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Abstract

In the standard economic model of road pricing adding tolls to just one of multiple
routes leads to high value of time individuals traveling faster while those with a low
value of time travel slower. While it is a Kaldor-Hicks improvement, most individuals
are worse off before toll revenues are distributed. In this paper I use insights from
the traffic engineering literature to show that in heavy traffic restricting the number of
vehicles on a highway can increase throughput and speed and so a carefully designed
toll on one route is Pareto improving. Both high value of time and low value of time
individuals travel faster and everyone is better off regardless of what is done with toll
revenue.
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1 Introduction

[I]n some circumstances, it would be possible, by shifting a few carts from
route B to route C, greatly to lessen the trouble of driving those still left on B,
while only slightly increasing the trouble of driving along C. In these circum-
stances a rightly chosen measure of differential taxation against road B would
create an “artificial” situation superior to the “natural” one. (Pigou, 1920, p.
194)

In the ninety years since Arthur C. Pigou introduced the idea that tolls could be used
to alleviate congestion, carts have given way to automobiles and congestion has grown
to consume more than 4 billion hours each year (Schrank et al., 2010). Despite his in-
sights, traffic congestion is a large and growing problem facing major cities worldwide.
Concerns that pricing roads hurts many road users, particularly the poor, has lead to sig-
nificant political opposition to congestion pricing and limited its adoption. This paper will
use discoveries from the traffic engineering literature to show that in the case of heavily
congested highways, judicious design of a toll applied to a portion of the lanes can make
all road users better off, even before toll revenue is spent. Congestion pricing can lead to
a Pareto improvement.

Our intuition on congestion pricing starts with the observation that each additional
car on a road creates an externality by slowing down all of the other vehicles using the
road. Pigou’s insight was that we can apply a tax to correct this externality. By raising
the cost of driving at rush hour, fewer people use the road, leading to less congestion and
faster travel times for those remaining. If drivers shift to other roads, then congestion will
get worse on those roads, but pricing the first route will still be efficiency enhancing since
we will have sorted high value of time individuals onto fast routes, and those with a low
value of time onto slow routes. In addition, some trips whose value was below social
marginal cost will no longer take place. This is a Kaldor-Hicks improvement; the winners
gain more than the losers lose.1

1It is quite possible that all road users are worse off, with only the toll collector being better off. In order to
have fewer people using the road we must have increased the total cost of traveling during rush hour for the
marginal drivers. We reduced the travel time costs but increased the financial costs. If the inframarginal drivers
have the same value of time as the marginal driver, then their total cost will have increased as well. It is only for
those drivers whose value of time is sufficiently larger than that of the marginal driver who are actually better
off.
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Consider how this applies specifically to value pricing, the practice of taking a free-
way and pricing only some of its lanes. These lanes are sometimes called HOT (high
occupancy/toll) lanes when those carpooling can use them for free or a reduced price,
and also go by the epitaph of “Lexus Lanes” due to the idea that only those who can
afford a Lexus can afford to pay the tolls. Consider, for example, a freeway where traffic
goes 30 mph during the morning rush hour. The standard intuition would say that if we
price some of the lanes, say half for this example, so that traffic flows are split 40/60 be-
tween the priced and free lanes, then those in the priced lanes will be able to go 42.5 mph
while the free lanes are slowed down to 19.5 mph.2 It is this intuition that has lead AAA
Mid-Atlantic to write an op-ed for The Washington Post on July 1, 2005 to criticize value
pricing because it “would create a two-tier system of public roads where the rich can roll
while the poor will poke”. The welfare effects seem clear, CEOs get to work quickly while
janitors face even worse traffic.

However, this intuition presumes the roads are already being used to produce a given
number of trips at the lowest cost. In other words the standard intuition is about moving
along the production possibilities frontier, trading off the number of trips made with the
speed those trips happen at. However, in heavily congested freeway traffic, defined as
congestion such that speeds are below 50 mph, we are often far from the production pos-
sibilities frontier. This is because there is another externality to driving beyond slowing
down other travelers; in heavily congested traffic adding another vehicle to the road re-
duces throughput. As a result, one additional driver attempting to make a trip can reduce
the rate at which drivers complete their trip, all while travel times are climbing.

As an example of this perverse and counter-intuitive result is found in the experience
of the eleven mile morning commute from Bellevue to Seattle in Washington state. Be-
tween 2005 and 2007 the average peak travel time increased by six percent and the length
of rush hour3 climbed forty minutes, all while peak period vehicle miles traveled fell by
three percent. Twenty-three of the thirty-eight commutes the Washington State Depart-
ment of Transportation tracks had weakly increasing travel times and length of rush hours
with a decrease in traffic flow from 2005 to 2007 (2008, pp. 20-21). These costs add up and
are severe; the Washington State Department of Transportation estimates that if in 2007
they had been on the production possibilities frontier drivers would have saved at least
102,000 hours every weekday (2008, p. 40). A similar estimate comes from Kwon et al.
(2006), who estimate that if the recurrent bottlenecks on a forty-five mile section of I-880
in the San Francisco Bay area operated at ninety percent of capacity and 60 mph then it
would eliminate a third of the congestion delay on that road. This would amount to 5,500

2Quite literally this is the standard intuition. These are precisely the results that Liu and McDonald (1998,
1999); Small and Yan (2001); Small et al. (2006); Light (2009) would predict for inelastic demand. All of these
papers use the travel time formula of U.S. Bureau of Public Roads (1964).

3Defined as the amount of time that average speed fell below seventy percent of the posted speed limit.
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hours a day.
There are at least three reasons high density can cause lower throughput: queue

spillovers, driver error propagation, and throughput drops at bottlenecks. We will dis-
cuss these in more detail along with the empirical evidence for them in section 2.

The solution to these problems is to restrict flow onto the highway to prevent traffic
density from reaching the point where highway throughput begins to fall. Fortunately,
Pigou already taught us how to do so, by pricing the roads.

Tolls can be used to move road usage back to the production possibilities frontier. As
a result, priced lanes can move more traffic per lane than free lanes. Returning to our
example, rather than traffic flows being split 40/60, they could be split 60/40. The tolled
lanes could travel 50 mph while increasing the speed of the free lanes to 35 mph. Everyone
has a faster travel time, and since we know those in the priced lanes are better off despite
paying a toll by revealed preference, we have achieved a Pareto improvement.

This raises the question: why not price the entire road? By pricing just a portion of the
lanes we are leaving efficiency gains on the table, but we are also preserving the option
to pay with time and so protect the poor. The goal is to have a pricing mechanism that
naturally generates a Pareto improvement, instead of relying on transfers. If we set out
to maximize social welfare subject to the constraint of generating a Pareto improvement,
then in the majority of cases we will be unable to price the entire road.

The intuition above is inherently static and doesn’t consider the driver’s choice of
when to travel. By using a dynamic model I will reveal some potential problems but
also illustrate cases where pricing the entire road can yield a Pareto improvement. The
intuition is also deterministic and so overlooks the large welfare gains that come from
providing a reliable route to those who need it. Adding this will increase the range of
cases where value pricing will lead to a Pareto improvement.

In building the case that pricing highways can be a Pareto improvement I will, how-
ever, overlook the sizable potential public health improvements that can come from reduc-
ing congestion. These have been estimated by Levy et al. (2010) and Currie and Walker
(2011).

In this paper I will modify the basic bottleneck model of Arnott et al. (1990), which
is itself a formalization of Vickrey (1969), to consider value pricing and hypercongestion.
As in their work, there will be a single road connecting where people live and where
they work. The only source of congestion will be a bottleneck along this road. We will
consider three policy regimes, no road pricing, tolling the entire road, and value pricing,
where we price only a portion of the lanes. In addition, we will vary the model along
three dimensions: no throughput drop versus throughput drop, homogeneous versus
heterogeneous preferences, and complete information versus uncertainty.

The main result is that the careful application of value pricing can lead to a Pareto
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Figure 1: Fundamental diagram of traffic flow

improvement. In contrast to the current literature I show that congestion pricing is welfare
enhancing regardless of what is done with the toll revenue and that while it may be
difficult to achieve a Pareto improvement without knowledge of consumer preferences,
most of the welfare gains can be realized without this information.

After showing that value pricing can lead to a Pareto improvement in theory, I will
estimate the potential gains available from value pricing in southern California.

2 Understanding traffic congestion

My paper depends critically on the claim that tolls can be used to increase traffic flow. To
understand this we must first understand a peculiar fact about traffic, which I referred to
earlier. When there are too many cars on the road, fewer get through. This relationship
is shown by the fundamental diagram of traffic flow, shown in figure 1.4 This figure shows
the relationship between flow, the number of vehicles passing a given location in an hour,
and density, the number of vehicles physically on a mile of the road.

One easy way to think about this relationship is to picture a race track. If your goal
is to maximize the number of laps completed in an hour (i.e. flow), how many cars do
you want on the track (i.e. density)? Consider what happens when you move from one
vehicle to two; their speed will hardly change, and so the number of laps completed will
nearly double. So when density is low adding vehicles increases the flow. But if you
take this too far and fill every available inch of track with vehicles, then they will not be
able to move at all. No motion, no laps completed; flow will be zero. Somewhere in the
middle you will find the right balance between having a lot of cars on the track and still

4The fundamental diagram of traffic flow was first estimated in Greenshields et al. (1935) and has been
estimated countless times since. For a book that reviews much of the empirical evidence see May (1990).
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allowing them to move quickly which will maximize the number of laps completed.5 The
nomenclature of urban economics is to call traffic congested if density is less than this
point, and hypercongested if it is greater.6

The fundamental diagram of traffic flow is no secret to economists and can even be
found in economics textbooks such as Small and Verhoef (2007). Walters (1961) and John-
son (1964) even use it to argue that tolls can increase speed and flow.

It has, however, largely been rejected as a causal relationship. Verhoef (1999, 2001)
shows that in a static model a hypercongested equilibrium is unstable. Newell (1988)
shows that in the popular LWR hydrodynamic model of congestion an active bottleneck
will always operate a full throughput, hypercongestion will not reduce it.7 Small and Chu
(2003) argue that hypercongestion is unimportant for studying freeways.

This view comes from the fact that we can observe hypercongestion when low traffic
flows, due to downstream constraints, lead to high densities. As an illustration, consider
a ten lane highway that approaches a one lane bridge. When more cars arrive than the
bridge can handle there will be queuing. If we are observing the highway a mile upstream
from the bridge, then we will observe moderate densities and high flows as the queue
builds up downstream. Once the queue reaches us, density will be very high and flow
will fall to a tenth of its maximum. We observe high density and low flows but the
causal relationship is that low flows, due to a downstream bottleneck, are causing high
density; rather than high density being the cause of low flows. It is exactly this possibility
that Lindsey and Verhoef (2008) have in mind when they conclude that “[t]he emerging
view seems to be that hypercongestion is a transient phenomenon, occurring in queues
immediately upstream of bottlenecks, that is best studied with dynamic models” (p. 421).

I offered two examples, in the race track example high density can cause low flows,
while in the bridge example the causal relationship is reversed. The fundamental differ-
ence between them is that in the race track example every point is a potential bottleneck
while in the bridge example there is just one bottleneck. On the race track the queue
for each bottleneck interferes with the other bottlenecks, resulting in a none of them op-
erating at their full capacity, but in the bridge example the bottleneck always operates
at its full capacity. Both examples are illustrative of real world phenomenon. The race
track example has a nearly precise analog in the beltways or ring roads that go around
major cities, such as I-495, which encircles Washington D.C., and Boulevard Périphérique,
which encircles Paris. It has been long recognized that these roads are especially prone

5Flow is the product of speed times density, that is F = S× D. This means that as long as the elasticity of
speed with respect to flow, εS,D = − ∂S

∂D
D
S < 1 flow will be increasing and when εS,D > 1, flow will fall.

6Traffic engineers use different terminology, they call traffic uncongested or unsaturated when on the left
side of the figure, and congested or saturated when on the right.

7The LWR model is named after those who first proposed it, Lighthill and Whitham (1955) and Richards
(1956).
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to crippling congestion.8 Furthermore, the race track example serves well as an analogy
for congestion on urban streets.9 And while we rarely see ten lanes go down to just one,
most freeway on-ramps involve fitting n + 1 lanes of traffic into n lanes.

As mentioned in the introduction, there are at least three reasons high density can
cause lower throughput. Let us now look at each of these in turn.

The first reason high density can cause lower throughput is that as queues grow they
can block upstream off-ramps. Then those wanting to use the upstream off-ramp must
now wait in a line for a congested resource they themselves do not want to use. This is the
causal mechanism at work in the race track/beltway example and is what Vickrey (1969)
called a triggerneck. Similarly, an queue can grown at a busy off-ramp, spilling onto the
mainline of the freeway and blocking traffic. This has been modeled by Daganzo (1996)
and Daganzo (1998).

The second reason high density can lead to lower throughput is that small mistakes
propagate when density is high and cause long lasting disruptions. An example is one
driver taps on his breaks, causing the driver behind to slam on his breaks, and the ef-
fect ripples backwards. This means that when density is high traffic can spontaneously
breakdown and experience lower speeds and flows. This has been studied by Kerner and
Rehborn (1997); Helbing and Huberman (1998); Kerner and Klenov (2002); Orosz et al.
(2009), and Flynn et al. (2009).

The final reason is that bottlenecks have lower throughput once a queue forms behind
them. Traffic bottlenecks usually occur at places where drivers need to merge, such as a
lane drop or on-ramp. When traffic is very heavy it is difficult for the vehicles that need to
merge to change lanes, at some point some of them will slow down, or even stop, before
merging. After changing lanes they are still moving at a very low speed and this reduces
the flow through the bottleneck. The bottleneck spreads laterally to the other lanes as
oncoming vehicles start changing lanes to avoid the slowdown. Notice how this contrasts
with most queues; while a long line at the grocery store means you will have to wait
a while, it does not affect the rate at which customers are served. In fact, most queues
increase throughput by avoiding wasted time.

These last two reasons are similar in that both drivers take actions or make mistakes
that reduce flow. The difference is that in the second reason this happens whenever
density gets to high while in the third it happens at specific places, bottlenecks. Daganzo
et al. (1999) show that the empirical evidence provided by Kerner and Rehborn (1997) in
support of driver error propagation actually is better explained by bottlenecks.

It is the last causal relationship that we will incorporate into a standard model.

8For example, see Vickrey (1969, p. 252) and Daganzo (1996). There is a animation on Daganzo’s website that
illustrates this nicely at www.its.berkeley.edu/volvocenter/gridlock/.

9It should be noted that Arnott (1990) and Small and Chu (2003) discuss hypercongestion in central business
distracts as a causal relationship.
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2.1 Evidence traffic is off the production possibilities frontier

There is a large literature by traffic engineers documenting the throughput drop at bottle-
necks, which they generally call the two-capacity hypothesis. All of the papers in the lit-
erature have found evidence for the two-capacity hypothesis, though Banks (1991) found
at two sites that it only effected the merging lanes, not the entire road. The estimates for
the size of the drop range from 2 to 15 percent; their estimates are presented in table 1.10

This phenomenon has also been modeled in the physics literature in Helbing and Treiber
(1998), and Treiber et al. (2000).

