Abstract

Using the measure of risk aversion suggested by Kihlstrom and Mirman
[1974] and [1981], we propose a dynamic consumption-savings-portfolio
choice model in which the consumer-investor maximizes the expected
value of a non-additively separable utility function of current and future
consumption. Preferences for consumption streams are CES and the elas-
ticity of substitution can be chosen independently of the the risk aversion
measure. The additively separable case is a special case. Because choices
are not dynamically consistent, we follow the “consistent planning” ap-
proach of Strotz [1956] and also interpret our analysis from the game
theoretic perpective taken by Peleg and Yaari [1973]. The equilibrium of
the Lucas asset pricing model with i.i.d. consumption growth is obtained
and the equity premium is shown to depend on the elasticity of substitu-
tion as well as the risk aversion measure. The nature of the dependence
is examined. Our results are contrasted with those of the non-expected
utility recursive approach of Epstein-Zin and Weil.
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1 Introduction

Until recently the model used to analyze a consumer-investor’s dynamic consumption-
saving and portfolio choices was the "additively separable" model in which the
consumer-investor is assumed to maximize

U({e}isy) Zﬁ u (¢ ] ; (1)




the expected value of the discounted sum of utilities of per-period random con-
sumption, ¢. Early analyses of this model were provided in the papers by Lev-
hari and Srinavasan [1969], Merton [1969], [1971], Samuelson [1969] and Hakans-
son [1970]. Merton [1973] used this framework to obtain a dynamic asset pric-
ing model. The implications of Merton’s asset pricing model were clarified in
Breeden [1979]. In his pioneering [1978] paper, Lucas also used the additively
separable model to construct a dynamic asset pricing model. The Lucas and
Merton models provide the foundation for much of the subsequent work on dy-
namic asset pricing. In a significant part of this research, the utility function,
u (+), of per-period consumption is assumed to be in the constant relative risk
averse (CRRA) class. If u () is CRRA with relative risk aversion «, the utility
function (1) of the certain consumption stream {c;},~, is in the CES class with
elasticity of substitution

o= —.

o

This, of course, means that, when this model is used to analyze asset pricing,
the impact of risk aversion, as measured by «, cannot be separated from the
impact of a change in the elasticity of substitution of the ordinal preferences for
consumption streams {c;}, .

Recent contributions by Epstein [1988], Epstein and Zin [1989], [1990], [1991]
and Weil [1989], [1990], have extended the analysis of the Lucas model to partic-
ular cases of recursive, nonadditive preferences of the type introduced in Kreps
and Porteus [1978], [1979a], [1979b]. The motivation for the Epstein-Zin and
Weil (EZW) extensions was the inability of the Lucas model with CRRA pref-
erences to explain the size of the equity premium without assuming values of
« that were widely regarded as “too large.” This “equity premium puzzle” was
pointed out in Prescott and Mehra [1985] and Grossman, Melino and Shiller
[1987] which built on the earlier contribution in Grossman and Shiller [1981].

By using recursive, non-additive Kreps-Porteus preferences EZW were able
to choose the risk aversion parameter independently of the elasticity of substitu-
tion. The additional degree of freedom in the EZW formulation would appear to
enhance the ability of the Lucas model to provide an explanation for a wide va-
riety of consumption-saving, portfolio choice and asset pricing phenomena. As
noted in the introduction to Epstein and Zin [1991], “the disentangling of risk
aversion from the elasticity of substitution is a problem that has been highlighted
by the empirical literature on the behavior of asset returns and consumption
over time. Representative agent optimizing models have not performed well em-
pirically (see, among others, Hansen and Singleton [1983], Prescott and Mehra
[1985] and Grossman, Melino, and Shiller [1987]). One possible reason for this
poor performance is that the maintained specification of preferences is too rigid.”
But as Weil [1989] points out “the solution to the equity premium puzzle doc-
umented by Mehra and Prescott [1985] cannot be found by simply separating
risk aversion (from) intertemporal substitution. If the dividend growth process
is i.1.d., the risk-premium, when appropriately defined, is independent of the
intertemporal elasticity of substitution, and thus is the same whether or not
the time-additive, expected utility restriction is imposed. When the dividend



growth process is non-i.i.d., relaxing the parametric restriction adds, for plau-
sible parameter values, a risk free rate puzzle to Mehra and Prescott’s equity
premium puzzle.” Kocherlakota [1990] demonstrates an even stronger result. In
analyzing the Lucas asset pricing model he assumes Epstein-Zin preferences and
that “the growth rate of the aggregate endowment is 4.i.d.” Using this model
he demonstrates that “an econometrician with data on asset prices and aggre-
gate consumption cannot separately identify” the elasticity of substitution and
the relative risk aversion. He concludes that the Epstein-Zin preferences have
“no more explanatory power than” the preferences represented by the utility
function in (1). The inability of the EZW framework to add explanatory power
beyond that of the additively separable model in the i.i.d. case is rooted in the
observation made in a number of papers that, when the returns to the risky
assets are i.i.d., the EZW optimal portfolio depends only on the risk aversion
measure and is independent of the elasticity of substitution. See for example,
Swenson [1989] and Bhamra and Uppal [2006].

In the EZW approach, consumer-investors do not maximize expected utility.
Epstein and Zin [1989] briefly discussed but rejected an alternative approach,
based on expected utility maximization, to the problem of using different para-
meters to measure risk aversion and the elasticity of substitution. The alterna-
tive approach that they argued was inappropriate for use in a dynamic setting
is based on the discussion of risk aversion with many commodities in Kihlstrom
and Mirman [1974] and [1981]. There is, indeed, a difficulty that arises when
one attempts to implement the Kihlstrom-Mirman approach in a non-additively
separable dynamic model of the type envisioned by Epstein and Zin. Specif-
ically, dynamic consistency requires that the best current choice depends on
choices made in the past. Thus, memory of past choices is a necessary condition
for dynamic consistency. It was not simply the fact that the memory of the
past was necessary that Epstein and Zin found troubling. Indeed, memory of
the past is required even in additively separable dynamic models that assume
preferences are influenced by habits; see, for example, Constantinides [1990],
Abel [1990] and [1999] and Campbell and Cochrane [1999]. What did prove ob-
jectionable and decisively so was the fact that, because of the usual discounting
assumptions, memory of the very distant past would become most important.
In a recent working paper, Van den Heuvel [2007] has investigated the approach
rejected by Epstein and Zin. Under the discounting assumptions of Van den
Heuvel’s paper, memory of the distant past is shown to become unimportant.

In the current paper, we also reconsider the possibility of implementing an
alternative dynamic model based on the Kihlstrom-Mirman expected utility
maximizing approach. In our alternative formulation, preferences change over
time since the consumer-investor’s only concern is with current and future con-
sumption. Because the consumer-investor ignores past consumption, we refer to
him as having "forward looking" von Neuman-Morganstern preferences. In the
dynamic model considered below, the consumer-investor’s current consumption-
saving and portfolio choices at each point in time maximize his expected utility
of current and future consumption. This implies that the consumer-investor’s
current choices are independent of past consumption. This independence of past



consumption implies a dynamic inconsistency. The current choices are not the
ones the consumer-investor would have committed himself to make if such a
commitment had been possible at an earlier point in time.

