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Abstract

I construct a model of educational choice where high-school graduates can decide

whether to enroll in 2- or 4-year Colleges in an environment with uncertainty about future

income �ows. Uncertainty is linked to observable characteristics of high-school graduates.

There will be sorting in the initial enrollment status. During tenure as students, agents are

faced with exams that can induce updating of beliefs about future income streams. This

updating generates that students decide to dropout or transfer to a di�erent educational

institution.

This paper has four main contributions to the literature. First, it provides a model of

educational choice that incorporates both 2-year and 4-year where dropouts and transfers

are endogenously determined. Second, it provides evidence suggesting that part of the

gap between returns to College education for the marginal student and work found in

many studies can be explained by incorporating 2-year Colleges. Third, it provides a

link between heterogeneity and uncertainty that can potentially explain attrition rates.

Fourth, it provides a set of testable predictions. Finally, it discusses a set of instruments
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that can be used to provide insurance against the market incompleteness that arises from

the uncertain environment.
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1 Introduction

(CHANGE)

Many empirical studies analyzed labor-market returns to 4-year College graduates and its

relation to the apparent low enrollment and graduation rates attached to 4-year Colleges. A

few studies extended the analysis to labor-market returns to 2-year College graduates. Of the

former, Altonji 1993 [1] introduces the notion of uncertain outcomes into the educational choice

problem faced by high-school graduates. Among others, Cunha-Heckman 2007 [8], Carneiro-

Hansen-Heckman [6], Keane-Wolpin 1997 [19] and Keane-Wolpin 2001 [20], introduce the

notion of psychic costs. Psychic costs are modeled as an unobservable (for the econometrician)

idiosyncratic component of utility function or income process and are estimated to have high

predictive power in terms of College enrollment. An implicit result of Cunha-Heckman 2007 [8]

is that there exists underinvestment in 4-year College education.1 Of the later, work by Kane

and Rouse [16, 17, 18] and Grubb [11] �nd that 2-year college graduates enjoy an increase in

their wage pro�les. All of these models are silent regarding the option value of dropouts.

Recent work by Heckman and Urzua [13] extends the analysis to allow high-school gradu-

ates (and GED takers) to decide between enrollment in 2-year or 4-year College in an environ-

ment where dropping out belongs to the set of strategies available to the student. They �nd

that the option value of dropping out is more important in setups with learning about ability

as opposed to con�gurations where learning about ability is not available. Further, they show

that measures of ex-post returns tend to over-represent returns to education as option values

are not present there. Opposed to it, they show that ex-ante returns, that account for the

option value, seem more reasonable.

In this paper I construct a model of educational choice where high-school graduates can

decide whether to enroll in 2- or 4-year Colleges in an environment with uncertainty about

future income �ows. In the model, uncertainty is linked to observable characteristics of high-

school graduates and as so there will be sorting in the initial enrollment status. During tenure

as students, agents will be faced with exams that might induce updating in beliefs about future

1Judd 2000 [15] perform a portfolio analysis comparaing 4-year Colleges with investment opportunities of
same risk and liquidity. Judd's results also suggest underinvestment in education.
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income streams. This updating will generate that students might decide to dropout or transfer

to a di�erent kind of educational institution. For previous work on the topic, Ozdagli-Trachter

2008 [26] analyze a simpler version of this model for the enrollment/dropout decision to 4-

year Colleges. Miao-Wang 2007 [23] follows a similar strategy to understand entrepreneurial

survival.

This paper has three main contributions to the literature. First, it provides a model of

educational choice that incorporates both 2-year and 4-year where dropouts and transfers are

endogenously determined. Uncertainty, and thus risk, will play a crucial role in the model.

Then, oposed to many papers in the litarature, I work in a risk-averse environment. Second,

the paper provides a link between heterogeneity and uncertainty that can potentially explain

the attrition rates. Heckam-Urzua 2008 [13] works in an environment where the ex-ante

expectation of uncertainty (given by θ in their paper) is 0 at time 0 for every agent. I model

the relation between uncertainty and heterogeneity in a tighter way. As so, there will be a

stronger link between initial heterogeneity (and its distribution) and the dynamic educational

paths of each student. Third, the model provides a set of testable predictions

The paper is organized as follows. Section 2 presents evidence about the di�erences between

2-year and 4-year Colleges. Section 3 introduces the model's environment. In Section 4 I

analyze models with no learning an discuss their limitations. First, I solve the model with no

uncertainty in order to suggest that an environment with uncertainty is a necessary condition.

Second, I introduce uncertainty and analyze its limitations. In Section 5 I introduce learning

into the model in order to generate �ows as observed in the data. Section 6 presents a set of

testable predictions implied by the model. In section 7 I simulate the model. In section 8 I

discuss the estimation strategy and attempt to estimate a simpler version of the model.