Table 1: Findings of traffic engineering literature on throughput drop at bottlenecks

Paper Throughput drop (%) Location

Banks (1990) 2.8 I-8, San Diego
Hall and Agyemang-Duah (1991) 5.8 Queen Elizabeth Way, Toronto
Banks (1991) 3.2 I-8, San Diego, site 1

−.1 I-8, San Diego, site 2
−.7 I-805, San Diego
−1.2 SR-163, San Diego

Persaud et al. (1998) 11.6 Highway 401, Toronto, site 1 a.m.
15.3 Highway 401, Toronto, site 1 p.m.
10.6 Highway 401, Toronto, site 2

Cassidy and Bertini (1999) 8.7 Queen Elizabeth Way, Toronto
7.4 Gardiner Expressway, Toronto

Bertini and Malik (2004) 4 US-169, Minneapolis
Zhang and Levinson (2004) 2–11 27 sites in Minneapolis–St. Paul
Bertini and Leal (2005) 9.7 M4, London

12 I-494, Minneapolis
Cassidy and Rudjanakanoknad (2005) 11.7 I-805, San Diego
Rudjanakanoknad (2005) 13.2 SR-22, Orange County, California
Chung et al. (2007) 12.3 I-805, San Diego

6.2 SR-24, San Francisco
5.8 Gardiner Expressway, Toronto

They measure the capacity of the bottleneck by identifying bottlenecks that are not
constrained by a downstream bottleneck and then measuring flows immediately before a
queue forms and while there is a queue. The data comes either from video cameras or
loop detectors.

Figure 2, reprinted from Bertini and Leal (2005, p. 402), shows the detrended cu-
mulative flows (N) and cumulative speeds (V) at a bottleneck on M4 near London on
November 18, 1998. The flows in the 17 minutes before a queue forms average 3,690

10There are papers not expressly testing the two-capacity hypothesis who present results that can be inter-
preted as evidence for or against the throughput drop at bottlenecks. These includes Hurdle and Datta (1983)
who find no capacity drop and Elefteriadou et al. (1995) and Leclercq et al. (2011) who do.
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Figure 2: Detrended cummulative flow and velocity on M4 for November 18, 1998.
Reprinted from Bertini and Leal (2005, p. 402).

vehicles per hour and vehicles are traveling 60 mph. For the following 142 minutes for
which the queue remains flows average 3,300, a drop of 10.6 percent, and speeds fall be-
low 25 mph for most of time. In this paper the start and end of the queue were identified
by comparing detrended cumulative flows at detectors before and after the bottleneck.
When they diverged there was a larger than usual number of vehicles on the freeway seg-
ment between the two detectors, a queue.11 Other researchers have used sharp increases
in speed or sharp declines in occupancy, the fraction of time a loop detector has a vehicle
over it, between detectors to identify when a bottleneck is active and has a queue.

There is a much smaller literature, to my knowledge only one paper, documenting
how queue spillovers can reduce throughput. Muñoz and Daganzo (2002) find that flows
on I-880N fall by as much as 25 percent when a queue from traffic exiting onto I-238 backs
up onto I-880N and blocks through traffic. Even though I-880N is five lanes wide through
the stretch they were studying in the San Fransisco Bay area the queue frequently spread
across all of the lanes.

11They plot this in figure 4 of their paper.
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3 Basic model

The standard model for studying dynamic congestion is the bottleneck model of Vickrey
(1969), which was formalized by Arnott et al. (1990, 1993). I will make two modifications
to the model. The first will incorporate the finding by traffic engineers that bottleneck
throughput falls once a queue forms as well as serve as shorthand for the effects of queue
spillovers, and the second will allow us to consider value pricing, where some lanes are
tolled and others remain free.

3.1 Congestion technology

There is a single road connecting where people live to where they work; this road has two
types of routes: tolled and free. The social planner chooses the relative size of each route
as well as a time varying toll schedule to maximize social welfare taking total road capac-
ity and consumer preferences as given. Let λtoll and λfree denote the fraction of capacity
devoted to each route, where λtoll + λfree = 1.12 Travel along this road is uncongested, ex-
cept for a single bottleneck through which at most s∗ cars can pass per unit time. Letting r
denote the route and t the time of departure from home, when the arrival rate on a route,
rr(t), exceeds its capacity, λr · s∗, a queue develops. Once a queue forms the throughput
of the bottleneck for that route falls to λr · s = λr(1− θ) · s∗, where θ ∈ [0, 1) is the size of
the throughput drop. Therefore, queue length, measured as the number of vehicles in the
queue, evolves according to

∂Qr(t)
∂t

=

{
0 if Qr(t) = 0 and rr(t) ≤ λr · s∗,
rr(t)− λr · s otherwise;

r ∈ {free, toll}. (1)

Definition 1. In the standard bottleneck model s = s∗ and λtoll ∈ {0, 1}.

Definition 2. In the modified bottleneck model s < s∗ and λtoll ∈ [0, 1].

It is in allowing s < s∗ that we add in the empirical finding of a throughput drop
at bottlenecks, and allowing λtoll to vary continuously allows us to consider pricing a
portion of the lanes, rather than just all or none.

Definition 3. Value pricing is when λtoll ∈ (0, 1).

Travel time along each route is

Tr(t) = T f + Tv
r (t) r ∈ {free, toll}, (2)

12Implicit in this is the assumption it is costless to split the road into two routes. The Federal Highway
Administration recommends a three to four foot buffer between the priced and unpriced lanes when a pylon
barrier is used (Perez and Sciara, 2003, p. 39-40). On I-394 in Minnesota there is a two foot buffer without any
barrier between the priced and unpriced lanes (Halvorson and Buckeye, 2006, p. 246). Federal standards call for
twelve foot lanes on interstates (AASHTO, 2005, p. 3), though there are exceptions.
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where T f is fixed travel time, the amount of time it takes to travel the road absent any
congestion, and Tv

r (t) is variable travel time for route r. Variable travel time is only due to
queuing and is the length of the queue divided by the rate at which cars leave the queue

Tv
r (t) =

Qr(t)
λr · s

. (3)

The production possibilities frontier (PPF) of the bottleneck model is shown in figure
3. The solid line is the PPF, while the dotted line shows speed-flow combinations that
are possible even though they are not on the PPF. The PPF is horizontal up to s∗ because
up till the point which the bottleneck is binding there is no congestion. Once the bottle-
neck is binding, throughput falls to s and travel times climb as the queue grows. Since
travel time is simply total distance divided by average speed, this means average speed
is falling. For different queue lengths there will be different average speeds, all of which
have throughput of s. Thus the dotted line is vertical.

For simplicity, and without loss of generality, we will assume that T f = 0.13 Through-
out the rest of this paper when we discuss travel time we are only referring to the variable,
congestion related, travel time.

13With a few redefinitions we could leave the model general. Redefine t as the time agents choose to arrive
at the bottleneck, so if we let tdepart be the time they leave home then t = tdepart + T f

before bottleneck. Similarly,
redefine t∗ as the time one needs to leave the bottleneck to arrive at work on-time, so t∗true is the actual ideal
arrival time then t∗ = t∗true − T f

after bottleneck. The primary reason for not doing so is because it would require
reversing the standard interpretation of arrive and depart. Instead of discussing departures from home and
arrivals at work, we would discuss arrivals at the bottleneck and departures from the bottleneck.
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3.2 Agents and preferences

There are G types of atomistic agents; let i ∈ 1, . . . , G denote an arbitrary type. Agents
choose when to leave and which route to take in order to minimize their trip cost. The
price of a trip on route r that starts at time t for an agent in type i, pi,r(t), is the sum of
the cost of travel time, schedule delay costs Di(·), and the toll τr(t). Schedule delay costs
are a function of the difference between the desired arrival time t∗i and the actual arrival
time ta = t + Tr(t);

pi,r(t) = αiTr(t) + D (ta − t∗i ) + τr(t). (4)

I assume schedule delay costs are piecewise linear, so that

Di(ta − t∗i ) =

−βi(ta − t∗i ), for ta ≤ t∗i ,

γi(ta − t∗i ), for ta > t∗i .

With piecewise linear schedule delay costs we can rewrite the trip price as

pi,r(t) = αiTr(t) + βi(time early) + γi(time late) + τr(t), (5)

where αi is the shadow price of travel time, βi is the shadow price of time spent at work
early, and γi is the shadow price of time late to work. Each of these parameters is the
agents’ willingness to pay money to reduce travel time or delay by one unit of time. I
assume that γi > αi > βi > 0. This means that agents will prefer an extra minute of travel
time if it means they are one minute less late to work, as well as that they would rather
wait for work to start at the office than wait in traffic.14

The mass of agents in type i who are willing to pay trip price pi to travel is Ni (pi).
I assume Ni is differentiable with ∂Ni/∂pi ≤ 0, and Ni(pi) ≥ 0 for all pi ∈ R+. I also
assume Ni(0) > 0 and that there exists a pmax

i such that N(pmax
i ) = 0.15

Let T̄ be the supply-feasible departure times, the set of times which agents are allowed to
depart, and assume this is a non-binding constraint and

∣∣T̄ ∣∣ < ∞. This amounts to the
observation that in the case of commuting we can restrict attention to a single day without
artificially constraining agents choice set. Due to assuming no fixed travel time, we could
just as well call this the supply-feasible arrival times.

To state the assumption that set of supply-feasible departure times is a non-binding

14See Small (1982) for empirical evidence that this is true for the morning commute. It holds in most of his
specifications. Note that this is not the result of statistical test but just comparing point estimates. See his table
3 for the clearest evidence; the first two columns are essentially β/α and γ/α.

15Note that the assumption that Ni(0) < ∞ would not need to be made if I did not assume the fixed travel
time was zero. A strictly positive travel time along with a strictly positive shadow price of travel time yields a
strictly positive minimum trip price.

In addition, while the assumption that there is a price such that demand is zero rules out perfectly inelastic
demand, there can still be an arbitrarily large region where demand is perfectly inelastic.
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constraint formally, first define p′i as type i’s minimum trip price of leaving at an endpoint
of T̄ ,

p′i = min
{

Di(t− t∗i )|t = sup T̄ or t = inf T̄
}

.

Then assume that pmax
i < p′i. This means that the set of supply-feasible departure times

is so large that no one wants to travel outside of it.
While agents choose their departure time t it will often be simpler to discuss their

choice of arrival time ta. I will prove a little later in Proposition 1 that when Di is con-
tinuous then in equilibrium there is a one-to-one mapping between departure and arrival
times, so this is a harmless simplification.

3.3 Equilibrium concept and information

Our equilibrium concept is perfect information, pure strategy Nash equilibrium. No agent
will be able to reduce his trip cost be changing his time of departure or route choice.16

Let L denote the set of routes.

Definition 4. Given a bottleneck congestion game specified by(
{αi, Di (·) , t∗i , Ni (·)}G

i=1 ,
{

s, s∗, T̄
}

, {λr}r∈L

)
a trip price vector p = ( p̄1, . . . , p̄G), a set of arrival times

{
{Ti,r}G

i=1

}
r∈L

, a set of departure

rates
{
{ri,r(t)}G

i=1

}
r∈L

, and toll schedules {τr(t)}r∈L constitute a deterministic arrival time
equilibrium if

1. For every i ∈ {1, 2, . . . , G} all agents minimize their trip price; that is,

pi,r (ta) = p̄i for ta ∈ Ti,r, r ∈ L

pi,r (t) ≥ p̄i for t ∈ T̄ , r ∈ L

2. For every i ∈ {1, 2, . . . , G} there is enough time for all Ni( p̄i) agents to travel, and
no more; supply of travel time equals demand for travel time. That is,

Ni ( p̄i) = s ∑
r∈L
|{ta|ta ∈ Ti,r, and Qr (t) > 0 or ri,r(t) > s∗}|

+ s∗ ∑
r∈L
|{ta|ta ∈ Ti,r, Qr (t) = 0 and ri,r(t) ≤ s∗}| .

Notice that there is nothing determining how the tolls are set and so, presuming equilib-
rium exists, there will likely be a continuum of equilibria. I am focusing on a particular

16This is similar to Wardrop’s first principle of equilibrium which says that no agent can unilaterally reduce
his travel costs by changing to another route (Wardrop, 1952).
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kind of equilibrium, one where one route is priced, the other is free, and tolls are set to
maximize consumer welfare.17. This allows me to give a narrower definition of equilib-
rium.

Definition 5. Given a bottleneck congestion game specified by(
{αi, Di (·) , t∗i , Ni (·)}G

i=1 ,
{

s, s∗, T̄
}

, {λfree, λtoll}
)

a trip price vector p = ( p̄1, . . . , p̄G), a set of arrival times
{
Ti,free, Ti,toll

}G
i=1, a set of departure

rates
{

ri,free(t), ri,toll(t)
}G

i=1, and toll schedules {τfree(t), τtoll(t)} constitute a value pricing
equilibrium if

1. For every i ∈ {1, 2, . . . , G} all agents minimize their trip price; that is,

pi,r (ta) = p̄i for ta ∈ Ti,r, r ∈ {free, toll}, and (6)

pi,r (t) ≥ p̄i for t ∈ T̄ , r ∈ {free, toll}. (7)

2. For every i ∈ {1, 2, . . . , G} there is enough time for all Ni( p̄i) agents to travel, and
no more; supply of travel time equals demand for travel time. That is,

Ni (pi) = s ∑
r∈{free,toll}

|{ta|ta ∈ Ti,r, and Qr (t) > 0 or ri,r(t) > s∗}|

+ s∗ ∑
r∈{free,toll}

|{ta|ta ∈ Ti,r, Qr (t) = 0 and ri,r(t) ≤ s∗}| . (8)

3. Tolls are set on the tolled route to maximize social welfare,

τtoll(t) = arg max
τtoll(t)

(
G

∑
i=1

∫ ∞

p̄i

Ni(p) dp +
∫

t∈T̄
τtoll(t)

G

∑
i=1

ri,toll(t) dt

)
.

4. No toll is charged on the free route,

τfree(t) ≡ 0 ∀t ∈ T̄ .

Proposition 1. In a value pricing equilibrium there is a one-to-one mapping between departure
time and arrival time.

Proposition 2. In a value pricing equilibrium the tolled route is used to its maximum capacity

17In section X we will look at what happens when tolls are set to maximize profits, as well as with other
objectives.
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for all of rush hour,

G

∑
i=1

ri,toll(t) = λtoll · s∗ ∀t ∈
G⋃

i=1

Ti,toll,

except possibly on a set of measure zero, which means

Tv
toll(t) = 0 ∀t ∈ T̄ ,

and the arrival rate on the tolled route is λtoll · s∗ for all of rush hour.