The dynamic inconsistency we are forced to deal with is similar to but dis-
tinct from that which arises in models of hyperbolic discounting such as those
first considered by Strotz [1956] and recently reconsidered in the work of Laib-
son [1997], Harris and Laibson [2001] and Luttmer and Marrioti [2003] and
[2007]. In analyzing the model we propose, we follow the “consistent planning”

approach of Strotz [1956] and assume that, when making his current choice, the
consumer-investor will “take account of future disobedience.” This consistent
planning approach was also used by Pollak [1968] and by Phelps and Pollak
[1968]. In the dynamic consumption-savings,portfolio model we consider, when
the consumer-investor makes his current choices he recognizes that his future
choices will not be the ones he would currently like to commit himself to make
in the future. Thus, the consumer-investor chooses a consumption plan for the
future that is, as Strotz asserted, “the best plan among those he will actually
follow.” Our approach can also be interpreted from the perspective of Peleg and
Yaari [1973] and is also similar to that taken in the literature on durable goods
monopoly and the Coase conjecture; see, for example, Coase [1972], Stokey
[1979] and Bulow [1982]. In following Peleg and Yaari and the durable goods
monopoly literature, we view the current consumer-investor as a leader in a
leader follower game in which the followers are the same consumer-investor at
future time periods. His current choices are a best response to the choices he
knows he will want to make in the future. The result is a Nash equilibrium of a
Stackleberg game in which each “player” is the consumer-investor at a particular
consumption period.

We refer to our approach as one of “consistent planning” by a “forward
looking” expected utility maximizing consumer-investor. Using this approach
we follow Mehra-Prescott and Epstein-Zin and Weil and investigate the risk
premium implied by equilibrium in the Lucas asset pricing model. We do find
that, in contrast to the Epstein-Zin and Weil approach, the risk premium ob-
tained from our approach is affected by the elasticity of substitution as well as
the risk aversion measure. It thus does not suffer from the criticism of Kocher-
lakota and of Weil himself. In spite of this, it must be added that our approach
does not appear to have great promise for explaining the Mehra-Prescott equity
premium puzzle when consumption growth is assumed to be i.i.d., and that is
the case we investigate. This is true for two reasons. One is that our model
yields a higher risk premium than the standard additively separable model only
when the elasticity of substitution in our model is exceeded by that of the ad-
ditively separable model. It will be recalled from the discussion above that in
the additively separably model, the elasticity of substitution is the inverse of
the risk aversion measure. The other problem is that the conditions required
for existence of equilibrium in our approach put severe lower bound restrictions
on the elasticity of substitution. These conditions combine to put an upper
bound the risk aversion measure that limits the ability of our model to deliver



a large risk premium. Even in the absence of these specific problems, Mehra
and Prescott suggested that there is good reason to be pessimistic about the
promise of models based on CES preferences to imply a large equity premium.
In their paper, they asserted that “We doubt whether non-time-additivity sep-
arable preferences will resolve the puzzle, for that would require consumptions
near in time to be poorer substitutes than conumptions at widely separated
dates.”

Labadie [1986] has also investigated the implications of the Kihlstrom-Mirman
approach to risk aversion for the equity premium obtained in a Lucas asset pric-
ing model equilibrium. Her work which was motivated by the Diamond-Stiglitz
paper avoided the problem of dynamic inconsistency by using an overlapping
generations model in which the consumer-investors lived for two periods.

1.1 Outline of the Paper

We introduce the Kihlstrom-Mirman approach to risk aversion with many com-
modities by considering the consumption-saving portfolio problem of a consumer-
investor who lives for two periods. The Kihlstrom-Mirman approach assumes
that the consumer-investor maximizes expected utility. Our discussion of the
Kihlstrom-Mirman approach based on expected utility maximization is followed
by a description of the Epstein-Zin, Weil, Kreps-Porteus analysis of the two pe-
riod consumption-saving portfolio problem. We focus on the fact that their
approach is not based on expected utility maximization and emphasize the con-
trast between the two approaches.

We then proceed to introduce our analysis of the dynamic model of forward
looking von Neuman-Morganstern preferences by considering the three period
case. In this section we focus on the dynamic inconsistency. But the three
period case also provides a useful setting for the introduction of the consistent
planning approach.

Next we consider the infinite horizon problem and contrast the equilibrium
that results from the forward looking von Neuman-Morganstern preferences with
that obtained from the EZW approach. Finally, we use the forward looking
von Neuman-Morganstern preferences to obtain an equilibrium of Lucas asset
pricing model and contrast this with the equilibrium of Lucas asset pricing model
obtained using the EZW approach and using additively separable preferences.
The equity premium that results from the equilibrium obtained with the forward
looking von Neuman-Morganstern preferences exceeds that obtained from the
additively separable model only when the elasticity of substitution falls below
the level it is restricted to take on in the additively separable case.

2 The Two Period Case:



2.1 The Kihlstrom-Mirman Approach to Risk Aversion

In this section, we illustrate the use of the Kihlstrom-Mirman approach to
risk aversion with many commodities by considering a two-period consumption-
saving portfolio problem in which the consumer-investor chooses the fraction, c,
of his initial wealth, W, to consume in the first consumption period. First period
savings, which equal (1 — ¢) W can be invested in a safe and a risky asset. Thus,
the consumer-investor must also choose the fraction, v, of savings to invest in
the risky asset. The safe asset return is ry. The realized return on the risky
asset is r,,. The random variable that denotes the risky asset return is 7,,. It
is useful to define the realized excess return on the risky asset as

T = Tm — T

This is, of course, simply the realization of the random variable

T = T —T§.
Second period consumption is then
WL =dlry+75@m—rs)l.

Following von Neumann-Morganstern, we assume that the consumer-investor
solves this two-period consumption-saving portfolio problem by simply maxi-
mizing expected utility and choosing

(¢,%) = argmaxE [U (W, W [1 —c|[ry + v (Fm —7¢)])]

(e,7)
where
U (Cy,Co)
is some strictly concave function of the two-period consumption stream
(Cy,Cy).

This is the standard general approach to the two period problem. This
was also the approach taken in Kihlstrom-Mirman [1974] and in a related pa-
per, Diamond-Stiglitz [1974], in the same journal. In those papers, there was,
however, no riskless asset and hence no portfolio choice problem.

In what follows we describe the Kihlstrom-Mirman approach to risk aversion
with many commodities and indicate how it can be applied to study the effect
of risk aversion on the (¢,4) choice in the two period problem. The general
Kihlstrom-Mirman approach to risk aversion with many goods restricts the risk
aversion comparisons of utility functions to those which represent the same
ordinal preferences. Thus, the risk aversion of two utility functions U! and U?
of two-period consumption streams are compared only if they are related by a
monotonically increasing transformation. The utility function U is defined to
be more risk averse than U? if

U' (C1,C2) = h (U? (Cy, (o))



and the transformation h is strictly concave.
To define the absolute or relative risk aversion of a utility function of con-
sumption streams

(C1,C5).

attention is restricted to those ordinal preferences for which there exists a "least
concave representation," U, for which every concave representation of the pref-
erences is a concave transformation of U°. This definition of "least concave" was
introduced in Debreu [1976]. When the preferences are homothetic, the least
concave representation is homogeneous of degree one. Thus, when the approach
is applied to CES ordinal preferences,

D=

U (C1,Cy) = (Cf + BCE) 7,

if p # 0. In the Cobb-Douglas case corresponding to p = 0,
a8
U%(Cy,Cy) = CFPCy 77
If U (C1,Cs) is a strictly concave representation of some ordinal preferences
for which a least concave least concave representation, U, exists then
U (Cy,Co) = h (U’ (Cy,Cs))

where h () is monotone increasing and strictly concave. The absolute risk aver-
sion of U at (C1,Cy) is defined to be

' (U9 (Cy,Cy))
W (U°(C1,Cy))

The relative risk aversion of U at (Cq,Cs) is defined to be

h” (UO (Cl, CQ)) UO (Cl, 02)
N h'(U° (C1, C))

This means that for CES ordinal preferences with p # 0 the relative risk
aversion of the representation
l—a
(CT+pCE) ~

l—«

U (C1,Cs) =
is a which we have assumed to be unequal to one. The case of & = 1 is of course
o P o\ 5
U (C1,Ca) = log ((CF + BCE)7) .

