.2115 0.1692 0.2306 2.0893 7.4589  -12.2924 -1.9119
Department Stores 0.6028 0.1212 1.7571 -9.2078  57.9511 -1.8619 0.4597 0.3913 2.5179 -11.1659  31.1225 -3.9435
Other Retail 0.5141 0.1752 0.1854 -1.8306 31.7752 -0.839 0.2181 0.2698 -0.6284 1.7045 18.9248  0.2968
Finance, Real Estate  0.4172  0.016 -0.4493 2.6555 16.8331 -0.1569 0.2181 0.2698 -0.6284 1.7045 18.9248  0.2968
Other 0.3828  0.492 -1.7083 1.5260 -8.3386 -0.2112 0.5328 0.5746 0.7248 2.7721  -26.8514 -2.4158
Mean 0.4780 0.1788 0.1614 4.6270  14.4330 -0.5994 0.3392 0.4490 0.7000 4.1341 6.6274  -1.0340

Standard Deviation 0.0990 0.1892 1.3706 5.8990 19.1674 0.8167 0.1616 0.1231 1.3314 5.8460  25.0972  2.0695

Table continued on next page ...
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3 or more analysts

High LTD High STD
Bi2 Bi3 Bia Bis Bie Biz Bi2 Bi3 Bia Bis Bie Bir

)

Mining 0.3102 0.1994 -2.0964 5.3297 5.2352 0.2438 -0.0033 0.6384 -3.8104 6.7987 17.3205  3.3615
Food & Beverage 0.3693 0.0409 1.4196 7.4662 17.7856 -1.572 0.1674 0.3272 1.6299 5.9768 -5.8936  -3.1059
Textile & Apparel 0.375  0.1857 -0.2798 0.7694 23.301 -1.0022  0.1796 0.5357 0.4294 -0.972 -0.4457  -2.7273
Paper Products 0.3697 0.1779 -0.0247 14.7104 -1.8776 0.1309 0.0971 0.5831 -0.5243 14.6187 -2.7115 1.1467
Chemical 0.1414 0.5549 -1.1944 15.6439 -16.5596 0.4446 0.3294 0.6196 0.899 14.595 -33.2031 -1.7038
Petroleum 0.4775 0.0613 1.24 -1.1604 53.8953 -0.5309 0.1181 0.4887 -1.0384 0.442 63.6286  2.7253
Construction 0.419 0.2013 0.9222 13.3782 4.3838 -0.3803 0.1588 0.6222 1.1546 12.2292  -9.4072 -0.8948
Primary Metals 0.6843 0.2044 2.5107 -0.7283  26.6717 -2.2141 0.2677 0.7765 -0.1597 0.9321 20.6211 0.693

Fabricated Metals 0.481 0.1113 0.6591 6.769 1.4418 -1.6096  0.2589 0.441 0.1785 6.2466 -16.2631 -1.9251
Machinery 0.4027 0.4647 -0.758 10.2165 -6.0784 0.385 0.38 0.7141 -0.2544 10.317 -10.8793 0.5444
Electrical Equipment  0.2008  0.794 -1.587 4.5279 -12.186 0.4817 0.4984 0.8401 0.7839 3.9518 -30.3645 -1.6446
Transport Equipment 0.4846 0.1556 1.7515 9.4593 12.2699 -1.6414 0.1686 0.6025 0.3604 9.8641 1.3781 -0.4621
Manufacturing 0.2727 0.4179 -1.6058 7.1622 -13.3928 -0.1512 0.3047 0.5915 -0.7214 6.7336  -26.2675 -1.0389
Railroads 0.5317 0.0176 0.0953 8.2631 16.3875 -0.3553 0.1743  0.4622 -0.1774 7.1119 7.1157  -0.3736
Other Transportation 0.5422 0.1266 1.0741 8.3828 15.8872  -0.7604 0.2862 0.5141 1.4312 6.8476 -2.632 -1.8664
Utilities 0.3288 0.011 2.0306 9.234 -1.4481 -1.138 0.138 0.2625 2.0855 8.076 -18.4826  -2.1477
Department Stores 0.5473 0.1629 1.755 -8.1537 52.8846 -1.8865 0.3633 0.4919 2.215 -9.7997  22.8958 -3.8505
Other Retail 0.4271 0.2413 0.1622 -0.503 27.2384 -0.8331 0.2862 0.5431 0.609 -1.5242 8.9443 -1.8769
Finance, Real Estate  0.3847 0.0422 -0.4804 2.6915 16.1688 -0.1582 0.1517 0.3393 -0.9598 2.4248 13.8806  0.4313
Other 0.2524 0.5842 -1.6754 5.5161 -17.2156 -0.1216 0.3575 0.754 -0.3353 5.046 -33.9638  -1.4298
Mean 0.4001 0.2377 0.1959 5.9487 10.2396 -0.6334 0.2341 0.5574 0.2898 5.4958 -1.7365 -0.8073
Standard Deviation 0.1300 0.2143 1.3850 5.8879 20.3130 0.8283  0.1192 0.1507 1.3429 5.8591 23.2753 1.8509