The intuition is that if the aggregate arrival rate is higher than route capacity then
there is needless queuing, and if it is lower then there is needless schedule delay. All
proofs not in the text, such as this one, can be found in appendix D.

Proposition 3. In a value pricing equilibrium there is always congestion on the free route during
rush hour, except for at the very start and end of rush hour (a zero measure set).

Tv
free(t) > 0 ∀t ∈

G⋃
i=1

Int (Ti,free) ,

which means the arrival rate on the free route is λfree · s for all of rush hour.

Note that congestion doesn’t mean long travel times, just that variable travel delay is
positive. The intuition for this result is that since not everyone can arrive at their desired
arrival time, some agents must arrive early or late. For agents to be indifferent while
facing different schedule delay costs, they must also face different travel time costs.

Because of propositions 2 and 3 we can rewrite (8) as

λfree · s
∣∣Ti,free

∣∣+ λtoll · s∗
∣∣Ti,toll

∣∣ = Ni ( p̄i) . (9)

Proposition 4 (Existence). Under assumptions X a value pricing equilibrium exists.

Proposition 5 (Uniqueness). Under assumptions X a value pricing equilibrium exists where
the trip price of each type, aggregate departure rates, and toll schedules are unique.

4 Homogeneous preferences

Let us start by considering when all agents are identical, except for the value they place
on completing the trip; that is, we have a downward sloping demand curve. Define t0 as
the endogenous time that the first agent arrives, te as the endogenous time the last agent
arrives.
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Just knowing preferences tells us much about the form of equilibrium, independent
of the congestion technology. Equations (6) and (7) hold for any congestion model, and
while the functional form of (8) would be different with another model, we still have the
requirement that rush hour is long enough for everyone to travel.

We can use (4) to define an isocost curve which reflects their willingness to trade-off
travel time for schedule delay; it is implicitly defined by

Tv (ta| p̄) = α−1( p̄− D (ta − t∗)
)
. (10)

Similarly we can use (4) define an isocost curve that reflects agents’ willingness to trade
money for schedule delay,

τv (ta| p̄) = p̄− D (ta − t∗) . (11)

Figure 4 shows the isocost curve defined by (10) for three different p̄. Note that it is
plotted in terms of departure time, which has a one-to-one mapping to schedule delay. It
shows the agents’ indifference between leaving at the start, t0, or end, te, of rush hour and
having no variable travel time but high schedule delay; and arriving exactly on-time at t∗

but having the longest commute. The slope of the isocost curve for early arrivals is the
ratio of the shadow prices of time early and travel time, β/α. Similarly, the slope of the
isocost curve for late arrivals is the ratio of the shadow prices of time late and travel time,
−γ/α.

As agents have the lowest trip price when they arrive at t∗ having dealt with no con-
gestion the bliss point is at (t∗, 0). So a higher isocost curve, with a longer rush hour
and worse peak travel time, means all agents are worse off, and similarly, a lower isocost
curve, with a shorter rush hour and lower peak travel time, means all agents are better
off. These alternate isocost curves are shown in figure 4 by the dashed lines.

Since in equilibrium all agents will be indifferent between arriving at any point during
rush hour, this curve gives equilibrium travel times on a route where there is no toll
charged.18 To solve, we just need to find the isocost curve such that the length of rush
hour is long enough for all of the agents to travel at the trip price implied by the isocost
curve. It is at this point that we need to know the congestion technology.

This also gives us an easy way to see some of the properties of equilibrium in the
bottleneck model. A queue will form on free lanes immediately and last for the entire rush
hour. This is necessary to generate the strictly positive travel times during the interior of
rush hour; only the first and last vehicle escape queuing. Also, agents will depart over an
interval, since were there any gaps in departures for the free lane the last person to leave
before the gap could delay their departure without changing the time they exit the queue.

18Actually, it give us equilibrium travel times on any route where the toll is constant.
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Figure 4: Isocost curve for homogeneous agents on unpriced lanes

Thus they could reduce travel time without changing arrival time. This would lower their
trip price and so could not hold in equilibrium.

Just as the isocost curve helps us understand equilibrium on unpriced lanes, we can
use the isocost curve from (11), reflecting agents willingness to trade-off money for sched-
ule delay to understand equilibrium on priced lanes and shown in figure 5, to understand
equilibrium on priced lanes. This isocost curve shows the agents’ indifference between
leaving at the start or end of rush hour and paying no toll but having high schedule delay,
and leaving to arrive exactly on-time at t∗ but paying a large toll.

For this isocost curve to be used in finding equilibrium for priced lanes we need to
hold travel time constant over the rush period.19 For the bottleneck model this is true by
Proposition 2. However, for a more general model with flow congestion travel times will
not be constant on priced lanes.20 Regardless of the congestion model used agents will be
indifferent between traveling at any point during rush hour and the first and last agents
to depart will face no congestion,21 so we can compare how the start of rush hour changes
under different policy regimes and models and use that as a sufficient statistic for the trip
price.

Proposition 6 (Identical agents worse off under pricing if on PPF). In any congestion model,
dynamic or static, with a strictly negative relationship between flows and speeds, when agents are

19There are three things the agent cares about, travel time, schedule delay, and toll; so the true isocost curve is
three dimensional. I am just looking at a slice of it.

20This is because the marginal social benefit of having a agent arrive near the peak is higher than having him
arrive further from the peak, and so the marginal social cost will be higher near the peak than further from
the peak. An easy way to understand this is to consider a proposed equilibrium where travel time is constant
over rush hour. If you need to add one more agent, at what time do you assign him to travel? If the cost is
the same everywhere, then you assign him to depart as to arrive right at his desired time. Thus it cannot be an
equilibrium to have travel times be the same over the entire rush hour.

21If the first agent faced congestion then he could depart an insignificant amount of time sooner, with almost
no change to his schedule delay, and face no congestion. Since he reduced his travel time without increasing
schedule delay, he is better off. Thus the first agent to depart cannot have any congestion. Similarly for the last
agent to depart.
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Figure 5: Isocost curve for homogeneous agents on priced lanes

homogeneous congestion pricing makes all agents worse off prior to revenue redistribution.

Proof. Since there is a congestion externality, it is optimal to price the road to reduce flows
and increase speeds.

In a dynamic model this means the length of rush hour must be longer. As a result
the first agent must leave earlier and so faces greater schedule delay costs and is worse
off. Since all agents are identical and one agent is worse off, all agents are worse off.

In a static model this means some agents must be priced off the road. In order to have
fewer people using the road we must have increased the total cost of traveling during rush
hour for the marginal agents. We reduced the travel time costs but increased the financial
costs. Since the inframarginal agents have the same value of time as the marginal agent,
then their total cost will have increased as well. Everyone is worse off.

To be clear, if road usage is already on the production possibilities frontier than con-
gestion pricing is still efficiency enhancing; it is just not a Pareto improvement, though it
can become one depending on how the revenue is spent.

Those familiar with the literature on congestion pricing may wonder how the result is
consistent with Henderson (1974) who finds that “per person costs of traveling including
the toll may decline with the imposition of tolls” (p. 346). As Chu (1995) shows, in
Henderson’s proposed equilibrium a agent would be better off by leaving after the end
of rush hour; it does not satisfy equation (7). Chu reformulates the model to avoid this
problem and finds that “[t]he optimal toll increases the equilibrium private trip cost” (p.
336).

This result does not hold in the bottleneck model because without congestion pricing
we will not be on the production possibilities frontier. If there is no throughput drop
at bottlenecks the arrival rate is same regardless of whether the road is priced. This
observation gives us our next result:
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Proposition 7 (Vickrey, 1969). In the standard bottleneck model with identical agents, optimal
road pricing does not change consumer welfare prior to revenue redistribution.

Proof. Since pricing the road does not change the arrival rate, it does not change the length
of rush hour. As a result the first and last agent to depart are no better off. Since all agents
are indifferent between traveling at the start or end of rush hour and when they do travel,
no one is better off.

Pricing will raise revenue and reduce travel time, but from the agents’ point of view
they have just swapped travel time for an equally costly toll. It is more efficient because
the toll revenue is not lost, while the time spent waiting in the queue was.22

However, when we modify the model to incorporate throughput drops at bottlenecks
then tolling can increase throughput and the arrival rate at work.

Proposition 8 (Pareto improvement if throughput drop). In the modified bottleneck model
with identical agents, value pricing improves consumer welfare for all agents. Furthermore, con-
sumer welfare is strictly increasing in the portion of the road tolled.

Proof. Since road pricing increases the arrival rate, it reduces the length of rush hour. As
a result the first and last agents have less schedule delay and so are better off. Since all
agents are indifferent between traveling at the start or end of rush hour and when they
do travel, they are all better off.

Both Proposition 7 and 8 can be derived mathematically as well. To solve for p̄ we use
the equal price condition, (6), evaluated at t0 and te, and the requirement that everyone is
able to travel during rush hour, (8).

In order to satisfy the no profitable deviation requirement, (7), we need t0 ≤ t∗ and
te ≥ t∗. If t0 > t∗ then p(t∗) = 0 < p(t0) since there would be no congestion at t∗, and
no schedule delay by definition, while the agent leaving at t0 does have schedule delay.
Similarly if te < t∗ then p(t∗) = 0 < p(te).

Using this and the fact that the first and last agent to depart face no congestion, we
can write

p̄ = β(t∗ − t0), and

p̄ = γ(te − t∗).

Substituting in for λfree and s turns (9) into

(te − t0) · s∗(1− θ + θλtoll) = N( p̄).

22As Johnson (1964, p. 142) put it ”[g]iven the existing social fabric of the system as we know it, time cannot
be collected for later use.”
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Which gives us three simple linear equations in three unknowns. Solving these yields

p̄ =

(
βγ

β + γ

)
N( p̄)

s∗(1− θ + θλtoll)
. (12)

Differentiating this with respect to λtoll yields

∂ p̄
∂λtoll

= − θ

(1− θ + θλtoll)

p̄
1− ε

(13)

where ε is the price elasticity and is always weakly negative. Notice that as demand
becomes more elastic the decrease in trip price becomes smaller as the increase in capacity
due to pricing is used by new agents. If θ = 0, i.e. s = s∗, then ∂ p̄

∂λtoll
= 0, and so there is no

change in the trip price as we toll more of the lanes. This is just Proposition 7. However,
if θ > 0 then ∂ p̄

∂λtoll
> 0 and so as we toll more of the lanes we are decreasing trip price and

so increasing consumer welfare. This is Proposition 8.
Including the throughput drop at bottlenecks also increases the social welfare gains

that come from congestion pricing.

Proposition 9. Social cost falls to

(1− θ)(1− θ(1− λtoll)− λtoll/2)
(1− θ(1− λtoll))2

of its previous level.
If λtoll = 1 this simplifies to

1− θ

2

of its previous level.

Proof. See appendix A.6

In the standard bottleneck model, where θ = 0, tolling cuts the total social costs of
travel in half, this comes from eliminating variable travel time (Arnott et al., 1993, p. 166).
When there is a throughput drop the savings are even larger since schedule delay is also
reduced.

The size of these savings are so large because fixed travel time is zero. Schuman (2011)
finds that average peak period variable travel time was 95–348 percent of fixed travel time
on the fifty most congested corridors in 2010 (p. 23). This would imply that total social
costs would fall by 29–39 percent when θ = 0, and 33–44 percent when θ = 0.1.23

Since consumer welfare is strictly increasing as we increase the amount of the lanes
that are priced, it is optimal to price all of them. There is no need to keep some of the lanes

23See appendix A.7 for details on how this was calculated. The percentage decrease in social costs due to
tolling is given by (65).
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free when everyone is the same. However, to capture the intuition from the introduction,
let’s consider if there was a small group of poor who also used the road, so small that
they don’t affect equilibrium.

Proposition 10. If everyone but a non-measurable group is the same then pricing a portion, but
not all, of the lanes, will lead to a Pareto improvement.

Proof. Since the non-measurable group has no impact on equilibrium, we know by Propo-
sition 8 that the measurable agents are better off. For the measurable agents on the free
lanes to be better off, travel time must have fallen at each point in time. Thus if the non-
measurable agents travel on the free lanes at the same time they traveled before then they
will have shorter travel times. Since they have an option that gives them a lower trip price
than before, whatever they choose gives them a lower trip price, so the non-measurable
agents are better off.

Since all agents are better off, pricing a portion of the lanes leads to a Pareto improve-
ment.

Proposition 10 does not mean it will not be a Pareto improvement to price the entire
road, but rather that we can be sure it is a Pareto improvement if we preserve the option
to pay with time by taking the unpriced lanes.

The intuition used in this proof also leads to a nice empirical test for whether pricing
a portion of the lanes caused a Pareto improvement; we can check if average travel times
on the free lanes fell at every point in time.

One last point I would like to make before we move on to explicitly considering mul-
tiple types is that the cost curves are not policy invariant. That is, the price of allowing N
agents to travel during rush hour changes when the road is priced. This point was first
made by Arnott and Kraus (1993), but seems to have been ignored. As they point out,
the implication is that we should not just assume the form of the social or private cost
functions, but derive them from the consumers’ time-of-use decisions and the congestion
technology.

Proposition 11 (Arnott and Kraus (1993)). In the standard bottleneck model the social cost
curve is not policy invariant.

Proof. In appendix A I solve for total social cost (TSC). If we substitute θ = 0 (i.e. s = s∗)
into (64) we find that

TSC(λtoll) =
βγ

β + γ

N2

ŝ

(
1
2
+

1− λtoll
2

)
,

and so ∂TSC/∂λtoll < 0. Thus the social cost curve is not policy invariant.
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In the bottleneck model, and any other dynamic model, agents will change when they
depart in response to a toll. So rather than just moving along a cost curve we actually
shift it. In addition, in any model where we are off of the production possibilities frontier,
we shift the cost curve by increasing throughput.

Proposition 12. In the bottleneck model with throughput drops the social cost curve and private
cost curve are not policy invariant.

Proof. When ε = 0, i.e. we are holding the number of agents fixed, and θ > 0, so there is
a throughput drop at bottlenecks, then (13) < 0. Thus the private cost curve is not policy
invariant.

As in Proposition 11, using (64) we find that and so ∂TSC/∂λtoll < 0. Thus the social
cost curve is not policy invariant.

5 Heterogeneous preferences

Since the thesis of this paper is that value pricing can lead to a Pareto improvement for
all users of the road, we need to explicitly allow for heterogeneous preferences. As the
primary concern with value pricing is its effect on the poor, the main distinction we will
make is between high and low income agents.

Recall that the preference parameters, α, β, and γ are respectively the shadow prices
of travel time, time spent at work early, and time late to work. More explicitly, α is the
absolute value of the ratio of the marginal utility of travel time over the marginal utility
of wealth, and similarly for β and γ. We can write this out as:

α = −
∂utility

∂travel time
∂utility
∂wealth

, β = −
∂utility

∂time early
∂utility
∂wealth

, and γ = −
∂utility

∂time late
∂utility
∂wealth

.