In the Cobb-Douglas case corresponding to p = 0, the relative risk aversion of

1—a B(l—a)

U™ (Cy,Cy) = Cy° Cy 77



is , where once again we have assumed that a # 1. In the Cobb-Douglas case
when a =1,
U« (01, CQ) = log C; + Blog Cs.

In this approach, U° is the risk neutral representation of the preferences even
when UY is not homogeneous of degree one. In the remainder of the discussion
in this section we will, however, assume that U° is homogeneous of degree one.

2.2 Applying the Kihlstrom Mirman Approach to the Consumer-
Investor’s Problem

For the consumer-investor who faces the two-period consumption-saving port-
folio problem and chooses

(¢,%) = argmaxF [UO (W,(W[L—=¢[ry+ 'yi:m]))] ,

(e7)
the value function Jy () defined by

Jo (W) = maxE [U° (W, W 1~ d] [y + 7))

Y

is
J() (W) = FL()VV.
where
Ko = I(na))cE [U° (c,[1 = [ry +7v&m])] -

C”Y
The linearity of Jy in W implies risk-neutrality in the face of wealth risks. The
risk neutrality of the value function is inherited from the risk-neutrality of U°.

Also when U? is homogeneous of degree one, if the consumer-investor chooses

1

—

(¢,9) = argmaxFE {(
(e:7) 1

) @@=l +aza)) ] @

= ar(gcr%ax (E [(UO (c,[1 =] [Terfyjm]))l—a])(ﬁ)

then his value function J, () defined by

12 ) = maxt | (=) (O @ 1=l +930D) |

is
Jo (W) = kW=

where
Ko = maXE RUO (e,[1 =] lry + vim]))l_"‘}

() l-«




and « is the relative risk aversion of J,. In this case, the value function J, (-)
inherits the risk aversion of

1

—

U® (Cy,Cy) = (1 ) (U (Cy, Ca))' 7.

Following Epstein and Zin we can define the "certainty equivalent utility"
as

1 N T

V (W) = max <E K ) (U (W, W [1 = ¢] [ry +vim]))' D .
(es7) 1-a

Clearly the certainty equivalent utility is linear in wealth since the linear homo-

geneity of U° (-, -) implies that

V(W) = oW

where
v=(#[@ @n-dlr+5a)' )

and where (¢,%) is given by (2).

In spite of the argument just outlined it is true that, in the two-period
consumption-savings portfolio choice problem, the risks the consumer-investor
faces are risks involving second period consumption and U (Cy, C») is not linear
in Cy. Thus, when choosing a portfolio, the consumer investor who maximizes

the expected value of U° (C’l, C'2> is not risk-neutral. Specifically in the CES

case with
p#0,

U° (Cy,Cy) = (CF + BCE) "

and with
p =0,

1 B
U° (Cy,C) = CFFP CFFP

In both cases,
ng,CQ (01,02) <0

so that U° (C1, Cs) is strictly concave in Cs.

In general, it is difficult to get comparative static results for (é,%) as the risk
aversion of the representation changes. It is true however that for ¢ fixed the
expected utility maximizing v decreases if risk aversion or relative risk aversion
increases. Also, if the elasticity of substitution is uniformly less (greater) than
one, then for v fixed the expected utility maximizing ¢ decreases (increases) if
risk aversion or relative risk aversion increases. The former result is a corollary
to the well known results proven by Arrow [1971] and Pratt [1964]. This latter
result is a consequence of a result proven in Kihlstrom-Mirman [1974].

10



2.2.1 The CES Case

We only consider the case of a # 1. If, in this case, the elasticity of substitution,
o, is unequal to one

p#0
and
VOV) = s (B[ + 50 0= g +02)) T]) T )
= oW
where 1
v=(B[e+sa-am) 7)) n
and

F=7f + AFm. (5)

Note that 4 typically does depends on p as well as on the relative risk aversion
measure .
Note also that, if there is no riskless asset,

¢ = arg max (E {([cW]p +B[W(1-e¢) fm]p)TD o

(&

V) = max (B[] + 80V (1 - 7)) 7])
= oW

and v is given by (4) in which 7 = 7,,.
When the elasticity of substitution, o, equals one

p=0,
. a1
—a p-a)\ T-a
vVw) = r(na>)( <E [eW]TF5 (W (1 —¢) (rf +YT,)] 7P ) (6)
%
= oW
where now .
v — [E (fﬁgl;p)} o él-%l—ﬁ (1— é)lff; , (7)
¢ = arg maxcTi? (1- c)% ) (8)

7 is given by (5) and

B(1—a)
4 = arg max [E ((rf e )} .
¥
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If there is no riskless asset, ¢ is again the solution to (8) and

Lo (-o) | I-«
Vw) = I(n&))( <E [cW]TFE [W (1 — ¢) T = )
e
= oW

where now v is given by (7) with 7 = 7,.

2.3 A Two Period Problem: EZW, Kreps-Porteus

In this subsection, we illustrate the difference between our expected utility max-
imizing approach and that taken by EZW Kreps-Porteus. Following Epstein-Zin
and Weil we assume that the preferences are CES and that relative risk aversion
is constant and denoted by «. As in the above discussion, we only consider the
case a # 1. In this case, when the elasticity of substitution, o, is unequal to one
and

p#0,
the EZW Kreps-Porteus approach is to solve the problem

max [<(CW)P +8 [E ((W [1—¢ [rf +7£m])1—a)} 1%) ;] '

(e7)

The solution is

(¢,%) = arg max
(e7)

(d) +B[1—d” [E ([rf + yszm]lfa)} ‘) ;] .

Note that 4 is simply the solution to

4 = argmax {E [y + vﬂﬁm]lfa} e (9)
2!