2 Understanding Post-secondary Education Dynamics and the

role of Academic 2-year Colleges

In this section I present evidence of the role played by Academic 2-year Colleges on Post-

secondary education. Figure 1 shows that the fraction of freshmen enrollment in 2-year
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Work V.S. A. 2-year 4-year

men 0.49 0.41 0.54 0.52

black 0.11 0.12 0.08 0.1

Father_LHS 0.516 0.38 0.3 0.21

Father_HS 0.324 0.4 0.34 0.29

Father_DR 0.11 0.15 0.21 0.19

Father_C 0.05 0.07 0.15 0.3

Socio_Low 0.41 0.3 0.2 0.17

Socio_Med 0.50 0.58 0.55 0.41

Socio_High 0.08 0.12 0.25 0.42

Rank 0.495 0.44 0.4 0.27

Table 1: Sorting. Proportion of initially enrolled in a given type of institution (or joining workforce) with a

particular charactersitic. Father_LHS: maximum educational level of father less than high-school. Father_HS:

maximum educational level of father is high-school degree. Father_DR: maximum educational level of father is

taking some classes in College. Father_C: maximum educational level of father is College degree. Socio_Low,

Socio_Med, Socio_High: socioeconomic status of family. Rank: ratio of rank in high-school class to total

enrollment in class.

Colleges2 is not a negligible fraction of total freshmen enrollment. In fact, as discussed in

Betts-McFarland 1995 [3], 2-year Colleges absorved most of the increase in Post-secondary

education during the 80's.

2-year Colleges combine academic and vocational courses.3 Table 1 shows that there is

sorting in terms of observable characteristics of ability into the di�erent kind of academic

institutions (Vocational School, Academic 2-year Colleges and 4-year Colleges) and work. The

option value for Vocational School students that arises from the transfer option is small as it

can be inferred from Appendix B, where it can be observed that very few students transfer

from or into Vocational School. I will show that the value of this option seems to be important

for students that enroll in Academic 2-year Colleges as it will be suggested by the transfer

patterns and the Internal Rate of Returns.

The set of Post-secondary institutions represented in my dataset is a combination of 4-year

colleges (from now on College) and Academic 2-year Colleges (from now on Junior College).

In October of 1972, of the full set of individuals available in my dataset4, around 56%

reported been working and with no participation in a post-secondary institution and 44%
2includes Vocational School
3there are some Colleges that specialize in a particular type of education.
4see Appendix A for a detailed description.
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Figure 1: Time series for the ratio of Freshmen Enrollment at Junior College to Freshmen

Enrollment at College. The dotted line plots the average.

were enrolled in a post-secondary institution. Of the set of individuals listed as students,

62.7% were enrolled in College. Table 2 and 3 present di�erences in aggregate patterns for

students initially enrolled in College and Junior College. Table 2 shows that (1) graduation

is much less likely at Junior College, (2) the transfer option seems to be important only for

students initially enrolled in Junior College, and (3) many students dropout in both types of

institutions (but more in Junior College). Table 3 provides some details for the dynamics of

transferred students, among them we have that (1) graduation after transfer is more likely for

students that transfer from Junior College to College, and (2) among students that transfer

from Junior College to College, those with an Associate's degree never graduate in College. The

proportion of students that become dropouts and those that transfer are decreasing functions

of time (Figures 2 and 3).

Gross returns (change in wage relative to individuals that didn't attend school) also exhibit

important di�erences. Table 4 presents the results of a regression using as dependent variable

the log of wages and as independent variables time in a particular institution, dummies for

graduation and variables that measure the agent's ability. As in Kane-Rouse 1995 [16], years

of schooling (either in College or Junior College) increase returns and graduation in College
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is associated with an increase in wages. As in Grubb 1995 [11], graduation at Junior College

has negative value.5 The �rst column of Table 5 provides the estimates for the cross-section of

agents, for College and Junior College dropouts and graduates. As expected, College graduates

enjoy higher returns that Junior College graduates.

Total cost of education also di�ers between College and Junior College. The average cost

of College in 1972 , in 1984 dollars, was 4784.4 (3725.8) . The average cost of Junior College

in 1972, in 1984 dollars, was 2608.4 (4507).

The sorting discussed above in terms of observable measures of ability, together with the

fact that transfers are very likely and graduation unlike and unpro�table, suggest that (a)

Junior College might serve as a stepping stone towards more challenging educational environ-

ments, and (b) the Internal Rate of Return (IRR) for the marginal agent enrolled in College is

not between College and Work but rather between College and Junior College. This argument

implies that part of the average IRR for College enrollment is explained by the IRR for Junior

College enrollment, potentially explaining the puzzle that arises from Cunha-Heckman 2007

[8], where the authors account for large returns for the marginal agent enrolled in College.

The IRR is the interest rate that leaves an investor indi�erent between the benchmark

investment (joining the workforce directly) and the di�erent con�gurations of education.6 In

column 2 of Table 5 I present the IRR calculations. First of all, note that the IRR for College

graduation (for students initially enrolled in College) is 3.2%. Cunha-Heckman 2007 [8] point

out that, as returns to College education are big, there exists a puzzle as enrollment and

graduation rates are low.7 My analysis suggest that, once direct costs of education (tuition,

room and board, etc) and foregone earnings are included into the picture, the return to College

graduation does not seem to be unreasonably high. Second, the IRR for Junior College

graduation is negative.