Notice that for ratios of these parameters the marginal utility of wealth cancels out, so
that we just have the marginal rate of substitution. Specifically, consider that

β

α
= −

∂utility
∂time early

∂utility
∂wealth

×
(
−

∂utility
∂travel time

∂utility
∂wealth

)−1

=

∂utility
∂time early

∂utility
∂travel time

.

Thus while β is an individual’s willingness to pay in money to reduce the time he spends
at work prior to t∗, β/α is his willingness to pay for the same thing with his time. Similarly
for γ and γ/α. Since α is the willingness to pay in money to avoid travel time it is the
value of time measured by many transportation studies.
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Table 2: Sources of variation in preference parameters

Parameters Source of variation Correlation

α, β, γ income +
β
α , γ

α job flexibility −

The implication of this is that an individual’s level of wealth will have strong effects
on his preference parameters through the marginal utility of wealth, however, it does not
have as direct of an effect on the ratios of these parameters. This is because time early and
time late mean fundamentally different things for workers with different types of jobs,
and correspondingly the marginal disutility of being early or late will vary with different
types of jobs. If a shift worker is late he generally face penalties and when he is early
he passes the time talking with co-workers. Since there is not much difference between
spending time traveling or being at work for the shift worker, his β/α will be close to one.
In contrast, an academic can just start working whenever he gets to the office and so will
have a very low marginal disutility from being early or late and so his β/α will be closer
to zero. Similar logic holds for γ/α. Thus variation in the ratio of β/α and γ/α will come
from differences in job flexibility, where jobs that are more flexible lead to lower ratios.
These results are summarized in Table 2.24

While what a worker is able to do if he is early and the consequences he faces for being
late will vary with his job, the fundamental opportunity cost of travel time is the same; he
has lost that time. This means the affect of wealth is strongest on α and it will be what we
use to discuss differences in wealth.

Definition 6. If αi > αj then type i is richer then type j. If there are are just two values of α then
any type with the larger α is rich and any type with the smaller α value is poor.

I will show that heterogeneity in α has the effect that we typically think heterogeneity
in wealth as having, making it a good proxy. Specifically, in Proposition 14 I will show
that when otherwise heterogeneous agents all share the same α then congestion pricing is
a weak Pareto improvement, even when there is no throughput drop at bottlenecks.

5.1 Finding equilibrium

First let’s consider a completely unpriced highway. In equilibrium each agent minimizes
his trip price; he cannot prefer to travel at a different time. For an agent to have no
profitable deviations on an unpriced route we must be able to draw the indifference curve

24How flexible a workers personal life is will also affect the ratio, as leaving early for work means leaving
home earlier and going to bed earlier; and similarly leaving late for work likely implies working later to make
up for lost time.
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Figure 6: Isocost curves for two types of agents on an unpriced route

consistent with his trip price and find that equilibrium travel times are always at or above
his indifference curve. Since this must be true for all agents of all types, equilibrium
travel times must be at least as large as the pointwise maximum of the agents’ isocost
curves. Note that at any time where equilibrium travel time was higher than anyones
isocost curve, no one would be willing to depart for work. So given a vector of trip prices,
p = (p1, . . . , pi), equilibrium travel times experienced by agents are pinned down by the
non-negative upper envelope of agents’ isocost curves. Given that all agents of the same
type must be on the same isocost curve we can take this maximum over types,

Tv (t|p) = max {Tv
1 (t|p1) , . . . , Tv

G (t|pG) , 0} ,

where Tv
i (t|pi) is the isocost curve defined in (10) for type i.

Agents of type i are willing to travel when equilibrium travel times lie along their
indifference curve and so the set of demand feasible departure times on an unpriced
route are

T̄i,free (p) = {t|t ∈ T̄, Tv (t|p) = Tv
i (t|pi)} .

It is possible that agents of multiple types are willing to depart at the same time, so denote
the set of times agents of type i actually travel as Ti,free ⊂ T̄i,free.

We can see a proposed equilibrium graphically in figure 6. The isocost curves for two
groups are plotted showing the trade off each type faces between schedule delay and
travel time. The start and end of rush hour are marked by t0 and te. In bold is the upper
envelope, and tij marks when type i stops leaving for work and type j begins. In this
example T1,free = [t0, t12] ∪ [t21, te] and T2,free = (t12, t21).

The final requirement for equilibrium on a free route is that the supply of travel time
equals demand from each type at the price they face. Graphically this amounts to chang-
ing the height of the isocost curves until the amount of time each types isocost curve is in
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the upper contour set equals the amount of time needed for all Ni(pi) of them to travel.
The same reasoning holds on a priced route, equilibrium tolls are given by the non-

negative upper envelope of agents’ isocost curves,

τ (t|p) = max {τ1 (t|p1) , . . . , τG (t|pG) , 0} ,

where τi (t|pi) is the isocost curve defined in (11) for type i. Here the constraint that tolls
be non-negative is arbitrary, though realistic. The demand feasible departure times for
type i are

T̄i,toll (p) = {t|t ∈ T̄, τ (t|p) = τi (t|pi)}

and the set of times agents of type i actually travel is denoted Ti,toll ⊂ T̄i,toll.
To find equilibrium when pricing a portion of the freeway and leaving the rest un-

priced we add the additional restriction that each type faces the same trip price on both
routes and evaluate the supply of travel time for the highway in total, not each route
individually.

5.2 Homogeneous value of time

While the bottleneck model is dynamic and adds several additional dimensions of hetero-
geneity, such as preferred arrival time and schedule delay costs, the distributional affects
of congestion pricing are still primarily driven by differences in agents’ value of time.
When we price highways we change the currency used to buy access from time to money.
If everyone has the same exchange rate between these two currencies then congestion
pricing is able to internalize the congestion externality without tilting the playing field in
favor any type of agent over another.

For the bottleneck model adding heterogeneity in preferred arrival time and schedule
delay costs, but maintaining a homogeneous value of time, does not substantively change
any of the results of the previous section. Just as in Proposition 7, if pricing doesn’t change
highway throughput then it doesn’t change consumer welfare.

Proposition 13. In the standard bottleneck model with otherwise heterogeneous agents who have
the same value of time, α, value pricing does not change consumer welfare prior to revenue redis-
tribution.

Proof. Outline:

1. Let X be equilibrium when highway free

2. Show that X is still an equilibrium when highway priced

(a) Show T̄i,toll(p) = T̄i,free(p) ∀i.
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(b) So we can choose Ti,toll = Ti,free.

(c) Since Ni(pi) = s
∣∣Ti,free

∣∣, Ni(pi) = s
∣∣Ti,toll

∣∣
3. So X is still an equilibrium with the exact same trip prices.

This result conforms with Arnott et al. (1994) who consider the welfare effects of con-
gestion pricing in the standard bottleneck model with linear schedule delay costs and two
types. They add heterogeneity in one dimension at a time and find that congestion pricing
is welfare neutral when otherwise identical agents have different desired time of arrival
or cost of being late (p. 157).

Similarly to Proposition 8, if pricing increases throughput then it will be a Pareto
improvement.

Proposition 14 (Pareto improvement if homogeneous value of time). In the modified bot-
tleneck model with otherwise heterogeneous agents who have the same value of time, α, value
pricing improves consumer welfare prior to revenue redistribution. Furthermore, consumer welfare
is strictly increasing in the portion of the road tolled.

Proof. Forthcoming.
Outline:

1. Assume false, at least one type with a higher trip price.

2. Then either they have a neighbor who also has a higher trip price or they have more
capacity.

3. If they have more capacity then this is not an equilibrium, so they must have a
neighbor who also has a higher trip price.

4. Then the first group plus the neighbor either have a neighbor who has a higher trip
price, or jointly have more capacity.

5. Continue this, run out of types who can have a higher trip price.

6. So you cannot have any type with a higher trip price.

5.3 Potential barriers to a Pareto improvement

Heterogeneity in agent’s value of time, however, can prevent pricing from being a Pareto
improvement for at least two reasons. The standard problem is that changing the currency
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from time to money reduces the cost for the rich while raising the cost for the poor,
potentially pricing them off the road. By considering choice of when to travel explicitly
we give the poor another way to react to pricing. This creates an additional problem since
now the rich may displace the poor from peak travel times but also gives a way for pricing
the entire road can be a Pareto improvement.

With both of these problems the question is whether the increase in total capacity due
to pricing will be enough to offset the harm.

Proposition 15. For any set of parameters there exists a large enough capacity drop such that
value pricing leads to a Pareto improvement.

Proof. Forthcoming.
For θ arbitrarily large I can have the length of rush hour shrink arbitrary small. For

inelastic demand if we let N1 be the mass of the type with the largest β/α then for θ >

1− N1 the length of rush hour shrink enough so that everyone is traveling when the type
with the highest β/α was traveling. This means everyone is better off.

In some ways this is a ridiculous proposition, since if θ = 1 then without pricing no
one can travel at all, and so pricing will be a Pareto improvement regardless of what the
other parameters are. However, the inverse is not true, that for any set of parameters
there is a small enough capacity drop such that value pricing cannot lead to a Pareto
improvement.25

To illustrate these potential problems we will compare a completely free highway to
a completely priced one when there is no throughput drop at bottlenecks, s = s∗. I will
simplify to two types who share the same desired arrival time, t∗ = t∗1 = t∗2 . They will have
piecewise linear schedule delay costs, and to further reduce the number of dimensions of
heterogeneity I assume γi = ξβi for i = 1, 2; where ξ > 1. For the first two problems I
will assume demand is inelastic. With these assumptions this is the model of Arnott et al.
(1994) Section 3. Without loss of generality I assume α1 > α2, so type 1 agents are rich
and type 2 agents are poor.

Looking back at figure 6 observe the slope of the isocost curves are increasing prior to
t∗ and decreasing after. This means that types with the largest values β/α arrive closest
to t∗ on the free route and those with the largest β arrive closest to t∗ on the priced route.
Those who are willing to pay the most, in time on a free route or money on a paid one,
get the most desirable travel times.

Proposition 16. When all agents share the same desired time of arrival (t∗) and have piecewise
linear schedule delay costs, agents on unpriced routes arrive in increasing order of β/α before t∗

and in decreasing order of γ/α after. Similarly on priced routes they arrive in increasing order of

25Of course, were we to allow a negative “capacity drop” then it could be true.

28



β before t∗ and decreasing order of γ after. Note that not all types will necessarily arrive before and
after t∗.26

Formally, this is:

• If there exists a ti ∈ Ti,free and tj ∈ Tj,free such that ti < tj ≤ t∗, then βi/αi ≤ β j/αj.

• If there exists a ti ∈ Ti,free and tj ∈ Tj,free such that ti > tj ≥ t∗, then γi/αi ≤ γj/αj.

• If there exists a ti ∈ Ti,toll and tj ∈ Tj,toll such that ti < tj ≤ t∗, then βi ≤ β j.

• If there exists a ti ∈ Ti,toll and tj ∈ Tj,toll such that ti > tj ≥ t∗, then γi ≤ γj.

Proof. Forthcoming.

This result will make finding equilibrium much simpler once we know who travels on
which route. Solving the remaining problem of knowing who travels on which route is
significant, and is made much easier by only having two types. This problem goes away
completely when we only consider all free and all priced.

5.3.1 Poor must pay more costly tolls

The standard problem with pricing a good that was previously allocated by queuing is
that it raises the price for the poor relative to the rich .27 This will be a problem when
the poor travel at the peak on free and priced routes. By Proposition 16 this requires
β2/α2 > β1/α1 and β2 > β1, so the poor are willing to pay more in travel time and
money to travel at the peak than the rich. Since α1 > α2,

β2/α2

β1/α1
>

β2

β1
;

meaning the difference between the poor and rich agents’ willingness to pay with time is
greater than the difference between their willingness to pay with money.

We can see this graphically in figure 7, which shows equilibrium isocost curves on a
completely free highway and a completely priced highway. When the road is priced the
difference between the two types slopes is smaller and so the poor end up on a higher
isocost curve. Note that the isocost curve for the rich doesn’t change. If there is no
throughput drop at bottlenecks then pricing doesn’t change the length of rush hour. Since
in both situations a rich agent must travel at beginning and end of rush hour and those
times are unchanged, their welfare is unchanged. In this case prior to redistributing the
toll revenue pricing hurts the poor without helping the rich.

26Can generalize to single peaked instead of same t∗.
27Perhaps the word problem should be in quotes, it is a problem for generating a Pareto improvement, but

often the purpose of pricing is to change the allocation of the good to those who value it more.

29



τ2

t∗

τ1 = τ′1

τ′2

τ(ta)

ta

Figure 7: Equilibrium isocost curves when road is priced

5.3.2 Rich displace poor from peak

The wealthy with flexible schedules present another barrier in the way of achieving a
Pareto improvement from congestion pricing. Because they have flexible schedules, when
the road is unpriced and so heavily congested they can just arrive at work early or late so
as to avoid wasting their valuable time in traffic. However, they are rich enough that when
there is a priced option they will choose to pay and arrive at his desired time, avoiding
the inconvenience of getting to work early or late.

The problem is that the wealthy and flexible are using capacity that had been available
for those with less flexible schedules. Now those who had been traveling at the peak must
outbid each other for the now more scarce peak travel times or travel off peak. Either way
they are worse off.

Notice that the rich are better off. Before they had been traveling at the start or end
of rush hour and facing no congestion; they still has that option and so by revealed
preference prefers to travel at the peak and pay the toll. When the rich displace the poor
from the peak we are improving efficiency by reallocating the most desirable arrival times
to those who have the highest willingness to pay.

By Proposition 16 we know that for this to be a problem we need β2/α2 > β1/α1, so
that on a free route the poor travel at the peak, and β1 > β2, so that on a priced route the
rich travel at the peak.

Figure 8 shows how pricing affects welfare graphically.

5.3.3 Rich displace poor from road

When pricing raises the price the poor must pay they can either just pay it or travel at a
different time, as above, but they also can react by not traveling at all or choosing some op-
tion outside of the model, such as taking another highway or public transportation. This
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Figure 8: Equilibrium isocost curves when rich displace poor from peak

FIGURE: Show isocost curves on priced and free lanes next to each other. Assume α2 = 1
so that slope of poor type’s isocost curve is same in both figures (and for consistency
between figures). Show old iso-cost curves for both types on paid lanes, with arrow

showing change.

Figure 9: Equilibrium isocost curves when rich displace poor from road

was ruled out above by the assumption of inelastic demand. The assumption of inelastic
demand, however, masks another potential barrier to achieving a Pareto improvement.
Even when pricing doesn’t directly raise the cost of the poor, by virtue of reducing the
cost for the rich it can induce more rich to travel and displace poor from the road.

To shut down the previous two effects, I now assume β1/α1 > β1/α1 and β1 > β2, so
that the rich always travel at the peak and the poor always travel off-peak.28

Figure 9 shows this graphically.
In many ways this potential problem is similar to the previous problem, when the rich

displace the poor from the peak. That is when the rich switch from off-peak travel times
to peak travel times, pushing the poor to the off-peak. In this case the rich are switching
from out of model routes or modes and pushing the poor further off-peak.