= argmax

~ 11—«

Elr; + vimlla]

and does depend on « but not p. In this case,

¢ = argmax[(cerﬁ[l—c]f’(Efla)l”a)
c€(0,1]

] (10)

(8 (Br—e)==)""

(1 + (B (Efl_a>ﬁ) p11>

7 is given by (5).
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In the EZW, Kreps-Porteus approach

(e7)

vy = | (07 £ (0 1=l o)) )|

and
V(W) =oW (11)
where

1
v= [(é”—i—,@[l—é]p 2 (fl—a)]lpa)”} (12)
Equations (11) and (12) are the EZW, Kreps-Porteus analogs of (3) and (4.)
When there is no riskless asset, ¢ and v are still given by (10) and (12)
respectively, but, in this case,
T = .
When the elasticity of substitution, o, equals one and
p=0
the EZW Kreps-Porteus approach is used the consumer-investors problem is
1
r(na>)< {log (cW) + Blog ({E ((W 1—d[ry+ ’yiﬂm])lfa)} l_a)] .
Y
The solution is

50 = g s+ o115 (508 ]

= ar(grn)ax [cHlﬁ 1- c}ﬁ [E <(['rf + V:Em])l_a)} (HEQIQ)} .
e
¢ is again the solution to (8) and ¥ is again given by (9). In this case,
V(W) = max [cliﬁ [1— B ((rs +7@m)' )] ”ﬂﬁ)]
and V (W) is given by (11) where now

v =[E (7=*)] 0= orks [1 - ¢ (13)

and 7 is given by (5). Equation (13) is the EZW, Kreps-Porteus analog of (7).
When there is no riskless asset, ¢ is again the solution to (8) and v is given
by (13) in which 7 = 7,,.
When there is no risky asset, then EZW, Kreps-Porteus and Kihlstrom Mir-
man consumer-investors both choose

& = arg max {((cW)p LW (-0 Tf]p)%}

= argmax [(c" +Bl(1-e¢) rf]/’)%]
c€[0,1]

when

p#0.
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3 The Three Period Case: The "Consistent

Planning" Approach with "Forward Looking"
von Neuman Morganstern Preferences

We now suppose that the consumer-investor lives for three periods and begins
the first period with initial wealth, W;. His consumption in period ¢ is C;. In
period 3,

Cs = Ws.

In periods t =1 and t = 2,
Ct = CtWt~

where ¢; is the fraction of period ¢t wealth, W;, consumed. So in periods ¢t = 1
and ¢t = 2, the consumer-investor saves equal (1 —¢;) W , and can invest in a
safe and a risky asset. Thus, in each of the first two periods, the consumer-
investor must also choose the fraction, ~,, of first period savings to invest in the
risky asset. The safe asset return is 7. The realized return on the risky asset
is r;. The random variable that denotes the risky asset return is 7,. We again
define the realized excess return on the risky asset as

Ty =Tt —Tf.
This is again the realization of the random variable
i‘t = ’I:t — ’I“f.
Period t 4+ 1 wealth is then
Wipr = Wil — ] [ry + 7] - (14)
In discussing, forward looking preferences we are going to assume that, in
each period, the preferences are CES and exhibit CRRA risk aversion in the
Kihlstrom-Mirman sense. Furthermore, the elasticity of substitution and the

level of relative risk aversion are the same each period. Thus, in the first period,
the consumer-investor maximizes

- 1 - - N
EU (C’l, o, 03) ~—E [(Cf + 808+ 5205;) ] .
-«
In the second period, the consumer-investor maximizes
S 1 /4 /4 177&
BU (C2,C5) = ——E (cs+nc5) 7|
-«
In this situation, the need for "consistent planning" arises when

l—p#a
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and when the consumer cannot commit to the choice of (cg,75) in period one.
To see why this is so, let’s consider the case in which commitment is possible.
In that case, the consumer would, in the first period, choose

(617'3/17&2 () ﬂﬁ/2 ())

1 N 1-o
= argmax W/ [1} E [(c’f +BL =l [ry+7131)° (b + B —col” [ry +7922]"]) 7 ]
(017’71702(')7’72(')) —a
where
Ci =W,
CQ = CQWQ
= Wil —allry +y21]
and
Cs = Wall—co]ry +vo72]

= Wil —allrp+mz] [1—co] [ry + ypma].
The definition of (¢é1,41,é (+),%2 (+)) can be more compactly stated as

(617’71’62 () aﬁ/Z ())

= arg max {

| B[ 4801 el by + il v ea ()9 @) )
(61’71702(')’72('))

1—«
where

v (c2,7a,%2) = ¢ + B[l —ca]” [ry + 75m2]" .
Note that, for each x1,

ﬁ/
- aggma;x[ ]E P4 Bl & [y + el (4 B - el Iy + 7)) ]
C2,Yo
- argmax[ ]E (A1) + (4 + B[L = o] [ry +vad2)) 7
(02"/2)
where
Aer) = ‘
VB -l Iy +Ayaa)”
When

1- P 7& «,
(2 (21), 92 (1))

varies with x.
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Now suppose that commitment is impossible. In that case, the forward
looking von Neuman-Morganstern consumer-investor is able, in period 2, to
choose

(¢,72) = argmax l: :| W2PE [(CS +B[1 - Cz]p [ry+ ’72.%2}")177&}

(e2,72) -«

1 i
= argmax L } E {(cg + B[ —ca)’ [rf +7232]") ° ] )
(52772) —a

Since (c},73) is independent of W5 it is also is independent of 1,

(c3,73) # (2 (1), 92 (1))

unless
l-p=oq,

in which case, it is easily seen that the usual dynamic programming argument
implies that
(c2,72) = (€2 (1), ¥ (71)) -

How should the forward looking von Neuman-Morganstern consumer-investor
make his choice in the first period if he knows that he will choose (¢},v3) in
the second period? As Strotz suggests we assume that he simply treats his "fu-
ture misbehavior" as a constraint and makes a first period choice that is, in the
game theoretic language of Peleg and Yaari, a best response to (c5,73). The
best response to (c3,v3) is

(c1,71)

1 B UG -1
= rgmatV] | B[ 81— 0 (695, 72) 7
C1,71

1 ~ * K oo
— agmax | 1| B[+ B0 - el g 4 v (g )

(c1,71)

It is natural to ask how the consumer-investor’s second period choice is
affected by his ability to commit to a choice in the first period. In fact we can
demonstrate the following proposition.

Proposition 1 Suppose that
1—p>(<Qa.

In that case, for all x1, the consumer-investor acts as if he were more (less) risk
averse in the Kihlstrom-Mirman sense when he commits to

(2 (1), 92 (1))

in the first period than he does when he chooses
(c3.73)
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in the second period. Also, in this case, increases in x1 cause the consumer-
investor to act as if he were less (more) risk averse in the Kihlstrom-Mirman
sense when he commits to

(G2 (1) 72 (1))
in the first period.

The proof of this proposition is in Appendix 1.

4 The Infinite Horizon Case:

We now suppose that the consumer-investor looks forward to an infinite lifetime.
He begins the period ¢ with initial wealth, W;. His consumption in period ¢ is
C. The fraction of W; consumed in the first consumption period is ¢;. In each
period, savings, which equal (1 — ¢;) W ¢, can be invested in a safe and a risky
asset. Thus, in each period, the consumer-investor must also choose the fraction,
v,, of period ¢ savings to invest in the risky asset. In each period, the safe asset
return is 7y. The realized return on the risky asset is ;. The random variable
of which r; is the realization is 7;. We assume that the 7,’s are i.i.d.. We again
define the realized excess return on the risky asset as

Ty =T —Tf.
This is again the realization of the random variable
Ty =Ty —Tf.
Period t + 1 wealth is
Wigr = Wi [L =] [y + 73] -
and consumption in the period t is

Ct = CtWt.