The fact that the IRR for Junior College graduation is negative raises the question of why

so many agents enroll in Junior College. Is it just an irrational decision? is that they missjudge

5Grubb's �ndings apply for 2-year College graduates with academic degrees that match the sample of
students enrolled in Junior College I am using here.

6see Appendix C for details.
7this analysis does not include the Junior College alternative.
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q = J,¬q = C q = C,¬q = J

% of initial enrollment in q that graduated in q 9.8% 55.4%
% of initial enrollment in q that dropped out in q 61.2% 42.4%
% of initial enrollment in q that transferred to ¬q 32.2% 2.2%
% of transferred from q to ¬q that graduated in q 10% 0%

Table 2: Aggregate Dynamics for students initially enrolled in instituion q.

their ability? or is it something else? the answer will be related to the stepping stone idea.

To answer this question I computed the IRR for for every agent that enroll in College

or Junior College independently of their graduation status, meaning that for each agent I

compute the IRR for any particular enrollment path (transfer, dropout, etc.). Table 6 presents

the results. Not surprisingly, as transfers from College to Junior College and uncommon, the

average gross return for College enrollment lies between the gross return for college graduation

and dropouts. The average IRR for College enrollment is 3.04%, somewhat smaller that the

IRR for graduation and dropouts, as students that transferred from College to Junior College

enjoyed lower wage pro�les. The average gross return to Junior College enrollment is much

higher than the one for Junior College dropouts and graduates as many students transfer

to College and everntually graduate. Further, the average IRR is 1.51% suggesting that the

transfer option is an important part of the value of Junior College, and thus provides compeling

evidence in favor of the stepping stone story.

Also, note that 50% of the average IRR for College enrollment can be explained by the

average IRR for Junior College enrollment.

An important disclaimer has to be made with respect to the IRR calculations. First, I

assumed that agents are forced to retire/die at age 75. If this value is increased, IRR of

graduation would increase. Second, I assumed that the total cost of education includes room

and board. Note that agents that do not enroll in College or Junior College has no costs (see

Appendix C) even though they should be paying for rent. The idea is that for the IRR I

present here I am assuming that, while young, workers can live in their parents home. If I

modify this assumption the IRR will also go up. Finally, I assumed no growth in wages after

graduation. Many studies have suggested that wages increase faster for College graduates and
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q = J,¬q = C q = C,¬q = J

From q to ¬q that graduated in ¬q 55.5% 10.5%
From q to ¬q (with degree) that graduated in ¬q 0% NA

From q to ¬q (no degree) that graduated in ¬q 62.1% 10.5%

Table 3: Aggregate Dynamics for transferred students.

thus the IRR should also increase.

3 Environment

The economy is populated by agents that decide whether to join the labor force or pursue a

degree at a post-secondary education institution. At t = 0 agents graduate from high-school.

A high-school graduate skill level can either be low (unskilled) or high (skilled). Let µ denote

this skill level, with µ ∈ {0, 1}, with corresponding probabilities 1 − p and p. µ = 0 means

that the skill level is low while µ = 1 means that the skill level is high. The skill level µ is not

observable by the agent. Instead, a high-school graduate inherits a signal about her true type,

denoted by ϑ ∈ [0, 1]. Let jµ(ϑ) denote the density of signal ϑ conditional on the true type

of the agent being µ, with j0 : R→[0, 1) and j1 : R→(0, 1]. With the information at hand,

a high-school graduate will generate her subjective belief about her own true type p ∈ [0, 1],

where p = Pr(µ = 1).

At any period in time an agent can be either working, studying at College, or studying at

Junior College. Let q ∈ {C, J} denote the type of institution, where C stands for 4-year College

and J stands for Junior College, Community College or 2-year College. Tuition is modeled as

a pay-as-you-go system with cost aq per unit of time, with aC > aJ . The graduation hazard

rate is φqµ. Upon graduation, all uncertainty is revealed. There is also a one-time up front cost

of entering the post-secondary educational system, E.

Agents that do not enroll in College or Junior College (i.e. join the workforce directly)

enjoy a constant wage pro�le w. Dropouts enjoy a wage pro�le wq, with wC ≥ wJ ≥ w. Upon

graduation, the wage pro�le is wqµ, with w
q
µ ≥ wq for any µ.

A particular high-school graduate, indexed by j, is endowed with a subjective initial prior
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ln (wages) (1) (2)

Years in C 0.054 (0.011) -

Years in JC 0.03 (0.018) -

Graduation at C 0.021 (0.058) 0.235 (0.03)
Graduation at JC −0.06 (0.12) 0.058 (0.11)

R2 0.2226 0.2165
F 14.37 14.34

Table 4: Wage regression. In the regression I also included a dummy for men, one for race, variables that

account for socieconomic status of family, variables that account for maximum educational level of father, rank

in high-school class, geography dummies and a constant.

pj0 and an initial level of assets Xj . She chooses her consumption stream {ct : t ≥ 0} and

whether to enroll in, dropout or transfer from College or Junior College, in order to maximize

her time-separable expected discounted lifetime utility derived from consumption

E


∞̂

0

e−rt
(
e−γct

−γ

)
dt

∣∣∣∣∣F0


where F0 = (pj0, X

j
0) and γ is the coe�cient of Constant Absolute Risk Aversion (CARA). The

evolution of wealth is given by

dx

dt
=


rx− aq − c if enrolled at institution q

rx+ ζ − c if working withwage ζ

where no borrowing constraints are present. Cameron-Heckman 2001 [4], Keane-Wolpin 2001

[20] and Cameron-Taber 2004 [5] �nd that there is no enough evidence in favor of existence of

borrowing constraints using data from the NLSY.8

Let V (x; ζ) denote the value of being a worker with current wealth x and wage pro�le ζ.