Table 9: Market Price of Risk for the Mean-Variance-Skewness-Beliefs Model

3 and More Analyst Iterated GMM HJ Weighting

Aoy X 10~2 A3 x 1072 Ay X 10~2 Aoy X 10~2 A3 x 1072 Ay X 102

High LTD 1.9503 0.2595 -0.2368 1.3518 0.9663 -0.1163

Top Decile 0.7866 0.9314 0.1075 0.3703 0.5179 0.0571

High STD 2.5393 0.3084 -0.2734 2.3520 0.0824 -0.1761

Top Decile 0.9068 0.7948 0.1156 0.4988 0.4294 0.0580
10 and More Analyst Iterated GMM HJ Weighting

Aoy X 1072 A3 x 1072 Ay X 10~2 Aoy X 1072 A3 x 1072 Ay X 102

High LTD 1.8417 0.4326 -0.2095 1.3324 0.8865 -1.1125
Top Decile 0.7382 0.8499 0.1031 0.3683 0.5548 0.0578
High STD 2.0760 0.4711 -0.2487 1.9297 0.1324 -0.1511
Top Decile 0.8488 0.7538 0.1076 0.4423 0.4626 0.0567

57
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Table 10: Market Price of Risk for the Mean-Variance-Skewness-Kurtosis-Beliefs Model

Tterated GMM

HJ Weighting

Aax 1072 A3x 1072 Ay x 1072 As x 1072 Agx 1072 A7 x1072 Ay x 1072 A3 x1072 Ay x1072 As x 1072 Agx 1072 A7 x 1072
3 or more analysts
High LTD Top Decile
1.6982 0.2908 -0.1900 0.0327 0.0087 -0.2661 1.2347 0.9646 -0.1246 0.0278 0.0068 -0.1708
0.7802 1.0563 0.1156 0.0224 0.0076 0.1442 0.4258 0.5252 0.0580 0.0108 0.0039 0.0831
High STD Top Decile
2.7087 0.5485 -0.2842 0.0478 0.0117 -0.2555 1.2347 0.9646 -0.1246 0.0278 0.0068 -0.1708
1.0467 0.9146 0.1361 0.0277 0.0087 0.1505 0.5383 0.4445 0.0601 0.0105 0.0034 0.0615
10 or more analysts
High LTD Top Decile
1.7657 0.5791 -0.2069 0.0373 0.0106 -0.2525 1.2261 0.9345 -0.1219 0.0270 0.0065 -0.1636
0.8184 1.0310 0.1288 0.0255 0.0084 0.1479 0.4250 0.5682 0.0585 0.0111 0.0041 0.0805
High STD Top Decile
2.1529 0.5230 -0.2334 0.0390 0.0096 -0.2049 1.8622 0.1179 -0.1609 0.0343 0.0083 -0.1560
0.9057 0.8333 0.1211 0.0241 0.0078 0.1346 0.4839 0.4755 0.0583 0.0101 0.0034 0.0603



	General framework 
	Samuelson's Small Noise Expansions Revisited 
	Heterogeneous beliefs 
	Beliefs-distorted risk premiums
	Beliefs-mimicking portfolios


	 Mean-Variance-Skewness-Beliefs Pricing 
	The individual investor problem 
	Equilibrium Prices and Agent Demands 
	The Pricing Kernel 

	Mean-Variance-Skewness-Kurtosis-Beliefs Pricing 
	Individual Asset Demand 
	Equilibrium Prices and Agent Demands 
	The Pricing Kernel 

	Empirical Analysis 
	Hansen and Jagannathan Bounds
	Estimation of the Mean-Variance-Skewness Pricing Kernel 
	Estimation of the Mean-Variance-Skewness-Kurtosis Pricing Kernel 
	Betas and Market Prices of Risk 
	Mean-variance-Skewness Models
	Mean-variance-Skewness-Kurtosis Models


	Conclusions
	Proof of Theorem 1.1 and 1.2 
	Proof of Theorem 2.1  
	Proofs of Theorem 2.3 and 2.3  
	Proof of Theorem 3.1  
	Proof of Theorem 3.2  
	Proof of Theorem 3.3  
	Proof of Theorem 3.4  