4.1 The "Consistent Planning" Approach with "Forward
Looking" von Neumann Morganstern Preferences

In discussing, forward looking preferences in this infinite horizon setting, we are
once again going to assume that, in each period, the preferences are CES and
exhibit CRRA risk aversion in the Kihlstrom-Mirman sense. Furthermore, the
elasticity of substitution and the level of relative risk aversion are the same each
period.
Thus, in period ¢, the forward looking von Neuman-Morganstern consumer-
investor maximizes
1—a
s o 1 P - T AP ’
EU (G, {OHT}T:) ——FB|(cr+ Y 5Cr,

T=1
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The risk neutral case is that in which

D=

(Cta {CtJr‘r}T 1) (Cp + Z BTCerr)

T=1

The Kihlstrom-Mirman relative risk aversion of

- 1 0 . “r
U(CeACrr}rin) = 17— (Ctp +Y 8 Ctp+r> (15)
T=1
is a. For all v, the elasticity of substitution of (15) is
1
=1

In this situation, the need for "consistent planning" again arises when

l—p#a

and when the consumer cannot commit to the choice of (Ct+7—> o +7-) in period
7 > 0. Thus, when the consumer chooses (ct,7y,) in period t he anticipates
his future choices {(CHT, Y4 +T) }il . Because the consumer investor faces the
same problem in every period, the equilibrium is one in which his choice in every
period is the same. Specifically, for all ¢, (¢t,v,) = (é,%) where (ct,7,) = (&%)
is a best response to the fact that for all, 7 > 0, (ci4r,7¢4,) = (¢,%) . Thus,

(¢,9)

= angmax (B [(@W3) + BWY (1= o fry 93" (0 (B4} 720 (690 7

= argmax (B[ 4 81 Iy 200 ()20, D T )

where, for each possible sample path of excess returns, {zs4-} ;.

v ({xt+‘r}f-0:1 ,(67)) (17)

= P+ [rp+yza)’ v {zie 2, (67)

It is easy to check that when

v}y () = |14+ 30 87 [ = T] Iy +wess)?
=1

s=1

(17) holds.

Since we are going to apply this approach to derive the equilibrium in the
Lucas asset pricing model, it is useful to describe the consistent planning equi-
librium for the case in which there is no riskless asset. In this case, the consumer
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simply chooses ¢; in each period. Once again, the consumer-investor faces the
same problem in every period, and the equilibrium is one in which his choice
in every period is the same. Specifically, for all ¢, ¢; = ¢ where ¢; = ¢ is a best
response to the fact that for all, 7 > 0, ¢, = ¢. Thus,

¢ = argmax (E [((th)p + BWE L =’ 7 (v ({Frarboo ,é)))lgﬂDm

c

= ar%fcgl)ax (E [(cp + B[ =’ 7 (v ({Frgrtoo, aé)))%}> o

oo
T=1"

o ({ren 2y ) = @+ BIL— Al (rpsn )2y v0). (18)

It is easy to check that when

where, for each sequence, {ry .}

v({rerr )iy ,0) = ¢

1+Y BT [1-d" Hn’;s] (19)
=1 s=1

(18) holds.

Andrew Postlewaite has pointed out that when we follow Peleg and Yaari
and interpret the equilibrium just described as an equilibrium of the Stackle-
berg game between the current consumer and the future consumer-investors, this
equilibrium is not unique. The problem is that, in infinite games of this type,
subgame perfect equilibria can exist in which the current consumer-investor an-
ticipates punishment by the future consumer-investors if he does not deviate in
particular ways from the equilibrium just described. Nevertheless, the equilib-
rium just described does seem to be the natural one to consider. In fact, Andreu
Mas Colell has pointed out that this non-uniqueness problem arises even in the
additively separable case. In that case, it has never been an obstacle to focusing
on the outcome just described. We describe that case in the next subsection.

4.1.1 The Additively Separable Case
As we have noted, the additively separable case is a special case of the model
just described. This case arises in our approach when
l—a=p
which, of course, implies that

g = —.
«

In that case, the fact the {Z;1,} -, are i.i.d. implies that
1-a
B (W) + WY (L=’ Iry + 73] (0 ({@er Y320, @) 7 |

= (@) Wi = T Bl + 9@ T B (0 (#0012, (@3)] -
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Thus, (16) reduces to

(&4) (20)
= argmax |(cW;)' " + Bul W1 — oY By + 7@]1—“}
() -
= argmax 1= 4 gyl=e M- " “Er;+ 'yi:t}l_a} e
(e7) -

1 —a 7
= argmax } {Clia + B0 L= T Efry + 4] ]
(en) Ll-o
where
o' = B ({#4.)72,(69) )
= Ty -t Uffl_a)T]
T=1
— él—(){ 1
1— ﬁ [1 _ é](lfa) Efl—a
R |: 1 :| ~l—a
4 = arg max Er.
Y L-
and
T = T+ ATy
The solution is 1
s ] (22)

1+ (Bul—oEf )=
Substituting (22) in (21) and solving for v the result is

17—
i = [1 — (BEF) a} . (23)
Substituting this in (22) yields
o= [1- (B ")"]. (24)
Note that ¢ is positive only if
1
— > Bttt
g

When v and ¢ satisfy (23) and (24)

Ulfoz — {élfa + B,Ulfa [1 - é]l—a E,’:lfoz}
so that

v = max [CH AL = T By + m]“ﬂ e (25)
C”Y
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4.2 Epstein-Zin and Weil

In the current setting, the EZW approach yields an equilibrium in which the
optimal choice for (¢, 7,) in each period, ¢, is

(,4) = argmax K(cw)" +8[E(V Wi - dir @) )] “‘) ]
(e7)
where V (+) solves the functional equation
V (W) = max K(cwy’ +8[E(V W L= dlry+a) )] “‘>
(e:7)
The solution to the functional equation is
V(W) =vWW. (27)

Using (27), (26) becomes

vW = max l((cW)p +5 [E ((UW (1—c][rs + ’th])l_a)] ) ] :

(¢,)

So solving the functional equation reduces to finding v that solves the equation

v = max
(¢,7)

(cp + B[l —d° (E [ry + fyi:t]H“) 1p"> ;] . (28)

A well known advantage of the EZW is its tractability. In this example,

(¢,9) = arg max
(e7)

(d’ + B [1—¢)f (E rs + m]l—“) ) ;] . (29)

and the solution can be found by first noting that

1

4 = argmax [E [rs + vit]l_a} B (30)
v
_ Elry+ Wt]l_a]
= argmax | ————1|,
~ l1-—a
and
1
¢ = argmax [(cp + BvP 1 -]’ (Efl_a)ﬁ) p] (31)
1

1 b
1—p

1+ (Bor (Bi1—o) ™7
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where
T =71+ Y. (32)

It is clear from (30) that 4 depends only on the relative risk aversion measure
« and is independent of p. As mentioned in the introduction, this is a feature
of the EZW optimal portfolio has been noted by a number of authors.

Using the expression (31) that determines ¢ we can solve (28) for v to get

p—1

15
v= [1 ~ (B (B )T ] (33)
which is positive if and only if

% > (BT

Thus, V (W) becomes

V(W) = [1(5(37:1&)15@)1“’} " w

Also the expression for ¢ simplifies to
o
&= [1 — (B (BF)™F) } : (34)

In this approach, « is interpreted as the measure of relative risk aversion.
The elasticity of substitution is of course

1

IL—p

When the EZW approach is applied to derive the equilibrium in the Lucas
asset pricing model, there is no riskless asset. For this case, in each period, the
consumer simply chooses ¢; = ¢ where ¢ satisfies (34) and

= (35)

In this case, (28) is replaced by
Nt
v = max [(c” + BvP 1 — ¢’ (Eftlf‘”‘) 1‘”) p} .