Let W (x, p, q, S, TS) denote the value for an agent with current wealth x, prior p, currently

enrolled in institution q, in educational stage S∈ {1, 2}, and transfer status TS∈ {0, 1} as

students are going to be allowed to transfer only once.9 In order to avoid a continuous pattern

8Belley-Lochner 2008[2] and Lochner-Monge Naranjo 2007 [22] argue that credit constraints become binding
in the 90's.

9this assumption is used in order to reduce the size of the state space (otherwise time should be part of the
state).
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Sample dynamics for students initially enrolled in Junior College (source: NLS-72)
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Figure 2: Time series for students initially enrolled at Junior College. The unit of the time period

is schooling year (October to September).

of transfers some kind of friction needs to be included, other than keeping time as a state

variable. The usual method of including a �xed cost of transfer will shut down completely the

transfer option (with CARA instant utility there are no income e�ects). Allowing students

to transfer only once is similar to provide to each high-school graduate two tickets - one for

College and one for Junior College -.

4 Model with no Uncertainty

Next I solve two di�erent problems. First, I analyze the problem of a worker. Next, I analyze

the problem of a student with no uncertainty about her skill level. As no learning will be

available while attending institution q, no dropout or transfer decision will be taken during

tenure as student.
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Gross Return IRR

C graduates (initially enrolled in C) 0.307 (0.05) 0.032 (0.008)
J graduates (initially enrolled in J) 0.058 (0.03) −0.014 (0.01)
C dropouts (initially enrolled in C) 0.165 (0.09) 0.032 (0.009)
J dropouts (initially enrolled in J) 0.053 (0.02) 0.014 (0.007)

Table 5: Gross Returns and Internal Rate of Return for Graduates and Dropouts. Computing

Gross Returns: pick an individual initially enrolled in institution q that also graduated at q. The gross return

for this agent is just β(years in q) ∗ years in q + β(grad at q). Internal Rate of Return: see Appendix C.

4.1 Value at Work

The problem faced by a worker is given by

rV (x; ζ) = max
c

e−γc

−γ
+ Vx(x; ζ)

dx

dt
(1)

where

dx

dt
= rx+ ζ − c

Equation (1) states that the �ow value of being a worker equals the instant utility derived from

consumption in addition to the change in value due to the change in time (through wealth).

The solution to problem (1) is given by

V (x; ζ) = − 1
γr
e−γc

V (x;ζ) (2)

with consumption rule given by

cV (x; ζ) = rx+ ζ

so that the Permanent Income Hypothesis holds as workers consume the interest proceeds

from their current wealth in addition of their period income [10].
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Gross Return IRR

C 0.24 (0.1) 0.0304 (0.003)
J 0.116 (0.097) 0.0151 (0.009)

Table 6: Gross Returns and Internal Rate of Return by initial enrollment status.

4.2 No Uncertainty about Skill Level

Assumption 1. The following inequalities hold


W (x− rE, 0, C, 0) < W (x− rE, 0J, 0) < V (x;w)

W (x− rE, 1, C, 0) > W (x− rE, 1, J, 0) > V (x;w)

This assumption provides: (a) low-skilled agents will join the workforce directly, (b) low-

skilled students, if enrolled in an academic institution, are worse-o� in College, (c) high-skilled

agents will enroll in an academic institution and, (d) high-skilled agents are better-o� by

enrolling in College.

Corollary 2. A low-skilled Junior College graduate (ρ = 0) will not pursue College education.

In other words,

V
(
x;wJ0

)
> W (x, 0, C, 0)

Proof. A low skilled Junior College graduate enjoys wage pro�le wJ0 > w. By Assumption (1),

and by the fact that dV (x;ζ)
dζ > 0, V

(
x;wJ0

)
> V (x;w) > W (x, 0, C, 0).

Assumption 3. A high-skilled Junior College graduate (ρ = 1) will not pursue College edu-

cation. In other words,

V
(
x;wJ1

)
≥W (x, 1, C, 0)

This assumption implies that no Junior College graduate will enroll in College.10

10This simplyfying assumption follows from the fact that no Junior College graduate eventually graduated
in College.
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The value of being a student with skill level µ at institution q solves

rW (x, µ, q, 0) = max
e−γc

−γ
+Wx (x, µ, q, 0)

dx

dt

+φqρ
(
max

(
W (x, µ,¬q, 0) , V

(
x;wqµ

))
−W (x, µ, q, 0)

)
with

dx

dt
= rx− aq − c

where ¬q stands for institution other than q. Corollary (2) and Assumption (3) provides

max
(
W (x, µ,¬q, 0) , V

(
x;wqµ

))
= V

(
x;wqµ

)
so that the previous problem can be simpli�ed to

rW (x, µ, q, 0) = max
e−γc

−γ
+Wx (x, µ, q, 0)

dx

dt
(3)

+φqµ
(
V
(
x;wqµ

)
−W (x, µ, q, 0)

)
with

dx

dt
= rx− aq − c

Equation 3 states that the �ow value of being a student with current wealth x, skill level

µ at intitution q with transfer status TS = 0 is equal to the instant utility derived from

consumption plus the expected change in value due to graduation in addition to the change

in value due to the change in time.