5.4 When can pricing be a Pareto improvement?

With our understanding of the potential barriers that can prevent pricing highways from
being a Pareto improvement we can turn to tightening the bounds on income inequality
needed to assure we can obtain a Pareto improvement from pricing. Proposition 14 gives
us the extreme bound, if there is no inequality and pricing can increase throughput then
pricing is always a Pareto improvement.

The bound on inequality will depend on how much variation in flexibility there is

28Note that we have now considered every possible combination ordering of these parameters.
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between agents. The more similar the flexibility across agents the greater the allowed
variation in wealth. With inelastic demand the worst possible outcome for the poor is
that they start traveling at the start and end of rush hour. The more similar they are to
the rich in terms of flexibility, the less costly of a change that will be. We cans see this
graphically as the distance between where their original isocost curve crosses the x-axis
and t0 in figure 6.

Taking this to the extreme we get the following proposition.

Proposition 17. If Di(x)/αi = Dj(x)/αj for all types i and j and all x and demand is perfectly
inelastic then pricing is always a Pareto improvement.

Proof. On a completely free route everyone is indifferent between traveling at any time
during rush hour, so even if pricing changes when types travel it only puts them some-
where they were indifferent between. Basically, the first two problems above cannot hap-
pen.

5.4.1 Two types

Let’s continue with the assumptions of two types, one rich and one poor, piecewise sched-
ule delay costs, proportional cost of being late to early, and homogeneous desired time of
arrival. I will also maintain the assumption of inelastic demand.

Let’s start by finding equilibrium trip price on an upriced highway. To avoid needing
to solve for all of the different cases, let type A travel at the peak and type B travel off
peak. Then as needed we will match types 1 and 2 to types A and B.

In equilibrium there must be enough time for all agents of both types to travel,

NA = (tBA − tAB) s, and (14)

NB = [(tAB − t0) + (te − tBA)] s. (15)

These two equations give us four critical times, when rush hour starts and stops and
when the type of agent that is traveling changes. In equilibrium type B agents must be
indifferent between traveling at t0 and te with no congestion, and similarly type A agents
must be indifferent between traveling at tBA and tAB;

p̄B = pB(t0) = pB(te), and (16)

p̄A = pA(tBA) = pA(tAB). (17)

There will be congestion at tBA and tAB and we can determine how much using type
B’s isocost curves;
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Tv
free(tBA) = Tv (tBA| p̄b) , and (18)

Tv
free(tAB) = Tv (tAB| p̄b) . (19)

This gives us eight equations in eight unknowns, and because we assumed piecewise
linear schedule delay costs these equations are all linear; solving this system of linear
equations yields

p̄B,free = βB
NA + NB

s
ξ

1 + ξ
, and (20)

p̄A,free =

(
βA fA +

αA
αB
· βB(1− fA)

)
NA + NB

s
ξ

1 + ξ
. (21)

where fB = NB/(NA + NB), the fraction of agents of type B.
The system of equations for a priced highway is very similar. The only changes we

need to make are to replace s with s∗ in (14) and (15), and replace (18) and (19) with

τtoll(tBA) = τ (tBA| p̄b) , and (22)

τtoll(tAB) = τ (tAB| p̄b) . (23)

Solving this system of equations yields

p̄B,toll = βB
NA + NB

s∗
ξ

1 + ξ
, and (24)

p̄A,toll = (βA fA + βB (1− fA))
NA + NB

s∗
ξ

1 + ξ
. (25)

Proposition 16 tells us how to tell whether the rich or poor agents are type A; on a
free highway the type A agent is the one with the larger β/α and on a priced highway the
type A agent is the one with the larger β.

Now that we have solved for equilibrium trip price we can find when pricing the entire
highway is a Pareto improvement by finding when p̄1,toll ≤ p̄1,free and p̄2,toll ≤ p̄2,free, with
one type strictly better off.

Proposition 18. With two types, piecewise linear schedule delay costs, homogeneous desired time
of arrival, and inelastic demand, pricing the entire road is a Pareto improvement prior to revenue
redistribution only if

α2

α1
≥ β2

β1

(
min

{
1,

β1

β2

}
(1− θ)− 1− f1

f1
θ

)
. (26)
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Proof. Forthcoming.

The rich are always weakly better off under pricing, and for a positive throughput drop
they are always strictly better off, so it comes down to checking if the poor are weakly
better off.

The minimum term comes from the fact that if β1 > β2 then the rich travel at the peak
on the priced route and then it doesn’t matter how much more the rich are willing to pay
than the poor, just that they are willing to pay more. But when the poor are willing to pay
more than the rich for the peak travel times it does matter since they have to outbid the
rich.

Equation 26 gives us a lower bound on the ratio of the poor agents’ value of time to
the rich agents’ value of time. Notice that the right hand side is always less than one,
so that if both types have the same value of time then pricing the whole road is a Pareto
improvement. This matches Proposition 14

We can however, increase the range of parameter values where pricing can lead to a
Pareto improvement by considering pricing only λtoll ∈ (0, 1) of the lanes.

Before we had three cases, where different ordering of parameters lead to different
systems of equations. Now for two of the cases we have two subcases. In some subcases
both types are on both routes while in others only one type is on one of the routes. Since
working through five different cases would be tedious, it is done as part of the proof of
Proposition 19, which is in the appendix.

In each case we write down equations requiring that the supply of travel time equals
the demand for travel time, and then evaluate each types trip price when they start and
stop traveling. To determine the toll or travel time when types switch we use the isocost
curve of the type that is traveling off-peak on that route.

We only get the additional subcases when β2/α2 > β1/α1, so that the poor are travel-
ing at the peak on the free route.

If β1 > β2 then on an entirely priced highway the poor will travel off peak. This
means the rich will fill up the priced route until there are no rich agents left so we change
subcases when λtoll > f1.

If β2 > β1 then on an entirely priced highway the poor will travel at the peak, so we
need to check for when the poor start traveling on the paid route. The poor will switch
when the cost of paying the toll at t∗ is the same as their trip price on the free route. Since
the trip price at t∗ on the paid route is entirely due to the toll and so is the same for both
types, we change subcases when p̄1(λtoll) = p̄2(λtoll).

Proposition 19. With two types, piecewise linear schedule delay costs, homogeneous desired time
of arrival, and inelastic demand, pricing a portion of the road is a Pareto improvement prior to
revenue redistribution if
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Figure:

Figure 10: Parameter values where pricing leads to a Pareto improvement
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Figure 11: Example of effect of pricing λtoll of the highway on the poor type’s trip price
with perfectly inelastic demand

α2

α1
>

β2

β1

(
min

{
1,

β1

β2

}
(1− θ)− 1− f1

f1
θ

)
, or (27)

α2

α1
>

β2

β1

(1− f1)(1− θ)

1− f1(1− θ)
. (28)

If pricing all of the road is a Pareto improvement, it doesn’t follow that pricing half of
the road is as well. Figure 11 shows the trip price for the poor type as a function of the
fraction of the road priced. The first portion of the curve is essentially quadratic because
there are two effects on the poor types trip price, both of which are basically linear.29

The poor are better off since rush hour is shrinking, but worse off because the rich are
displacing them from the peak. Notice that their trip price peaks at the point when all of
the rich are on the paid lanes and then falls almost linearly after that. This is when the
poor start traveling on the priced lane, at this point they are as bad off as they can be since
they are traveling at the start and end of rush hour and they benefit from the shrinking of
rush hour.

5.4.2 Arbitrary number of types

Now we turn to generalizing the results to allow for more than just two types. To do so
we will use a geometric shortcut for determining an agent’s trip price. First let’s look at
an unpriced route, shown in figure 12. An agent who arrives at his desired arrival time

29Meaning that when you look at a plot of it, it looks linear.
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Figure: Lots of isocost curves, single peak but different tStar. All but the one in question
should be faded somehow (dashed line perhaps). Mark pBar on y-axis, t0, tStar, tE,

perhaps when group in question starts and stops traveling. Draw right triangle. Line
segments leading to peak of agents triangle should be in bold.

Figure 12: Finding trip price on a free route

pays no schedule delay costs, and so the entirety of his costs are travel time costs. The
height of his type’s isocost curve at t∗ gives us his travel time, and his travel time maps
directly into the trip price that all agents of his type face: we just multiply by his value of
time, α.

The height of the isocost curve at t∗ is the same as the height of the right triangle
with vertices at (t0, 0), (t∗i , 0), and (t∗i , p̄/α). The slope of the hypotenuse, m, is the height
divided by the length of the base of the triangle (rise over run), and a little rearranging
gives us

p̄i = αim(t∗i − t0). (29)

This raises two questions: what is the slope of the hypotenuse and what economic
meaning does it have? In figure 12 m is the average slope of the line segments in bold.
That is, it is the average of the willingness to pay in travel time to avoid time early of those
agents who arrive before the agent in question, plus his willingness to pay in travel time
times the mass of agents who arrive between him and his preferred arrival time. To put it
another way, it is the average of the willingness to pay in travel time to avoid time early
(β/α) of those who arrive before the agent’s desired arrival time (t∗i ), where we replace
the preferences of those arriving after the agent with his own.

The logic is the same on a priced route as well as for agents who arrive late, with the
replacement of the willingness to pay in travel time with the willingness to pay in money
in the case of a priced route and the replacement of time early with time late for those
who are late. These results are summarized in the following proposition.

Proposition 20. In any bottleneck model with finite types who have linear schedule delay costs
and where there is a single peak, then if agent i arrive early on an unpriced route his trip price only
depends on the average willingness to pay in travel time to avoid time early of those who arrive
before him, the length of rush hour prior to his desired arrival time, and his preferences and arrival
time.

Similarly, if agent i arrives early on a priced route then his trip price only depends on the
average willingness to pay in money to avoid time early of those who arrive before him, the length
of rush hour prior to his desired arrival time, and his willingness to pay in money to avoid time
early and arrival time.

If he arrives late than we just replace time early with time late in the above statements.
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Specifically, agent i’s trip price is

p̄i,free =

αi

(
Ave

(
β j
αj

∣∣tj < ti

)
· (ti − t0) +

βi
αi
(t∗i − ti)

)
(t∗i − t0) if ti ≤ t∗,

αi

(
Ave

(
γj
αj

∣∣tj < ti

)
· (ti − t0) +

γi
αi
(t∗i − ti)

)
(te − t∗i ) if ti > t∗;

or (30)

p̄i,toll =


(
Ave(β j|tj < ti) · (ti − t0) + βi(t∗i − ti)

) (
t∗i − t0

)
if ti ≤ t∗,(

Ave(γj|tj < ti) · (ti − t0) + γi(t∗i − ti)
) (

te − t∗i
)

if ti > t∗.
(31)

Please note that while everywhere else I index types and discuss types, here we are indexing
and discussing agents.

Proof. Forthcoming.

Note that Proposition 20 holds independent of how congestion is modeled on unpriced
routes. On a paid route it only holds when the level of congestion is level over rush
hour, which will not be true under more general congestion technologies. It can also be
generalized to non-linear schedule delay costs, but then costs will no longer be in terms
of the censored mean but just of a weighted average and so the interpretation is less clear.
For types that travel on both sides of the peak we could also find their trip price as a
function of both the censored mean of β/α and γ/α and drop the dependence on t∗.

Unfortunately Proposition 20 does not give us trip prices in terms of the primitives of
the model, to get this I will need to make some additional assumptions.

Proposition 21. In any bottleneck model with finite types who have linear schedule delay costs,
homogeneous desired time of arrival, and γi = ξβi for all i, then type i’s trip price is

p̄i,free = αi

(
β̄

α

)c

i

N
s

ξ

1 + ξ
, or (32)

p̄i,toll = β̄c
i

N
s∗

ξ

1 + ξ
. (33)

where (
β̄

α

)c

i
=
∫ βi/αi

0
x fβ/α(x) dx + βi/αi

(
1− Fβ/α(βi/αi)

)
, and (34)

β̄c
i =

∫ βi

0
x fβ(x) dx + βi/αi

(
1− Fβ(βi)

)
(35)

are the right censored means, censored at type i’s level of the parameter in question, and fx and Fx

are the probability and cumulative distribution functions of x.

Proof. Forthcoming. Can use recursive method here.
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This proposition says three things matter for an agent’s trip price, the total length of
rush hour, the mass of agents with the same or higher willingness to pay, and the average
preferences of those with a lower willingness to pay.

The actual preferences of those with a higher willingness to pay don’t matter, whether
they are willing to pay a cent more or a thousand dollars more for the prime arrival times
doesn’t matter; either way they will outbid the agent for those spots and so all that matters
is how much of the desirable space they will use.

The preferences of who that the agent must outbid do matter however, since he must
actually outbid them. He only directly cares about those with a willingness to pay right
below him, but since they in turn care about those with a willingness to pay directly
below them, he cares as well. You must outbid me, and I must outbid someone else. If
the person I must outbid suddenly has a higher willingness to pay then I must raise my
bid, and for you to continue outbidding me, you too must raise your bid.

Using Proposition 21 we can set some limits on the amount of income inequality a
region can have and still expect to get a Pareto improvement from pricing the entire
highway.

Proposition 22 (Ideal, not yet achieved). If some measure of the covariance of β and α is less
than s∗/s then pricing the entire road is a Pareto improvement. Ideally it would have a direct
measure of income inequality in it.

Proposition 23. In the modified bottleneck model with finite types who have linear schedule
delay costs, inelastic demand, homogeneous desired time of arrival, and γi = ξβi for all i, and
βi ≥ β j ⇔ αi ≥ αj for all i, j, then pricing the entire road is a Pareto improvement.

Proof. Forthcoming.

In many situations pricing the entire road will not be Pareto improving, even though
it a Kaldor-Hicks improvement. In many of these situations pricing just a portion of the
road will be a Pareto improvement. By giving up some of the efficiency gains (due to not
pricing the entire road) we make pricing politically feasible.

The formulas for trip price are very similar to those in Proposition 21. The only
changes are that we now take the censored mean conditional on those on each route and
that the term for the length of rush hour is different.

Proposition 24. In any bottleneck model with finite types who have linear schedule delay costs,
homogeneous desired time of arrival, and γi = ξβi for all i, then type i’s trip price is
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p̄i,free (λtoll) = αi

(
β̄

α

)c

i
(λtoll)

N
sλfree + s∗λtoll

ξ

1 + ξ
, or (36)

p̄i,toll (λtoll) = β̄c
i (λtoll)

N
sλfree + s∗λtoll

ξ

1 + ξ
. (37)

where(
β̄

α

)c

i
(λtoll) =

∫ βi/αi

0
x fβ/α(x; λtoll) dx + βi/αi

(
1− Fβ/α(βi/αi; λtoll)

)
, and (38)

β̄c
i (λtoll) =

∫ βi

0
x fβ(x; λtoll) dx + βi/αi

(
1− Fβ(βi; λtoll)

)
(39)

are the right censored means, censored at type i’s level of the parameter in question, and fx and Fx

are the probability and cumulative distribution functions of x for the population of agents on the
free route when x = β/α and the unpriced route when x = β.