In this case, v is again given by (33) where now 7 is as in (35).
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4.2.1 The Riskless Rate When the Riskless Asset is in Zero Net

Supply

Before leaving the discussion of the EZW approach, it is useful to interpret
the EZW equilibrium just described for the case of no riskless asset as the
equilibrium of a constant returns to scale production economy in which 7 in the
marginal product of capital. When a risk-free asset is introduced but is in zero
net supply, the return on the risk-free asset, r,will have to be such that

f=

1 =4 = argmax [E [ry+ ’yﬂNCt]lfa
¥

The first-order condition satisfied at 1 = 4 implies that

Ty = E*ft (36)
where )
Er e
J O P p— 37
"= B (37)

is the risk neutral expected value of 7;. Note that, as Weil asserted, the equity
risk premium

E7y E7,

Tf o E*’I:t
is independent of p. This is the reason that Weil asserted that “If the dividend
growth process is i.i.d., the risk-premium, when appropriately defined, is inde-
pendent of the intertemporal elasticity of substitution, and thus is the same
whether or not the time-additive, expected utility restriction is imposed.”

4.2.2 The Additively Separable Case

This case arises when
l—a=p
which, of course, implies that
1
o=—.
!
In this case, (33) and (34) reduce to (23) and (24) respectively. Also, (28) and
(29) reduce to (25) and (20) respectively.

5 The Infinite Period Lucas Asset Pricing Equi-

librium
Assume that the Lucas tree dividends are 5; and that

St4+1 = Gi+15¢-
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We assume that the dividend growth rates g; are i.i.d. and that
Pr(g: >0)=1.

Let g be a random variable with the same distribution as §; for all ¢t. Let P (s;)
be the period ¢ price of the tree. Then the return on savings invested at time ¢
is

sey1 + P(st41)

P (st) (38)

T (St41,8¢) =
Now, in equilibrium, wealth in period ¢ is
Wt (St) = S + P (St) )

consumption in period ¢ is s; and savings in period ¢ is P (s) .

In what follows, the assumption that the growth rates g; are i.i.d. will make
it possible to describe an equilibrium in which ¢; is the same in every period t.
When, for all ¢, ¢; = ¢, then

o=t
a St + P (Sf)
and
. P(sy)
St + P (St) '
This implies that the price dividend ratio is
P(s) 1-¢
St - C
and that
1—¢
P(s) = S¢- (39)

Substituting (39) in (38) we get that

Tegr = T (Se41,5¢) (40)
1 si1

1—¢ s

1

STy

5.1 The "Consistent Planning" Approach with "Forward
Looking" von Neumann Morganstern Preferences

In this case, for all ¢, ¢; = ¢ where

o= angm (E (€4 611 - 5 017020 7))
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oo
=1

14> 8 1-d" ] rfﬂl . (41)
T=1 s=1

where, for each sequence, {ry .}

v({rigr}rsy ) =

Using (40), (41) reduces to

v ({Tt+f}:i1 ;) (42)

1 [ee)
v r ,C
1— égt+ .

= 0 ({9+-}721)

where

0 ({ge4-}721) =

ST (1)
=1 s=1

In what follows we will assume that for all possible sample paths of growth rates
{gt+r}ii1 -
0 ({gt+T}T:1)

is finite. As it turns out this is quite a restrictive assumption. We devote a
separate brief subsection below to the discussion of this issue.
The first order condition for ¢ is

B @+ B[ =87 (0 (e}, e)) 7 (e = BlL= a7 o (e 32, 0)) | =0
(44)
Substituting (42) in (44) yields

E {(1 O <1 B [1;} gfé)] ~0

0 =0({ger-122,)-

where

Solving this we get

P(s) _ {10] 45)

St ¢

l1—a_4

ﬁE[(Hﬁgfé) p (9{’9)]’

I—a_;

E (1 + Bgfé) ’

which implies that

loa 4

E(1+ﬂ§£’é> ’

é:

11—«

E(Hﬂéfé)T
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and
l—a -1

BE [(1 +830) (gf?))} |

l—a

1—¢= gy
B (1+538) ’
To begin to interpret the expression (45) suppose that a risk-free asset is

introduced but that it is in zero net supply. Then r¢, the return on the risk-free
asset will have to be such that

1= = argmax (B [(@ +6(1 =+ (0 =) 0 ()2 0) 7))

Y

The first-order condition satisfied at 1 = 4 implies that we must have

1
Ty = E
where
ELC |
ﬁaE[(Hﬁéfé) ’ gf‘lé}
mo= l-a_

E (1 + Bgfé) ’

BE [(1 + ﬁgfé)l””gf‘lé}

E (1 + Bg}fé) ’

Since, in equilibrium the riskfree rate ry must equal the marginal rate of sub-

stitution between a sure dollar of additional of additional growth in period ¢

and a sure dollar of consumption in period t — 1, % must measure this MRS.
Letting

RN
E[(l—kﬁﬁf@) ’ gfe}
E*gt: 1o (48)
E[(Hﬁgf?)) ’ gflé}

we can interpret £*g; as a "risk-neutral" expected growth rate of consumption
and Y-

E* g

(1-¢)

as the "risk-neutral" expected return to the Lucas tree. We can also easily show
that

* ~
E’I"t:

E* g < Eg;. (49)
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and we can rewrite (45) as

St ¢
m ~
= —E'g
_ E'
rfé
which implies that }
1—e=E0, (51)
rf
Equations (49), (50) and (51) also imply that
E*g, Eg Eg

-9 (-8 "By
The risk premium on the risky asset represented by the Lucas tree is
E7F Eg

vy By

(53)

This is our main result. It implies that the equity risk premium is determined
by

l1—a

. E [(1 + Bgﬂé)lp_ gpé} o

E {(1 v ﬁgpé)%ufl gp—lé]

which, in general, depends on both the elasticity of substitution

and the risk aversion o.

5.1.1 The Additively Separable Case

Note that when we are in the additively separable case and

a=1—-p
(54) reduces to
e Egl—a
Erg= g o (55)
and
m=[BE§g .
so that
1
Ty = T —a
BEG,
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5.1.2 When is 0 Finite? An Example:

As noted above, our approach is based on the assumption that, for all possible
sample paths of growth rates {gi+r} -,

Al g;;s]
=1 s=1

is finite. We also noted that this turns out to be quite a restrictive assumption.
To see why this is so let’s consider the example in Mehra and Prescott [1985], in
which g; € {.982,1.054} . In their formulation the i.i.d. case arises when these
two growth rates are equally likely. Assume also that 8 = .97. On the sample
path for which, for all 7, g;1. = .982, we have

0 ({gt+r}ioz1) =

0 ({gisr)o2,) = 14+ 552, (97 -.9827)7

and this sum is finite only when .97 - .982” < 1. Thus, for this sample path,
0 ({gt+-}.2,) will be finite only if p > —1.63 and o = ﬁ > .38. In the
Mehra-Prescott example, this is the lower bound restriction on the elasticity of
substitution required for existence of equilibrium in our approach.

5.1.3 The Equity Risk Premium in the Non-Additively Separable

Case

Since the equity premium in (53) rises as E*g falls, it is natural to ask when

l1—a

E [(1 n ﬁgﬂé) v gﬂé} -
By o

(56)

l-a 4

E{(1+6§ﬂé) ’ gﬂ—lé]

The left hand side of (56) is E*g in our model when

a#xl—p

and the right hand side of (56) is £*§ in the additively separable case that arises
as a special case of our model when

a=1-p.