The solution to this problem is given by

W (x, µ, q, 0) = −A
q
µ

γr
e−γ(rx+wqµ) (4)

where Aqµ solves (φqµ − rγ (aq + wqµ) + r lnAqµ)Aqµ = φqµ.

Appendix (E) provides the details of the solution.
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Figure 3: Time series for students initially enrolled at College. The unit of the time period is

schooling year (October to September).

Proposition 4. If φqµ − rγ (aq + wqµ) > 0, Aqµ exists, it is unique, and Aqµ > 1.

Proof. See Appendix (E).

Note that current consumption is given by rx + wqµ − lnAqµ
γ that satis�es Friedman's Per-

manent Income Hypothesis, as discussed in Wang [28] once we realize that the last term of

this expression takes into account the time (and costs attached to it) until graduation.

Assumption 5. Accumulated human capital can not be carried on when a student transfers.

5 Models with Uncertainty

In this section I extend the model to setups where uncertainty about skill level is present. I

will �rst describe the learning process that drives the updating of the prior p. Next I will

discuss a model with learning but with no dropout or transfer option. Finally, I will extend

the model to include these options.

so that students are allowed to dropout and/or transfer in an environment with uncertainty

about their true skill level.
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5.1 Learning Process

Learning at institution q is the result three di�erent objects: (a) as graduation hazard is

type dependent survival as student conveys information, (b) grades on exams, and (c) overall

experience as student. I will cast the learning process in continuous time. As so, conditional

on no graduation, the updating of prior p (t) will be an additive function of the three di�erent

sources of information. Next I discuss these three di�erent sources and how to construct the

learning process.

At the end of period t a student is endowed with prior p (t). Survival as student conveys

imperfect information as high-skilled agents are more prone to graduate. For a small interval

of time ∆ bayesian updating implied by no graduation is given by

p (t+ ∆) =
(1− φq1∆) p (t)

(1− φq1∆) p (t) + (1− φq0∆) (1− p (t))

substracting p (t) from both sides, dividing by ∆ and taking the limit when ∆→ 0 yields dp̂,

the bayesian updating formula in continuous time due to no graduation,

dp̂ = (φq0 − φ
q
1) p (1− p) dt

Exams are presented to students every period and consists of two questions. The �rst

question is a simple multiple choice question (from now on, Easy). The degree of di�culty

of the question is low. As so, it provides more information when failing to answer correctly

to the question. A high-skilled student (i.e. µ = 1) fails the exam with probability zero,

while a low-skilled student (i.e. µ = 0) fails the exam with positive probability κ∆ per unit

of time. The second question (from now on, Hard) is a question to develop. The complexity

of this question is such that low-skilled students fail this question with certainty. High-skilled

students fail this question if they didn't manage to study the particular topic before the exam.

High-skilled students fail the question with probability 1− λ∆ per unit of time (see Table 7).

There are three possible outcomes on each exam: (1) answer incorrectly both questions and

so fail (F ), (2) answer correctly the Easy question and incorrectly the Hard question and so
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Easy Hard

Low Skilled (ρ = 0) κ∆ 1
High Skilled (ρ = 1) 0 1− λ∆

Table 7: Exams in College. Probability of answering incorrectly each question.

pass (P )11, and (3) answering correctly both question and so excel in the exam (E). Table 7

depicts this information.

Conditional on survival as student, a P on an exams conveys imperfect information and

thus requires bayesian updating. For a small interval of time ∆ bayesian updating implied by

a grade P is

p (t+ ∆) =
(1− λq∆) p (t)

(1− λq∆) p (t) + (1− κq∆) (1− p (t))

substracting p (t) from both sides, dividing by ∆ and taking the limit when ∆→ 0 yields dp̃,

the bayesian updating formula in continuous time due to a P in an exam,

dp̃ = (κq − λq) p (1− p) dt

Conditional on remaining a student and no fully informative signals arriving, the overall

experience as a student produces information (problem sets, classes, etc.). Let Et denote the

stock of student experience,

Et = θqµt+ σZt

where Zt is a Wiener process and θqµ is type and institution speci�c, with θq1 > θq0. Standard

techniques imply

dEt = θqµdt+ σdZt

with dZt ∼ N
(

0,
√
dt
)
. As the skill-level of the agent is not observable, the true value of θqµ

for a particular student is unknown and thus has to be infered.

The expected growth rate of the stock of experience is given by pθq1 +(1− p) θq0. For a small

interval ∆, the unexpected growth in the stock of grades is Et+∆ −Et − (pθq1 + (1− p) θq0) ∆.