Proof. Forthcoming.

Determining which types travel on which route is still a problem, and prevents me
from being able to state Proposition 24 strictly in terms of the primitives of the model.
It is however, easy to test if we have the assignment of types to routes wrong. An agent
will travel on the route where he faces the lowest cost, for example if agents of type i are
traveling on the priced route then p̄i,toll (λtoll) ≤ p̄i,free (λtoll) .

However, building on the intuition that the rich will prefer the priced lanes we get the
following proposition.

Proposition 25. If there are two types with equally flexible schedules, then as we increase the
portion of the lanes that are priced the richer type will start traveling on the priced lanes before the
poorer type.

If βi/αi = β j/αj for i 6= j and αi > αj then if for a given λtoll type j is on the priced route, so
is type i; and if type i is on the free route, so is type j.

Proof. Forthcoming.

The examples I used to illustrate the potential pitfalls of pricing had a silly feature; the
rich and poor never traveled at the same time. Casual empiricism says that Lexus’ and
Kia’s regularly share the road. If at any given moment half of agents are rich, then we
can price half the road and have the rich take the priced lanes leaving the poor in the free
lanes. We would have a Pareto improvement.

Proposition 26. In the modified bottleneck model with homogeneous desired time of arrival and
γi = ξβi for all i, if there is an arbitrary number of levels of flexibility, and at each level of
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flexibility there was a rich and a poor type. Then if ι is the minimum fraction of agents of a given
level of flexibility that are rich, pricing ι of the lanes will be a Pareto improvement prior to revenue
redistribution.

Proof. Forthcoming.

The basic idea here is that all that changes is the length of rush hour, the distribution
of β/α on the free lane remains unchanged. Since those on the free lane are better off,
those who switched could have stayed and been better off. Thus, by revealed preference
the switchers are better off too.

6 Conclusion

Our current understanding is that congestion pricing, while efficient, creates winners and
losers (e.g. TODO: Add citations). A lot of work has gone into how to use the revenue
raised to compensate losers so that it will be a Pareto improvement (e.g. TODO: add
citations). Using insights from Vickrey and the traffic engineering literature I have shown
that congestion pricing can naturally generate a Pareto improvement before the revenue is
spent. In many cases this will require sacrificing some of the potential efficiency gains by
only pricing a portion of the capacity in order to leave a free option for those who prefer
to pay with their time. Even if policy makers choose to price the entire road, this research
shows that the cost to the poor will be much smaller than previously believed.

The harm to the poor comes from taking a resource that had been allocated by time
and allocating it by money. This is a good thing since allocating by time is inherently
wasteful but benefits the rich at the expense of the poor. There are, however, several
ways of allowing the poor to pay with their time for access to priced lanes. Car pooling
takes extra time but allows those doing so to split the cost of the tolls, a discount can
even be offered to reduce the cost further. Likewise, buses the use the priced lanes will
offer better travel times than were available before the existence of the priced lanes, have
cheaper financial costs that driving solo, but take addition time in getting to the stop,
waiting for the bus, etc.

I explicitly abstracted away from what was to be done with the revenue, and it could
be used in a way to strengthen the case that pricing is a Pareto improvement. If we
included good uses of the revenue the optimal toll may even be higher than throughput
maximizing because of the benefits. As Vickrey (TODO: Add citiation) pointed out, when
pricing externalities you are imposing a tax with a negative dead-weight loss and can use
that revenue to reduce other taxes that impose a dead-weight loss, increasing the benefits
even more.
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By recognizing that pricing can increase the throughput of a highway we are able
to turn pricing from a Kaldor-Hicks improvement to a Pareto improvement. It further
changes other results in the field; for example, it has been suggested that the presence
of agglomeration externalities weaken the case for congestion pricing (e.g. TODO: add
citations (arnott, others) ), but if pricing can increase throughput then agglomeration ex-
ternalities increase the benefits from pricing and add another reason to price to maximize
throughput.

A Solving for equilibrium in the basic model

Before we get started, let us write out the equation (6), the equal trip price condition, in
detail. It is

p̄ = αTfree(t) + β
(
t∗ − t− Tfree(t)

)
for t ∈ [t0, t̃free], (40)

= αTfree(t) + γ
(
t + Tfree(t)− t∗

)
for t ∈ (t̃free, te], (41)

= αT f + β
(
t∗ − t

)
+ τtoll(t) for t ∈ [t0, t̃toll], (42)

= αT f + γ
(
t− t∗

)
+ τtoll(t) for t ∈ (t̃toll, te]. (43)

We solve for equilibrium in four parts. First we will prove some results about the nature
of the equilibrium. The following three steps then derive the exact form, and the order of
them is somewhat irrelevant. We need to find some key constants, the start of the rush
hour, t0, the end of rush hour, te, the times that commuters need to depart in order to
arrive ontime on each route, t̃free and t̃toll, as well as the cost of making a trip. We also
need to find rfree(t) for the free lanes. Finally we need to find the optimal tolls, τtoll(t).

A.1 Proofs

Proposition 27. Arrivals occur over a connected interval.

Proposition 28. Toll road will never have a queue.

Proposition 29. If there is a queue in the free lane then the toll road will be being used to capacity.

Proposition 30. A queue forms in the free lane immediately. Whenever it is used, there is a queue.

A.2 Key constants

Now we want to solve for t0, te, t̃free, t̃toll, and p̄. Note that the capacity of the road is

ŝ = λfree · s + λtoll · s∗ = s∗(1− θλfree). (44)
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There are five linear equations which define these four times and the trip price.

ŝ(te − t0) = N,

p̄ = αT f + β(t∗ − t0 − T f ),

p̄ = αT f + γ(te + T f − t∗),

p̄ = α(t∗ − t̃free), and

t̃toll = t∗ − T f .

The first equation says that rush hour is long enough for all N commuters to make the
trip. The next three equations are that the trip price is the same for the agent who leaves
first, last, and who receives an on-time arrival. The last equation uses the result that there
is no congestion on the tolled route to define t̃toll, the toll that is paid by those agents who
arrive at t∗. Using linear algebra to solve this yields

t0 = t∗ − T f −
(

γ

β + γ

)
N
ŝ

, (45)

te = t∗ − T f +

(
β

β + γ

)
N
ŝ

, (46)

t̃free = t∗ − T f − 1
α

(
βγ

β + γ

)
N
ŝ

, (47)

t̃toll = t∗ − T f , and (48)

p̄ = αT f +

(
βγ

β + γ

)
N
ŝ

. (49)

A.3 Toll lanes

Next let us consider the toll lanes. By propositions 28 and 29 we know that

rtoll(t) =

{
λtoll · s∗ for t ∈ [t0, te]

0 otherwise
(50)

We can simply read to optimal tolls right off of the equal trip price condition. We find
the optimal toll

(42)⇒ τtoll = p̄− αT f + β (t− t∗) =
(

βγ

β + γ

)
N
ŝ
+ β

(
t− t∗ + T f

)
for t ∈ [t0, t̃toll].

(43)⇒ τtoll = p̄− αT f + γ (t∗ − t) =
(

βγ

β + γ

)
N
ŝ
− γ

(
t− t∗ + T f

)
for t ∈ (t̃toll, te]

Therefore, letting a =
(

βγ
β+γ

)
N
ŝ , we get
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τtoll (t) =


a + β

(
t− t∗ + T f

)
for t ∈ [t0, t̃toll],

a− γ
(

t− t∗ + T f
)

for t ∈ (t̃toll, te],

0 otherwise.

(51)

A.4 Free lanes

Now we turn the free lanes. As with the tolls, can simply read Tv
free off of the equal trip

price condition. This yields

(40)⇒ Tv
free (t) =

p̄
α− β

− T f +
β

α− β
(t− t∗)

=
1

α− β

(
βγ

β + γ

N
ŝ
+ β

(
t− t∗ + T f

))
for t ∈ [t0, t̃free]. (52)

(41)⇒ Tv
free (t) =

p̄
α + γ

− T f +
γ

α + γ
(t− t∗)

=
1

α + γ

(
βγ

β + γ

N
ŝ
− γ

(
t− t∗ + T f

))
for t ∈ (t̃free, te]. (53)

We want to use Tv(t) to find r(t) and Q(t). To do so, differentiate (3) to find

∂Tv
i (t)
∂t

=
∂Qi(t)

∂t
(λis)−1

and substituting in (1) for ∂Qi(t)
∂t gives us

∂Tv
i (t)
∂t

= (ri(t)− λis) (λis)−1. (54)

Differentiating (52) yields
∂Tv

free(t)
∂t

=
β

α− β
. (55)

Setting (54) and (55) equal yields

(rfree(t)− λfrees) (λfrees)−1 =
β

α− β
⇒ rfree(t) =

α

α− β
λfrees for t ∈ [t0, t̃free]. (56)

Similarly, using (54) and (53) we can show that

rfree(t) =
α

α + γ
λfrees for t ∈ (t̃free, te]. (57)
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This gives us

rfree(t) =



α

α− β
λfrees for t ∈ [t0, t̃free],

α

α + γ
λfrees for t ∈ (t̃free, te],

0 otherwise.

(58)

The length of the queue can by found either by integrating (58) or by substituting (52)
and (53) into (3). Both methods yield

Qfree (t) =



1
α− β

(
βγ

β + γ

N
ŝ
+ β

(
t− t∗ + T f

))
λfrees for t ∈ [t0, t̃free],

1
α + γ

(
βγ

β + γ

N
ŝ
− γ

(
t− t∗ + T f

))
λfrees for t ∈ (t̃free, te]

0 otherwise.

(59)

A.5 Total costs

Arrivals at work are simply ŝ for t ∈ [t0 +T f , te +T f ], and so we can integrate the schedule
delay function against this to find schedule delay costs:

SDC(λtoll) = β
∫ t∗

t0+T f
(t∗ − t)ŝ dt + γ

∫ te+T f

t∗
(t− t∗)ŝ dt =

1
2

βγ

β + γ

N2

ŝ
. (60)

Variable travel time costs are given by

VTC(λtoll) = α
∫ te

t0

Tv
free(t) · r(t) dt =

1
2

βγ

β + γ

N2

ŝ
λfree · s

ŝ
. (61)

Fixed travel time costs are
FTC = α · N · T f . (62)

Toll revenues are

TR(λtoll) =
∫ te

t0

τtoll(t) · rtoll(t) dt =
1
2

βγ

β + γ

N2

ŝ
λtoll · s∗

ŝ
. (63)

Notice that the last term in toll revenues and variable travel time is the fraction of total
throughput available on the priced or free route, which is the same as the fraction of
agents that use that route.
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A.6 Changes in social welfare

Total social cost is simply the sum of fixed travel time costs, (62), variable travel time costs,
(61), and schedule delay costs, (60);

TSC(λtoll) =
βγ

β + γ

N2

ŝ

(
1
2
+

(1− λtoll) s
2ŝ

)
+ αNT f . (64)

If we assume T f = 0, then we can solve for the main result of proposition 9.

TSC(λtoll)

TSC(0)
=

(1− θ)(1− θ(1− λtoll)− λtoll/2)
(1− θ(1− λtoll))2 .

A.7 Calculating percentage savings from tolling when we know ratio
of fixed travel time to variable travel time

When λtoll = 0, variable travel time costs, (61), equal schedule delay costs, (60). If x is
average peak period variable travel time as a fraction of fixed travel time, then

xVTC(0) = FTC.

Also notice that
SDC(1)
SDC(0)

=
s
s∗

= 1− θ.

Finally, recall that tolling (λtoll = 1) eliminates variable travel time.
Using these results we can solve for total social costs as a function of variable travel

costs.

TSC(0) = FTC + VTC(0) + SDC(0)

=

(
2 +

1
x

)
VTC(0)

TSC(1) = FTC + VTC(1) + SDC(1)

=

(
1− θ +

1
x

)
VTC(0)

We can use these to find the ratio of total social costs when the road is completely priced
to when it is not.

TSC(1)
TSC(0)

=
1− θ + 1

x

2 + 1
x

=
1 + x + xθ

1 + 2x
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Finally, the percentage decrease in social costs as a result of tolling the entire road is:

100
(

1− TSC(1)
TSC(0)

)
= 100

(
x (1 + θ)

1 + 2x

)
(65)

B Proof of proposition 4 (Existence)

B.1 Overview of proof

Proposition 31. Under assumptions X a value pricing equilibrium exists.

This proof is based on Lindsey (2004) proof of existence. It is generalized to deal with
multiple routes and tolling, and several mistakes are fixed.

To prove existence I will show there is a vector of trip prices, p, associated arrival

time sets,
{
Tg,free, Tg,toll

}G

g=1
, and toll schedules {τfree, τtoll} that satisfy individual cost

minimization (2.5,2.6), supply of travel times equal demand for travel times (2.8), no toll
is charged on free route and toll is charged optimally on tolled route.

I will show that individual cost minimizations holds by showing how to find travel
time or tolls so that no agent wants to change his arrival time, and then showing there is
a one-to-one mapping between departure times and arrival times. As a result, no agent
will want to change his departure time.

To show supply of arrival times equals demand of arrival times (2.8), we will use
Kakutani’s fixed point theorem. The steps are as follows:

1. Construct a nonempty, compact, and convex set P.

2. Show that |Tg,r| is convex, compact, and upper hemicontinuous

3. Define an excess demand function, show that it is compact, convex, and upper
hemicontinuous

4. Define a correspondence ξ that is nonempty, convex, maps from P → P, upper
hemicontinuous, and gives a fixed point when excess demands are zero.

5. Use the Kakutani fixed point theorem to show there exists a p ∈ P such that p ∈
ξ (p).

6. Confirm the departure rate is finite

Define group 0 as a fictitious group that occupies those arrival times in T̄ not chosen by
any other group, and so has an isocost curve always equal to zero, ρ0,r (t|p0) = 0∀r . For
this to happen we need to fix p0 = 0 , D0 (t) = 0∀t , and α0 > 0 . Let N0 (p0) = 0 . Define
Ḡ = G ∪ {0} as the set of groups that includes group 0.
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B.2 Individual cost minimization

Using trip price as defined in (4) we can define indifference curves as

Tv
g
(
t|pg

)
=α−1

g

(
pg − Dg

(
t− t∗g

))
, and

τg
(
t|pg

)
=pg − Dg

(
t− t∗g

)
.

By assumption there is no toll on the free route and by Proposition 2 there is no congestion
on the tolled route. Then define the upper, nonnegative, envelope of all the groups’ isocost
curves as

Tv (t|p) =max {Tv
1 (t|p1) , . . . , Tv

G (t|pG) , 0} , and

τ (t|p) =max {τ1 (t|p1) , . . . , τG (t|pG) , 0} .