Because the equity premium in (53) is inversely related to E*g, (56) asserts that
the equity premium implied by our model exceeds the equity premium obtained
from the additively separable case. Kothcerlakota has pointed out that the
following proposition is true.
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Proposition 2 (Kocherlakota) Inequality (56) holds when and only when
a<l—np. (57)

The proof is given in Appendix 2.

It is perhaps interesting to note that (57) is also the condition under which
the consumer-investor acts as if he were more risk averse in the Kihlstrom-
Mirman sense when he commit to future consumption-portfolio plans for than
he does when he makes his consumption-portfolio choice in the future. In the
Epstein-Zin approach (57) implies that late resolution of uncertainty is preferred
to early resolution of uncertainty. It must be emphasized, however, that unless

a=1-p.

the Epstein-Zin risk-aversion measure has a different interpretation than the
risk-aversion measure of our approach.

This proposition implies that, as noted in the introduction, our model yields
a higher risk premium than the standard additively separable model only when
the elasticity of substitution, o = ﬁlp in our model is exceeded by the elasticity
of substitution é of the additively separable model. When we combine the
inequality (57) with the inequality

p>—1.63

required for existence of equilibrium in the example of the previous subsection
we have

o < 2.63. (58)

This is the upper bound on the risk aversion measure that limits the ability
of our model to deliver a large risk premium. It is only when (58) holds that
equilibrium in our model exists (for the example) and our model yields a higher
risk premium than the additively separable model.

5.1.4 The Effect of Risk Aversion on Savings in the Non-Additively

Separable Case

In the analysis of the two period consumption savings model without a riskless
asset Kihlstrom-Mirman [1974] savings were shown to increase (decrease) with
risk aversion if the elasticity of substitution is less (greater) than one. Essentially
the same result was obtained by Diamond-Stiglitz [1974]. The proposition of this
section obtains an analogous result for the equilibrium savings level in the Lucas
asset pricing model just described. We demonstrate that 1 — ¢ is a decreasing
(increasing) function of the risk aversion parameter o when the elasticity of
substitution is greater (less) than one. Because of (40) the equilibrium return
will rise for each possible level of growth if saving decreases. Thus, an increase
in the risk aversion parameter will raise the equilibrium return for each possible
level of growth if the elasticity of substitution is greater (less) than one.
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Let ¢ (a) be defined as the solution to

E [(1 +,8§Pé)177a71 (1 _ B {li(?()a)} gpé)] —0.

Proposition 3 1 — é(a) is a decreasing (increasing) function of a if o (p) =
1

— > (<)L

1-p

The proof is given in Appendix 3.

Corollary 4 For each g, the equilibrium return

r= g
1—¢(a)
is an increasing (decreasing) function of « if o (p) = lflp > (<) 1. This, of
course implies that the equilibrium expected return
o
P
1-¢(a)
is an increasing (decreasing) function of o if o (p) = 2= > (<) 1.

5.1.5 The Effect of Risk Aversion on E*g and the Equity Premium?

We would expect an increase in the risk aversion measure « to result in a
decrease in the risk-neutral expected growth rate

E*g
and an increase in the equity premium

Eg
E*§’

As the next proposition demonstrates this turns out to be true under some
conditions on the parameter values.

Let
N
E|(1+850) 7 (gﬂ&)]
Erj= ——
E|(1+8500) (gplé)]

Proposition 5 Suppose that p < 0 and

l—as<p
or that p > 0 and

l-—as>p
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Then
g < O

implies
E;g > ETg. (59)
The proof is in Appendix 4.

5.2 Epstein-Zin and Weil
In this case we have already noted that when a risk-free asset is introduced but

is in zero net supply, the return on the risk-free asset, r¢,will have to will be
given by (36). Substituting (40) in (37) yields

1
E'ry = ———FE%q. 60
Tt (1 _ é) gt ( )
where .
N O
B =0 (61)
Eg;

which can once again be interpreted as a risk-neutral expected growth rate.
Substituting (60) in (36) yields

1 .~
rf = mE gt. (62)
We again have
E"gy < Ege
Equation (40) also implies )
B = 29t (63)
(1-2¢)
Combining (62) and (63) we obtain the expression
Er Eg
AL L (64)
Ty E*g,

for the equity risk premium. Note that the expression (61) for E*g; is the same
as in the additively separable case. This expression also implies that the EZW
equity risk premium in (64) is independent of p.

(34) implies that

1

L—é=(B(Br) )" (65)
Substituting (40) in (65) yields

(1-¢)= B (Eg")T~ .
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When this expression is substituted in (62) the result is

e

Tf = —
BEG, “

6 Summary

In this paper we have proposed a dynamic consumption-savings-portfolio choice
model in which the consumer-investor maximizes the expected utility of a non-
additively separable utility function of current and future consumption. The
non-additive separability coupled with the fact that the consumer-investor’s
expected utility is independent of past consumption implies that his choices are
not dynamically consistent. If he could commit himself to future consumption
plans he would make plans that he would not choose to carry out in the future if
he were then free of past commitments. In the face of this dynamic inconsistency
we follow the “consistent planning” approach of Strotz [1956] and assume that,
when making his current choice, the consumer-investor will “take account of
future disobedience;” he chooses a consumption-portfolio plan for the future
that is, as Strotz asserted, “the best plan among those he will actually follow.”
Our approach can also be interpreted from the perspective taken by Peleg and
Yaari [1973] if we view the current consumer-investor as a leader in a leader
follower game in which the followers are the same consumer-investor at future
time periods. Current choices are best responses to the choices he expects to
make in the future.

Our model uses the measure of risk aversion suggested by Kihlstrom and
Mirman [1974] and [1981]. Preferences for consumption streams are CES and
the elasticity of substitution can be chosen independently of the risk aversion
measure. When the elasticity of substitution is the inverse of the risk aversion
measure our model reduces to the additively separable model.

We refer to our approach as one of “consistent planning” by a “forward look-
ing” expected utility maximizing consumer-investor. We introduce the approach
and discuss the dynamic inconsistency in a three period setting. We then de-
scribe the infinite horizon version of the model for the case in which risky asset
returns are i.i.d. Since the standard additively separable model is a special case
of ours we can easily compare that special case to our general model by simply
noting the form our model takes when the elasticity of substitution equals the
inverse of the risk aversion measure. Since our approach is an alternative to the
widely used non-expected utility, recursive approach of Epstein-Zin and Weil
we also compare our model to theirs.

Finally we apply our approach to investigate the equilibrium risk premium
obtained in the Lucas asset pricing model. We find that, in contrast to the
Epstein-Zin and Weil approach, the risk premium obtained from our approach
is affected by the elasticity of substitution as well as the risk aversion measure.
Indeed, our model yields a higher risk premium than the additively separable
model only when the elasticity of substitution in our model is exceeded by
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that of the additively separable model. This parameter restriction together
with the parameter restrictions required for the existence of equilibrium in our
model impose limits the size of the equity premium implied by our model when
consumption growth is assumed to be i.i.d. We have yet to investigate the case
of non- i.i.d. consumption growth.
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8 Appendix 1:

Proof. Proposition 1: Let

h(U) = [1%] (AP +UP) T
Then
W (U) U
B= oy
 [aUP+ (1= p) A7)
(a7 -+ 07)
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and
OR [1—p—a]pUrAr—!