11the event 'answer incorrectly the Easy question and correctly the Hard question' is not possible.
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After scaling by σ
√
t and taking the limit as ∆→ 0 yields a new process dĒt with

dĒt =
dEt − (pθq1 + (1− p) θq0)

σ

Lipster and Shiryayev 1977 [21] provides the updating of beliefs implies by changes in the

stock of experience, dp̄,

dp̄ =
(θq1 − θ

q
0) dĒ
σ

p (1− p)

Now I turn to construct the full learning process dp. Conditional on no graduation the

learning process is simply dp = dp̂+ dp̃+ dp̄, or

dp = p (1− p)
[
(φq0 − φ

q
1 + κq − λq) dt+

(θq1 − θ
q
0) dĒt
σ

]

Wang 2008 [29] produce a similar process for understanding consumption/saving behavior

when income growth is unknown. The di�erence with this setup is that in his model income

growth varies between two values and that there is no exogenous exit rates (here I have

the graduation rate). Moscarini 2003 [24] uses a similar con�guration of prior updating to

test the quality of a match between a worker and a �rm when a component of productivity is

unobservable and unknown. In Moscarini's setup, dp̂+dp̃ = 0 and so dp would be a martingale.

5.2 The Problem of a Student

I divide this section in two parts. In the �rst one I setup the problem of a student when

dropout and transfer options are not available. Then, I extend the problem to allow for

dropout/transfer behavior.
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5.2.1 No dropout and Transfer Options

Let WN (x, p, q, 0) denote the value for a student enrolled at institution q with current wealth

x, prior p and transfer status TS = 0. This value solves the following program:

rWN (x, p, q, 0) = max
c

e−γc

−γ
+ pφq1

(
V (x; w̄q1)−WN (x, p, q, 0)

)
+(1− p)φq0

(
V (x; w̄q0)−WN (x, p, q, 0)

)
+pλq

(
WN (x, 1, q, 0)−WN (x, p, q, 0)

)
+(1− p)κq

(
WN (x, 0, q, 0)−WN (x, p, q, 0)

)
(5)

+WN
x (x, p, q, 0)

dx

dt
+WN

p (x, p, q, 0)
dpe

dt

+WN
pp (x, p, q, 0) Σ (p)

with 

dx
dt = rx− aq − c

dpe

dt = (φq0 − φ
q
1 + κq − λq) p (1− p)

Σ (p) = 1
2σ2 (θq1 − θ

q
0)2

p2 (1− p)2

The �rst order condition with respect to consumption states that

e−γc = WN
p (x, p, q, 0)

Evaluating problem 5 at the optimum suggested by the �rst order condition and substi-

tuting the value functionWN with the conjecture of solutionWN (x, p, q, 0) = e
−γ(rx+fN (p,q,0))

−γr
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yields

(p(φq1 + λq) + (1− p)φq0 + (1− p)κq − γr(aq + fN (p, q, 0))

+γfNp (p, q, 0) (φq0 − φ
q
1 + κq − λq) p(1− p))e−γfN (p,q,0)

=

pφq1e
−γw̄q1 + (1− p) (φq0 + κqAq0) e−γw̄

q
0 + pλq

(
Aq1e

−γwq1
)

−γΣ (p)
(
fNpp (p, q, 0)− γ

[
fNp (p, q, 0)

]2)
e−γf

N (p,q,0)

Note that if this Ordinary Di�erential equation of second order is evaluated at p = 0 or

p = 1, the equation provides the same implicit relation that Aqµ needs to satisfy (fN (µ, q, 0) =

wqµ − 1
γ lnAqµ).

5.2.2 Transfer and Dropout Options are available

Agents are only allowed to transfer once. As so, once they already transferred (TS = 1) the

dropout option is the only one that remains. Let pq,1d denote the threshold such that students

at institution q with priors lower than pq,1d dropout and join workforce. At this stage (i.e.

TS = 1) the inaction zone is
[
pq,1d , 1

]
.

Decision rules when TS = 0 are slightly more di�cult and di�er for J and C. Students

enrolled in Junior College with very low priors might decide to drop from school and students

with high priors possibly would decide to transfer. Let pJ,0d and pJt denote the thresholds

that de�ne the decision rules. The inaction zone for students enrolled in Junior College with

TS = 0 is then
[
pJ,0d , pJt

]
. Students enrolled in College with very low priors might decide to

drop and students with slightly higher priors might transfer to Junior College. Let pC,0d and pCt

denote the thresholds that de�ne the decision rules. The inaction zone for students enrolled

in Junior College with TS = 0 is then
[
max

(
pJ,0d , pJt

)
, 1
]
.
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In the inaction zone the problem faced by a student currently enrolled at institution q is

rW (x, p, q, 0) = max
c

e−γc

−γ
+ pφq1 (V (x; w̄q1)−W (x, p, q, 0))

+(1− p)φq0 (V (x; w̄q0)−W (x, p, q, 0))

+pλq (W (x, 1, q, 0)−W (x, p, q, 0))

+(1− p)κq (V (x;wq)−W (x, p, q, 0)) (6)