Lemma 1. If travel times are given by the non-negative upper envelope of isocost curves then there
are no profitable deviations in arrival times on an unpriced route. Similarly, if tolls are given by
the non-negative upper envelope of isocost curves then there are no profitable deviations in arrival
times on a priced route.

Proof. Consider an arbitrary t ∈ T̄ . On a free route

Tv (t|p) =max {Tv
1 (t|p1) , . . . , Tv

G (t|pG) , 0} ≥ Tv
g
(
t|pg

)
⇒ αgTv (t|p) + Dg

(
t− t∗g

)
≥αgTv

g
(
t|pg

)
+ Dg

(
t− t∗g

)
⇒ pg,free(t) ≥pg.

Similarly on a priced route

τ (t|p) =max {τ1 (t|p1) , . . . , τG (t|pG) , 0} ≥ τg
(
t|pg

)
⇒ Dg

(
t− t∗g

)
+ τ (t|p) ≥Dg

(
t− t∗g

)
+ τg

(
t|pg

)
⇒ pg,toll(t) ≥pg.

Agents will only travel when the travel time or toll lies along the indifference curve
implied by their equilibrium trip price; I define the set of demand-feasible arrival times
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for group g on route r as

T̄g,free (p) =
{

t|t ∈ T̄ , Tv (t|p) = Tv
g
(
t|pg

)}
, and

T̄g,toll (p) =
{

t|t ∈ T̄ , τ (t|p) = τg
(
t|pg

)}
.

By the same algebra as in the lemma above, t ∈ T̄g,r ⇒ pg,r (t) = p̄g. It is possible that
more than one type of agent is willing to travel at a given time, so further define Tg,r ⊆ T̄g,r

as the set of times where agents of type g actually arrive at work using route r.

Lemma 2. If XXX and travel times are given by the non-negative upper envelope of isocost curves
then there are no profitable deviations in departure times.

Proof. By Lemma 1 no agent wants to change his arrival time, and since by Lemma ??
no agent can change his departure time without changing his arrival time. Therefore, no
agent wants to change his departure time.

B.3 Supply equals demand

B.3.1 Construct a nonempty, compact, and convex set P.

Define P ≡ {0} ×
[
0, pmax

1
]

, . . . ,
[
0, pmax

G
]
⊂ RG+1. By construction P is nonempty, com-

pact, and convex.

B.3.2 Show that |Tg,r| is convex and compact.

Define Z ≡ 2G+1 \ ∅, the power set of Ḡ without the empty set. Let z ∈ Z be a typical
element.

Define T̂z,r (p) ≡
⋂

g∈z T̄g,r (p) \
(⋃

g 6∈z T̄g,r (p)
)

, z ∈ Z as the set valued function that
maps from the demand feasible arrival times to the times that groups g ∈ z are the only
groups willing to travel. This gives places where indifference curve overlap or intersect
and are the highest indifference curves.

When multiple groups overlap the order which groups arrive and the mass which
arrives is indeterminante. Let fg,z,r denote the fraction of T̂zr occupied by group g, where

fg,z,r ≥ 0; fg,z,r = 0 if g 6∈ z, g ∈ Ḡ and r ∈ {free, toll} ; ∑
g∈z

fg,z,r = 1. (66)

Thus the time group g travels on route r, Tg,r, is when they are the only group with the
highest indifference curve, T̂g,r, and for fg,z,r of T̂z,r, and so the amount of time a group g
has on route r is ∣∣Tg,r

∣∣ = ∑
z∈Z

fg,z,r
∣∣T̂z,r (p)

∣∣ .
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Define the vector of these sets as

Br (p) ≡
{
(|T0,r| , . . . , |TG,r|)

∣∣ fg,z,r satisfies (66)
}

.

To avoid needing to write proofs separately for priced and free lanes define

ρr (t|p) =

Tv (t|p) if r = free, and

τ (t|p) if r = toll;

ρg,r
(
t|pg

)
=

Tv
g
(
t|pg

)
if r = free, and

τg
(
t|pg

)
if r = toll;

and

sr =

s if r = free, and

s∗ if r = toll.

Lemma 3. If Dg is measurable for all g = 1, . . . , G then the set T̄g,r (p) is measurable for all p
and for all g = 1, . . . G.

Proof. Fix an arbitrary p. Recall that the linear combination of measurable functions is
measurable (Royden and Fitzpatrick, 2010, p. 56). By assumption Dg is measurable, so
pg,r and ρg,r are measurable. Since pr is the maximum of measurable functions, it is
measurable (Royden and Fitzpatrick, 2010, p. 58); and so ρg is measurable .

Note that ρg,r− ρr is measurable and so for each real number c, the sets
{

t ∈ T̄ |ρg,r − ρr > c
}

and
{

t ∈ T̄ |ρg,r − ρr ≥ c
}

are measurable. Note that

T̄g,r (p) =
{

t ∈ T̄ |ρr (t|p) = ρg,r
(
t|pg

)}
=
{

t ∈ T̄ |ρg,r − ρr ≥ 0
}
\
{

t ∈ T̄ |ρg,r − ρr > 0
}

and so the set T̄g,r (p) is measurable.

Lemma 4. If Dg is measurable for all g = 1, . . . , G then the set T̂z,r (p) is measurable for all p
and all z ∈ Z.

Proof. By lemma 3 T̄g,r (p) is measurable for all p, g, and r; and since unions, intersections,
and complements of measurable sets are measurable, T̂z,r (p) is measurable.

Lemma 5. Br (p) is a nonempty convex set. (Alternatively, the image of Br is nonempty and
convex.)

Proof. Note that the set of fg,z,r defined by 66 is a simplex and so is nonempty and convex.
Since Br (p) is linear in fg,z,r, it is convex.

Since the set of fg,z,r is nonempty, Br (p) is nonempty.
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B.3.3 Show that |Tg,r| upper hemicontinuous.

I will suppress the dependence of T̄g,r, on p.
Let Cg,r = lim k→∞T̄k

g,r under the discrete metric. This means that lim supk→∞ T̄k
g,r =

lim infk→∞ T̄k
g,r = Cg,r. A point is in the lim inf if it occurs for all but finitely many k, and

a point is in the lim sup if it occurs for infinitely many k. Formally,

lim inf
k→∞

T̄k
g,r =

∞⋃
i=1

∞⋂
j=1

T̄k
g,r =

{
t|∃k∗ ∈ Z such that for k > k∗, t ∈ T̄k

g,r

}
, and

lim sup
k→∞

T̄k
g,r =

∞⋂
i=1

∞⋃
j=1

T̄k
g,r =

{
t|∃ subsequence for which t ∈ T̄k

g,r for all k
}

.

Lemma 6. There is a subsequence of pk such all t ∈ T̄ belongs to at least one Cg,r for all routes.

Proof. The proof proceeds in three steps, first we construct our subsequence, second we
show that for all t ∈ T̄, t ∈ lim infk→∞ T̄k

g,r for some g ∈ Ḡ, and finally we show that
t ∈ lim supk→∞ T̄k

g,r implies t ∈ lim infk→∞ T̄k
g,r. Then we can conclude for all t ∈ T̄,

t ∈ limk→∞ T̄k
g,r for some g ∈ Ḡ,

Step 1: Construct a subsequence of pk such that pk
i − pk

j and α−1
i pk

i − α−1
j pk

j are mono-
tone for each pair of groups. We can iteratively constuct this sequence because every
sequence has a monotone subsequence and there are a finite number of pairs of groups
and routes.

Step 2: Let i �t j mean that there exists a k∗ ∈ Z such that k > k∗ ⇒ ρk
i,r (t) ≥

ρk
j,r (t). Consider an arbitarty t ∈ T̄ and two arbitrary groups, i, j ∈ Ḡ. Without loss of

generality let pk
i − pk

j be monotone increasing if we are considering the tolled route, or let
α−1

i pk
i − α−1

j pk
j be monotone increasing if we are considering the free route. This implies

that if there exists a k∗ such that ρk∗
i,r (t) > ρk∗

j,r (t) then ρk
i,r (t) > ρk

j,r (t) for all k > k∗, and
so i �t j. If such a k∗ does not exist then ρk

i,r (t) ≤ ρk
j,r (t) for all k, i.e. k∗ = 1, and so j �t i.

Thus every pair of groups is comparable.
Notice that i �t i and so the comparison is reflexive.
Also note that these comparisons are transitive, meaning h �t i and i �t j implies

h �t j, since if there exists a k∗1 such that ρk
h,r (t) ≥ ρk

i,r (t) for all k > k∗1 and a k∗2 such that
ρk

i,r (t) ≥ ρk
j,r (t) for all k > k∗2, then for k > k∗ = max

{
k∗1, k∗2

}
, ρk

h,r (t) ≥ ρk
i,r (t) ≥ ρk

j,r (t).
Since we have a finite number of groups and a binary relation �t on that set of

groups that satisfies reflexivity, comparablity, and transitivity, there exists a group g
for which there exists a k∗ such that for all k > k∗, ρk

g,r (t) ≥ ρk
i,r (t) ∀i ∈ Ḡ and so

t ∈ lim infk→∞ T̄g,r

(
pk
)

. Since this holds for an arbitrary t, it holds for all t ∈ T̄.

Step 3: If t ∈ lim supk→∞ T̄g,r

(
pk
)

under the discrete meteric then there is a subse-

quence such that ρg,r

(
t|pk

g

)
= ρr

(
t|pk

)
for infinitely many values of k. Suppose by way
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of contradiction that there is a t ∈ lim supk→∞ T̄g,r

(
pk
)

such that t /∈ lim infk→∞ T̄g,r

(
pk
)

.

Let t ∈ lim infk→∞ T̄h,r

(
pk
)

, and so for all but finitely many k, ρh,r

(
t|pk

h

)
= ρr

(
t|pk

)
.

This implies there are infinitely many k such that ρg,r

(
t|pk

g

)
= ρh,r

(
t|pk

h

)
. However,

monotonicity of pk
g− pk

h and α−1
g pk

g− α−1
h pk

h means that ρg,r

(
t|pk

g

)
= ρh,r

(
t|pk

h

)
for k = k1

and k = k2 implies that ρg,r

(
t|pk

g

)
= ρh,r

(
t|pk

h

)
for k ∈ [k1, k2], as a result ρg,r

(
t|pk

g

)
=

ρh,r

(
t|pk

h

)
= ρr

(
t|pk

)
for all but finitely many k and so t ∈ lim infk→∞ T̄g,r

(
pk
)

.

Thus lim supk→∞ T̄g,r

(
pk
)
= lim infk→∞ T̄g,r

(
pk
)

, and so Cg,r = limk→∞ T̄g,r

(
pk
)

.

Lemma 7. t ∈ Cg,r ⇒ t ∈ T̄g,r (p∞).

Proof. Note that since ρr (t|p) is continuous in p, ρr

(
t|pk

)
→ ρr (t|p∞).

t ∈ Cg,r ⇒∃k∗ ∈ Z such that for k > k∗, ρg,r

(
t|pk

g

)
= ρr

(
t|pk

)
⇒for k > k∗, α−1

g

(
pk

g − Dg

(
t− t∗g

))
= ρr

(
t|pk

)
⇒for k > k∗, Pk

g = αg · ρr

(
t|Pk

)
+ Dg

(
t− t∗g

)
⇒Pk

g → αg · ρr (t|P∞) + Dg

(
t− t∗g

)
⇒P∞

g = αg · ρr (t|P∞) + Dg

(
t− t∗g

)
⇒α−1

g

(
P∞

g − Dg

(
t− t∗g

))
= ρr (t|P∞)

⇒ρg,r

(
t|P∞

g

)
= ρr (t|P∞)

⇒t ∈ T̄g,r (P∞)

Definition 1. Ĉz,r ≡
⋂

g∈z Cg,r \
(⋃

g 6∈z Cg,r

)
=
{

t|t ∈ Cg,r∀g ∈ z and t 6∈ Cg,r∀g 6∈ z
}

.

Lemma 8. limk→∞ T̂z,r = Ĉz,r.
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Proof. I find the lim inf and the lim sup and show that they both equal Ĉz,r.

lim inf
k→∞

T̂k
z,r =

∞⋃
i=1

∞⋂
j=i

⋂
g∈z

T̄k
g \

⋃
g/∈z

T̄k
g


=

∞⋃
i=1

∞⋂
j=i

⋂
g∈z

T̄k
g ∩

⋂
g/∈z

(
T̄k

g

)c


=
⋂
g∈z

 ∞⋃
i=1

∞⋂
j=i

T̄k
g

 ∩ ⋂
g/∈z

 ∞⋃
i=1

∞⋂
j=i

(
T̄k

g

)c


=
⋂
g∈z

Cg,r ∩
⋂
g/∈z

 ∞⋂
i=1

∞⋃
j=i

T̄k
g

c

=
⋂
g∈z

Cg,r ∩
⋂
g/∈z

Cc
g,r

=
⋂
g∈z

Cg,r \
⋃
g/∈z

Cg,r

= Ĉg,r

lim sup
k→∞

T̂k
z,r =

∞⋂
i=1

∞⋃
j=i

⋂
g∈z

T̄k
g \

⋃
g/∈z

T̄k
g


=

∞⋂
i=1

∞⋃
j=i

⋂
g∈z

T̄k
g ∩

⋂
g/∈z

(
T̄k

g

)c


=
⋂
g∈z

 ∞⋂
i=1

∞⋃
j=i

T̄k
g

 ∩ ⋂
g/∈z

 ∞⋂
i=1

∞⋃
j=i

(
T̄k

g

)c


=
⋂
g∈z

Cg,r ∩
⋂
g/∈z

 ∞⋃
i=1

∞⋂
j=i

T̄k
g

c

=
⋂
g∈z

Cg,r ∩
⋂
g/∈z

Cc
g,r

=
⋂
g∈z

Cg,r \
⋃
g/∈z

Cg,r

= Ĉg,r

Since lim supk→∞ T̂k
z,r = lim infk→∞ T̂k

z,r = Ĉg,r, limk→∞ T̂z,r = Ĉz,r.

Lemma 9. T̂z,r (p∞) ∩ Ĉz̃,r 6= ∅⇒ T̂z,r (p∞) ⊂ Ĉz̃,r. Alternative statement, if t1 ∈ T̂z,r (p∞) ∩
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Ĉz̃,r then t2 ∈ T̂z,r (p∞)⇒ t2 ∈ Ĉz̃,r.

Proof. Let t1 ∈ T̂z,r (p∞) ∩ Ĉz̃,r, which exists by assumption, and let t2 be an another
arbitrary point such that t2 ∈ T̂z,r (p∞). First note that t1 ∈ Ĉz̃,r ⇒ t1 ∈ Cg,r for all g ∈ z̃,
which by lemma 7 implies t1 ∈ T̄g (p∞) for all g ∈ z̃, and so z̃ ⊂ z.