94~ (A5 + Ur)? > (<)0

when
1—p>(<)a.

Note that when A = 0, maximizing

En(0) =E L ! }Ul—a.

—

which is what the consumer-investor maximizes when commitment is impossible
and he chooses

(c5,73) -
When he can commit

C1

AZA(l‘l): > 0.

B7 [L—&][ry + A1)

So the consumer-investor acts as if he were more (less) risk averse in the Kihlstrom-
Mirman sense when he chooses

(2 (21), 92 (1))

in the first period than he does when he chooses

(c3,73)
in the second period.
Also since
A ($1) <0,
OR
— < (>)0
oz, <)
when
1—p>(<)a.
This implies that, when
1—p> (< a

increases in x; cause the consumer-investor to act as if he were less (more) risk
averse in the Kihlstrom-Mirman sense when he commits to

(2 (1), 92 (1))

in the first period. =
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9 Appendix 2:

Proof. Proposition 2: This follows simply from the fact that

l—a—

= (g 80) T g

1—a
P

(14 Bg"0)

which implies that

-«

E {(1 +5gﬂé) ’ _1gpé} E [(gp +5é) e glaé]

l—a = l—a—p ° (66)
E{(Hﬁgpé) ’ gplé} E[(g-u 59) ’ g—aé}
When (57) holds
Egl—(x
g<(>) B
implies
- —p 1*%/3
_ 1oz Eg ™«
P P
(97" +89) > ( )<[E§ a} +59>
So, for each 0,
3 l—a—p Eglfoz Eglfa -pP _P_ Eglfoz
P P — —
(97" +B0) (g E§a>9< ([Ega + 36 9= Foa 0
and
1 ~1—a ~—q ~1—a ~1l—a] P lﬂﬂ) ~1—a ~1—a
. Lo (g™ g Eg Eg Eg— Eg
Pl o0 (e gy ) )Y < E<{E§—a o By By )"
= 0.
Thus, for each 6,
ElGe+p0) 7 g0 gy

El(gr+80) 7 g0 S B

Taking expectations over § and using (66), (67) implies (56). Note that when
(57) is reversed a parallel argument implies that the inequality (56) is reversed.
[

10 Appendix 3:

Proof. Proposition 3: Assume that
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Use the fact that, for each

g < 0.

0,
(+8g70) 7
= (14 890) T (14 gr0)
If p > (<) 0, then
oo <o 552
when : (o)
Cc(Q
t<o |25
and —
o e [5782)
when : (a2)
C Q2
b0 [1 —é(az)} g0
So, for all g and 6
(1+8920) 7 (1 g0 7 15[ 202 o)

> (<) <1+ [lfé(%)

¢ ()

if p > (<) 0. Thus,

l- g7

1+ 850) 7

< _
Non

I
%]
—
+
s
Qe
>
e

1-— é(OéQ)

¢(az)

> (<)<1+{
=0

1oy 4

= B(1+850) °

This implies that

Q2—a]

)

o

9) " (1+850)

Q2]

)

il

(1+ Bg20) 7! [1—ﬁ[

¢ (a2)
1—¢(ag)

l—ag -1

E (1 + 5gpé) ’

¢ ()

et )

- [ 77

1—

l-as 4

if p>(<)0. m
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11 Appendix 4:

Proof. Proposition 4: Note that

ﬂ—l Q2—ag ﬂ—l
(L+Bg"0) 7 =(1+Bg"0) 7 (1+Bg"0) *
When
g <
(1+Bg70) "
is a decreasing function of g. Thus,
9> (<) E3g

implies
ag—aj ag—ay

(1+B8g°0) 7 <(>)A+p(E;9"0) 7 .
We then have, for all g and 6,

lar g .
(1+8g"0) 7 09" (g — E39)
ag—oq 1-a

= (1+Bg°0) 7  (1+Bg°0) 7 0" (g — E3q)
09°~" (9 — E33) -

< (1+8(E39)"60) 7 (1+Bg°0)

l—ag
lmaa g
P

Taking expectations over g,

) |

r o lmey g e onp g 22701 o lmea g .-

E[(1+85°0) 7+ 05 (G- B3g)] < 1+ B(E39)°0) 7 E[(1+83°0) 7+ 05" (5 - E3g)] -
- (68)

and taking expectations over 6 we have

[ RNt N L\ Q2= RN
E|(1+8570) © 0 (G- Eig)| < B ((1 +8(E39)"0) T |(1+850) T Bt (G- Esg)

) (69)
We will have (??) if we can demonstrate that

- Qo] - a2 -1 _
E <(1 +8(E39)0) (1+850) 1) ) <0. (70)

Now let 6y be defined by

l—ag

E[(1+83000) + 005" (5 - E3g)| = 0.

Then

l—a

E[(1+5560) 7+ ' 5]

E[(1+55000) 7 g1

= E3g
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We will show below that
l—as>(<)p

implies that
El1+80) 7 ]
B [(1+8g06) 7" go]

is an increasing (decreasing) function of §. Thus, when

l—as>p
Ela+80) 7 ] El(1+6500) 7 ' ]
~ 1oy 4 _ >(<)E;g: N oy 4 _ .
B[(1+8g6) 7" g E[(1+ 8g760) +* 7 1]
and e
E|1+8300) " 10577 (5 - B39)| > ()0
if
0 > (<) by.
When
l-—ax<p
we have
El(+80) 7 ] El(1+p5600) 7 ]
—a 7 < () Eg= T
B[(1+8g00) 7" o] E[(1+ 8g760) +" 7 g1
and o
E[(1+830) 7 10377 (5~ B3g)| < (>)0
if
0 > (<) bo.
If we also assume that
p<(>)0
then the fact that
g < 0
implies that

(1+ 8 (Es5) )
is an increasing (decreasing) function of §. Thus, when
p<0
and

l—ax<p
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or when
p>0

and
l—as>p

the inequality

Qa1
P

(1+6 (B39 0)" 7 B[(1+650) 7"~ 037 (5 - F39)]

< L+ BB 00) 7 B[+ 8370) 7 057 (5 E3g)]

holds for all #.Taking expectations over 6

Qp—a]

E ((1 +8(E39)0)

l—ag

(1+690) * 0 (5 E5a)

>(71)

The right hand side of the inequality in (71) is zero by definition of F3g. So (70)
holds if

loap

(1+89°0) © 03" (5 - B3d)

ag—a

< (1+B(B35)60) 7 E

p<0
and
l-—as<p
or
p>0
and
1—as >np.

The proof is complete if we can show that

E[(1+8g00) 7 ]

B [(1+8300) 7" o

is increasing (decreasing) in 6 when
1—as > (<)p.

Using a generalization the argument employed above to obtain (68) we can show

that
FEuyg (9:0)g
Euyg (g;0)
is increasing in @ if the absolute risk aversion measure
_Ugg (9:0)
ug (g;9)
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is decreasing in #.Note that when

1—ag
P
)

u(g;0) = (1+ Bg"0)
the risk aversion measure

_Ugg (9;0) _ g(l—az—p)
ug (9;0) (1+ Bgr0)

is decreasing (increasing) in 6 when

+ aag

l—as>(<)p

Thus,

l-as 4

B (g:0)5 _ P {(1 +55%0) 7 gp]
Eu'(g;0) g [(1 + 59;}9)%—1 gp—l:|
is increasing (decreasing) in 6 when

1—as > (<)p.
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