+Wx(x, p, q, 0)
dx

dt
+Wp(x, p, q, 0)

dpe

dt

+Wpp (x, p, q, 0) Σ (p)

with 

dx
dt = rx− aq − c

dpe

dt = (φq0 − φ
q
1 + κq − λq) p (1− p)

Σ (p) = 1
2σ2 (θq1 − θ

q
0)2

p2 (1− p)2

Evaluating problem 6 at the optimum suggested by the �rst order condition and sub-

stituting the value function W with the conjecture of solution W (x, p, q, 0) = e−γ(rx+f(p,q,0))

−γr

yields

(p(φq1 + λq) + (1− p)φq0 + (1− p)κq − γr(aq + f(p, q, 0))

+γfp(p, q, 0) (φq0 − φ
q
1 + κq − λq) p(1− p))e−γf(p,q,0)

=

pφq1e
−γw̄q1 + (1− p)φq0e−γw̄

q
0 + (1− p)κqe−γwq + pλq

(
Aq1e

−γwq1
)

−γΣ (p)
(
fNpp (p, q, 0)− γ

[
fNp (p, q, 0)

]2)
e−γf(p,q,0)

5.3 Di�erences in learning between College and Junior College

College and Junior College not only di�er in graduation rates, returns to education and tu-

ition. Learning environments are di�erent and as so they should provide di�erent streams of

information. Junior College classes are usually easier so grades in exams should only provide
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information for the lower tail of the talent distribution. This suggests that λJ < λC . In

particular, I am going to set 0 = λJ < λC = λ. Further, set κJ = κC = κ. Finally, College

students are generally more full-time (add quote) and so devote more time to study and class

preparations. I understand this fact as θC1 − θC0 > θJ1 − θJ0 .

Assumption 6. The following restriction on parameters holds,

φC0 − φC1 + κ− λ < 0 < φJ0 − φJ1 + κ

Assumption 6 states that the expected change in priors is positive in Junior College and

negative in College (conditional on no fully revealing signals arriving).

5.4 Boundary Conditions and Thresholds

There are three di�erent sets of thresholds: dropout thresholds (denoted by pqd,TS), transfer

thresholds (denoted by pqt ), and enrollment thresholds (denoted by pqe and pSe ). In this section

I will discuss the di�erent boundary conditions and how to obtain the di�erent thresholds.

Assumption 7. From now on

θC1 − θC0 = θJ1 − θJ0 = 0

5.4.1 Dropout Thresholds

At the threshold pqd,TS the value of enrollment and the value of working are equalized, pro-

ducing the Value Matching Condition

W (x− rEq, pqd,TS , q, TS) = V (x;wq)

Substituting the maximized value function forW (x−rEq, pqd,TS , q, TS) and V (x;wq) produces

f(pqd,TS , q, TS)− rEq = wq
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which shows that the thresholds are independent of current wealth x. The optimality of the

boundary pqd,TS implies the Smooth Pasting Condition,

df(pqd,TS , q, TS)

dp
= 0

Evaluating the ODEs for J and C (equation 6) at these values provides an expression for

the thresholds,

pJd,TS =
γr
(
aJ + wJ

)
− φJ0

(
1− e−γ(wJ0−wJ)

)
φJ1

(
1− e−γ(wJ1−wJ)

)
− φJ0

(
1− e−γ(wJ0−wJ)

)
and

pCd,TS =
γr(aC + wC)− φC0

(
1− e−γ(w̄C0 −wC)

)
φC1

(
1− e−γ(w̄C1 −wC)

)
+ λ

(
1−AC1 e

−γ(wC1 −wC)
)
− φC0

(
1− e−γ(w̄C0 −wC)

)
5.4.2 Transfer Thresholds

A student that transfer from institution q to ¬q does it because it enjoys a higher value after

the transfer. The indi�erence condition is

W (x, pqt , q, 0) = W (x, pqt ,¬q, 1)

which can be reduced to

f(pqt , q, 0) = f(pqt ,¬q, 1)

and also,

df(pqt , q, 0)
dp

=
df(pqt ,¬q, 1)

dp

5.4.3 Enrollment Thresholds

At the threshold pqe the value of enrollment and the value of working are equalized,

W (x− rEq, pqe, q, 0) = V (x;w)
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which can be reduced to

f(pqe, q, 0)− rEq = w

As in the case with no learning, pSe > pCe if pCe > pJe .

5.5 Solution of Model

Under some regularities conditions (among other, κ+ φJ0 − φJ1 > 0 and κ− λ+ φC0 − φC1 < 0),

pJe < pCe , p
C
t > pCd,0. Then, the initial enrollment pattern will be given by


Workforce if p ∈

[
0, pJe

]
Junior College if p ∈

(
pJe , p

S
e

)
College if p ∈

[
pSe , 1

] (7)

As the di�erent value functions W (x, f (•)) are monotonous increasing functions on the

corresponding f (•), a su�cient statistic for the optimal choice is current consumption net of

interest proceeds (i.e. f (•)− rx). Figure 4 depicts the sorting.