By lemma 6 t2 ∈ Ch,r for at least one h ∈ Ḡ. By lemma 7 t2 ∈ T̄h,r (p∞) and so t2 ∈ z,
which means t1 ∈ T̄h,r (p∞). Observe that

t ∈ T̄h,r (p
∞)⇒ρh,r (t|p∞

h ) = ρg,r

(
t|p∞

g

)
∀g ∈ z

⇒p∞
h − Dh (t− t∗h) = p∞

g − Dg

(
t− t∗g

)
⇒p∞

h − p∞
g = Dh (t− t∗h)− Dg

(
t− t∗g

)
and so Dh

(
t1 − t∗h

)
− Dg

(
t1 − t∗h

)
= Dh

(
t2 − t∗h

)
− Dg

(
t2 − t∗h

)
∀h, g ∈ z.

Now observe that t2 ∈ Ch,r means that ρh,r

(
t2|pk

h

)
≥ ρg,r

(
t2|pk

g

)
∀g ∈ Ḡ for all but

finite k, which means pk
h − pk

g ≥ Dh
(
t2 − t∗h

)
− Dg

(
t2 − t∗g

)
∀g ∈ Ḡ for all but finite k.

Likewise for all i ∈ z̃, t1 ∈ Ci,r implies pk
i − pk

g ≥ Di
(
t1 − t∗i

)
−Dg

(
t1 − t∗g

)
∀g ∈ Ḡ for all

but finite k. Since i ∈ z, this implies

Dh (t1 − t∗h)− Di

(
t1 − t∗g

)
≥ pk

h − pk
i ≥ Dh (t1 − t∗h)− Di

(
t1 − t∗g

)
for all but finite k,

⇒pk
h − pk

i = Dh (t1 − t∗h)− Di

(
t1 − t∗g

)
for all but finite k,

⇒ρh,r

(
t|pk

h

)
= ρi,r

(
t|pk

i

)
= ρr

(
t|pk

)
for all but finite k,

⇒t1 ∈ Ch,r

⇒h ∈ z̃.

Similarly, it can be shown t2 ∈ Ci,r. Since for t1, t2 ∈ T̂z,r (p∞), t1 ∈ Cg,r ⇔ t2 ∈ Cg,r∀g,
then t1 ∈ Cg,r 6⇔ t2 ∈ Cg,r∀g, and so t1 ∈ Ĉz̃,r ⇔ t2 ∈ Ĉz̃,r.

Lemma 10. If Dg is measurable for all g = 1, . . . , G thenlimk→∞
∣∣T̂z,r

∣∣ = ∣∣Ĉz,r
∣∣ for all z ∈ Z.

Proof. By lemma 4 the set T̂z,r (p) is measurable. Define

1x (t) ≡

1 t ∈ x

0 t /∈ x
.

Note that
∣∣∣T̂k

z,r

∣∣∣ ≤ |T̄| ∀k and that 1limk→∞ T̂k
z,r

= limk→∞ 1T̂k
z,r

. (See a proof in solutions to
Schilling, René L. 2006). Also note that 1x is measurable if x is a measurable set. Then by
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Lebesgue’s dominated convergence theorem

lim
k→∞

∣∣T̂z,r
∣∣ = lim

k→∞

∫
1T̂k

z,r
du =

∫
lim
k→∞

1T̂k
z,r

du =
∫

1limk→∞ T̂k
z,r

du =

∣∣∣∣ lim
k→∞

T̂z,r

∣∣∣∣ = ∣∣Ĉz,r
∣∣ .

Lemma 11. If Dg is measurable for all g = 1, . . . , G thenBr (p) = (|T0,r (p)| , . . . , |TG,r (p)|) is
upper hemicontinuous for r ∈ {free, toll}.

Proof. To show Br (p) is upper hemicontinuous it is necessary and sufficient to show
that for any convergent sequence pk ∈ p̄, k = 1, 2, . . . such that that pk → p∞, there
is a convergent subsequence of

{
yk
}

, yk = Br

(
pk
)
∈ [0, λr · sr |T̄|]G+1, that converges

to a point y∞ ∈ Br (p∞) . Since [0, λr · sr |T̄|]G+1 is compact, there exists a convergent
subsequence of {yk}. By lemma 6 there is a subsequence of this subsequence such that all
t ∈ T̄ are in at least one Cg,r, g ∈ Ḡ. Let us consider this subsequence.

Recall that
∣∣∣Tk

g,r

∣∣∣ = ∑z∈Z f k
g,z,r

∣∣∣T̂k
z,r

∣∣∣. Since f k
g,z,r is in [0, 1] a compact space, it has

a convergent subsequence. Choose the subsequence such that
{

f k
g,z,r

}
converges for all

g ∈ Ḡ, z ∈ Z, and r ∈ {free, toll}. We can do so since the set of groups, routes, and Z are
finite. Let f ∞

g,z,r = limk→∞ f k
g,z,r. Because of the set of fg,z,r is closed, f ∞

g,z,r belongs to that
set. Now by lemma 10

y∞
g = lim

k→∞

∣∣∣Tg,r

(
pk
)∣∣∣ = ∑

z∈Z
lim
k→∞

f k
g,z,r · lim

k→∞

∣∣∣T̂k
z,r

∣∣∣ = ∑
z∈Z

f ∞
g,z,r

∣∣Ĉz,r
∣∣ .

Now we will show that there exists weights f ′g,z,r such that

y∞
g = ∑

z∈Z
f ′g,z,r

∣∣T̂z,r (p∞)
∣∣ ∈ ∣∣Tg,r (p∞)

∣∣ ∀g ∈ G.

Choose f ′g,z,r as follows:

1. For each z ∈ Z and r ∈ {free, toll} pick an arbitrary t ∈ T̂z,r (p∞).

2. Find the z̃ ∈ Z such that t ∈ Ĉz̃,r.

3. Set f ′g,z,r = f ∞
g,z̃,r for all g ∈ Ḡ.

Since the f ∞
g,z̃,r meet the requirements of (66), so do the f ′g,z,r. Furthermore, since

⋃
z∈Z

(
T̂z,r (p∞) ∩ Ĉz̃,r

)
=

T̄ ∩ Ĉz̃,r = Ĉz̃,r, we know that if we define Zz̃ =
{

z|T̂z,r (p∞) ∩ Ĉz̃,r 6= ∅
}

then since the
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T̂z,r are disjoint, ∑z∈Zz̃

∣∣T̂z,r (p∞)
∣∣ = ∣∣Ĉz,r

∣∣. Then for all g ∈ G,

∑
z∈Z

f ′g,z,r
∣∣T̂z,r (p∞)

∣∣ = ∑
z∈Z

f ∞
g,z̃,r

∣∣T̂z,r (p∞)
∣∣

= ∑
z̃∈Z

∑
z∈Zz̃

f ∞
g,z̃,r

∣∣T̂z,r (p∞)
∣∣

= ∑
z̃∈Z

f ∞
g,z̃,r

∣∣Ĉz̃,r
∣∣

= y∞
g .

Since this holds for all g ∈ G, y∞ ∈ Br (p∞) and so Br (p) is upper hemicontinuous.

B.3.4 Define an excess demand function, E, show that it is upper hemicontinuous and
the set E (p) is compact and convex for all p ∈ P.

The excess demand of group g is

Eg (p) ≡ Ng
(

pg
)
−
(
(1− λtoll) s

∣∣∣Tg,free
(

pg
)∣∣∣+ λtoll · s∗

∣∣∣Tg,toll
(

pg
)∣∣∣) . (67)

This is the mass of agents that would like to travel at price pg but are unable to. Let
E =

(
E0, . . . , Eg

)
= N− ((1− λtoll) sBfree + λtoll · s∗Btoll), E : P→ R.

Lemma 12. If demand, N, is continuous and the measure of travel time each group receives on
each routes, Bfree and Btoll, is upper hemicontinuous, then the excess demand function E is upper
hemicontinuous.

Proof. Since N is a continuous function, it is also an upper hemicontinuous correspon-
dence. Since E is the linear combination of upper hemicontinuous functions it is upper
hemicontinuous.

Lemma 13. If demand, N, is continuous and defined over P, and Br (p) is a nonempty, convex
set for all p ∈ P, then the set E (p) is nonempty and convex for all p ∈ P.

Proof. Since N is single valued the set N (p) is nonempty and convex for all p ∈ P.
Since N (p) , Bfree (p) , and Btoll (p) are nonempty, E (p) is nonempty.
The set E (p) is convex because E is linear in N, Bfree, and Btoll, and N (p) , Bfree (p) , and Btoll (p)

are convex sets.

B.3.5 Define a correspondence ξ : P → P that is upper hemicontinuous from P into
itself with the property that the set ξ (p) is nonempty and convex for all p ∈ P.
Finally ξ has a fixed point only if excess demands are zero.

We need to define a correspondence ξ with the following properties,
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1. Maps into itself; ξ : P→ P.

2. Upper hemicontinuous.

3. Has a nonempty, convex image; ξ (p) is a non,empty convex set.

4. Has a fixed point when excess demands are zero; 0 ∈ E (p)⇔ p ∈ ξ (p).

The basic idea is that this correspondence is an adjustment mechasism that could be used
to find equilibrium. When excess demand is positive it will raise the price a group is
willing to pay in order to obtain more time for the group, and similarly when excess
demand is negative it will lower the price a group is willing to pay. Define

fg (x) = pg +


x

Ng(0)

(
pmax

g − pg

)
if x > 0

x
(λfrees+λtolls∗)|T̄ | pg if x ≤ 0

I define ξ0 (p) ≡ 0, and

∼g (p) ≡ fg ◦ Eg =
{

f (x) |x ∈ Eg (p)
}

, 1, . . . , G.

Lemma 14. ξ maps into itself, that is, the image of ξ is a subset of its domain.

Proof. Consider an arbitrary x ∈ Eg (p) . If x ≥ 0 then x ⊂
[
0, Ng (0)

]
and so x/Ng(0) ⊂

[0, 1], which implies ∼g ⊂
[

pg, pmax
g

]
. If x ≤ 0 then x ⊂

[
− (λfrees + λtolls∗)

∣∣T̄ ∣∣ , 0
]

and
so x/

(
(λfrees + λtolls∗)

∣∣T̄ ∣∣) ⊂ [−1, 0], which implies ∼g ⊂
[
0, pg

]
.

So if pg ∈
[
0, pmax

g

]
then ξg ⊂

[
0, pmax

g

]
for all g = 1, . . . , G, and since ξ0 (p) ≡ 0,

ξ (p) ⊂ P for all p ∈ P.

Lemma 15. If E is upper hemicontinuous then ξ is upper hemicontinuous.

Proof. Since f is piecewise linear I just need to show limx→0+ f (x) = limx→0− f (x) to
prove f is continuous. Evaluating these limits I find

lim
x→0+

f (x) = lim
x→0+

pg +
x

Ng (0)

(
pmax

g − pg

)
= pg, and

lim
x→0−

f (x) = lim
x→0−

pg +
x

(λfrees + λtolls∗)
∣∣T̄ ∣∣ pg = pg.

Since f is continuous it is upper hemicontinuous. Since E is upper hemicontinu-
ous, Eg is as well. The composition of two upper hemicontinuous functions is up-
per hemicontinuous (?, p. 48), and so ξg = fg ◦ Eg is upper hemicontinuous. Thus
ξ = {0} × fg ◦ E1 × . . .× fG ◦ EG is the Cartesian product of upper hemicontinuous func-
tions and so is upper hemicontinuous ?, p. 47.
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Lemma 16. If the set E (p) is nonempty, compact, and convex for all p ∈ P then the set ξ (p) is
nonempty, compact, and convex for all p ∈ P.

Proof. Let e be an element of E (p). Such an element exists since E (p) is nonempty. Then
f (e) ∈ ξ (p) and so ξ (p) is nonempty.

Consider an arbitrary group g. Because Eg (p) is convex and compact it is a closed
interval in R. Since Eg (p) a closed interval in R and fg is continuous, by the intermediate
value theorem fg

(
Eg (p)

)
is a closed interval and so is convex and compact. Since this

holds for an arbitrary group, it holds for all.
Therefore ξ (E (p)) = {0} × f1 (E1 (p))× . . .× fG (EG (p)) is the Cartesian product of

convex and compact sets and so is convex and compact.

Lemma 17. If Ng (0) > 0 and Ng

(
pmax

g

)
= 0 for all g = 1, . . . , G; then ξ (p) has a fixed point

if and only if 0 ∈ E−0 (p).

Proof. If p ∈ ξ (p) then for all g = 1, . . . , G

pg = pg +


x

Ng(0)

(
pmax

g − pg

)
if x > 0

x
(λfrees+λtolls∗)|T̄ | pg if x ≤ 0

for some x ∈ Eg (p)

and so either x
Ng(0)

(
pmax

g − pg

)
= 0 and x > 0, or x

(λfrees+λtolls∗)|T̄ | pg = 0 and x ≤ 0.

This is true only if x = 0, pg = 0 and x < 0, or pg = pmax
g and x > 0. If pg = 0 then∣∣∣Tg,free

(
pg
)∣∣∣ = ∣∣∣Tg,free

(
pg
)∣∣∣ = 0 and by assumption Ng

(
pg
)
> 0. This implies Eg > 0

and contradicts x < 0. If pg = pmax
g then by assumption Ng

(
pg
)
= 0. Since measures are

weakly positive, this implies Eg ≤ 0 and contradicts x > 0. Therefore x = 0, which means
0 ∈ Eg (p) for all g and so 0 ∈ E−0 (p).

If 0 ∈ E−0 (p) then

ξ (p) 3 pg +
0

(λfrees + λtolls∗)
∣∣T̄ ∣∣ pg = pg ∀g = 1, . . . , G

and so p ∈ ξ (p).

B.3.6 Use the Kakutani fixed point theorem to show there exists a p ∈ P such that
p ∈ ξ (p).

I have shown that P is a nonempty, compact, convex set, and that ξ : P → P is an
upper hemicontinuous correspondence from P into itself with the property that the set
ξ (p) ⊂ P is nonempty and convex for all p ∈ P. Thus we can invoke Kakutani’s fixed
point theorem, there is a p ∈ P such that p ∈ ξ (p).
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B.3.7 Confirm the departure rate is finite

Lemma 18. The departure rate is finite.

Proof. If there is no queuing then the departure rate is finite (i.e. an infinite departure rate
implies queueing). Can just cite Lindsey 2004.

C Proof of uniqueness

Proposition 32. Under assumptions X a value pricing equilibrium exists where the trip price
for each type, aggregate departure rates, and toll schedules are unique.

Assume by way of contradiction that there are two distinct equilibrium trip price vec-
tiors, p and p′, p 6= p′. Then there must exist some type i for whom p̄i 6= p̄′i, assume
without loss of generality that p̄i < p̄′i.

Then there are two possibilities for the effect of this increase in trip price on the supply
of travel time to type i, either it increases or there is another type j who also has a higher
trip price p̄j < p̄′j.

If there is another equilibrium where I have a higher trip price, then either
I have more arrival time
or someone I border also has a higher trip price
Rinse and repeat.

D Other proofs

Proofs that are in progress are stored in proofs.lyx.
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