5.6 Value Added of Education

The value added by enrollment in insitution q, Σq, solves

W (x− Σq, p, q, 0) = V (x;w)

where Σ can also be interpreted as the maximum amount a high-school graduate with prior p

is willing to pay for having the enrollment option in institution q. Solving the above equation

yields,

Σq (p) =
f (p, q, 0)− w

r

with dΣq

dp > 0 as f (p, q, 0) increasing in p. Further, the return to enrollment at institution q is

given by

Rq (p) =
Σq (p)
w/r

=
f (p, q, 0)− w

w
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Figure 4: Sorting on initial enrollment

5.7 Lack of Insurance and E�ect on Enrollment

Market incompleteness arises in this model not due to lack of access to credit but due to the

inexistence of available assets to hedge the risk that follows from uncertainty from agent's true

skill level and the di�erent income pro�les that follow from College or Junior College gradu-

ation. The inexistence of assets able to hedge the risk in the model implies lack of insurance

and thus provides arguments for goverment intervention. This contrasts with many studies

(add cites) that discusses goverment intervention through the implementation of subsidies in

setups with complete markets and thus risk-neutral agents. In these models, due to market

completeness the allocation can not be improved on.

Next I will show that the total enrollment in post-secondary institutions decreases when

risk aversion γ increases. I will not be able to prove the statement for the general con�guration

of the model. Still, I will argue that the assumptions needed are not restrictive and thus the

result should hold always.

Proposition 8. If w + rE = wJ , pJe = pJd,TS.
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Proof. pJd,TS is the lowest value for the prior p for which an agent remains a student at Junior

College. For p < pJd,TS the agent is indi�erent between remaining a student and dropping out.

If w + rE = wJ , the return for dropouts equals the foregone earnings of becoming a student.

This fact implies that pJe = pJd,TS .

The last proposition states that when the foregone earning due to enrollment in Junior

College (w+rE) equals the returns for Junior College dropouts (wJ), dropout and enrollment

behavior are similar.

Under the restriction w + rE = wJ ,

dpJe
dγ

=
r
(
aJ + wJ

)
− φJ0

(
wJ0 − wJ

)
e−γ(w

J
0−wJ) (1− pJe )− pJeφJ1 (wJ1 − wJ) e−γ(wJ1−wJ)

φJ1

(
1− e−γ(wJ1−wJ)

)
− φJ0

(
1− e−γ(wJ0−wJ)

) (8)

Proposition 9. If w + rE = wJ and pJe ∈ (0, 1), dpJe
dγ > 0.

Proof. I will build up the proof in steps.

1) pJe ∈ (0, 1) i�

Γ0 (γ) > 0

Γ1 (γ) < 0

where Γµ (γ) = γr
(
aJ + wJ

)
− φJµ

(
1− e−γ(wJµ−wJ)

)
, for µ ∈ {0, 1}. The �rst and second

derivatives of Γµ (γ) is given by

Γ
′
µ (γ) = r

(
aJ + wJ

)
− φJµ

(
wJµ − wJ

)
e−γ(w

J
µ−wJ)

Γ
′′
µ (γ) = φJµ

(
wJµ − wJ

)2
e−γ(w

J
µ−wJ)

2) Properties of Γ0 and Γ1: Γµ (γ) strictly convex as Γ
′′
µ (γ) > 0. Also, Γµ (0) = 0,

limγ→∞ Γµ (γ) =∞, Γ
′
µ (0) = r

(
aJ + wJ

)
− φJµ

(
wJµ − wJ

)
. If Γ1 (γ) < 0 holds then it has to

be the case (given Γ1 strictly convex) that Γ
′
1 (0) < 0. Finally, note that Γ0 (γ)− Γ1 (γ) ≥ 0.

3) Let γ = infγ : Γ0 (γ) > 0 and γ = supγ : Γ1 (γ) < 0. The properties of the functions
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Figure 5: Graphic Analysis of the proof of Proposition 9.

Γ0and Γ1 discussed in step 2 implies that γ < γ. It follows that the set of admissible γ is

given by
[
γ, γ

]
.

4) limγ↓γ
dpJe
dγ > 0 and limγ↑γ

dpJe
dγ > 0 as (a) pJe ,

dpJe
dγ and d2pJe

dγ2 continuous and di�erentiable

functions of γ, and (b) otherwise contradicts the de�nition of γ and γ.

5) Evaluating equation 8 at pJe = 0 and pJe = 1 yields

dpJe
dγ

∣∣∣∣
pJe=0

=
r
(
aJ + wJ

)
− φJ0

(
wJ0 − wJ

)
e−γ(w

J
0−wJ)

φJ1

(
1− e−γ(wJ1−wJ)

)
− φJ0

(
1− e−γ(wJ0−wJ)

)
dpJe
dγ

∣∣∣∣
pJe=1

=
r
(
aJ + wJ

)
− φJ1

(
wJ1 − wJ

)
e−γ(w

J
1−wJ)

φJ1

(
1− e−γ(wJ1−wJ)

)
− φJ0

(
1− e−γ(wJ0−wJ)

)
As pJe continuous and di�erentiable function of γ, dpJe

dγ

∣∣∣
pJe=0

= limγ↓γ
dpJe
dγ > 0 and dpJe

dγ

∣∣∣
pJe=1

=

limγ↑γ
dpJe
dγ > 0.

6) Rewrite the derivative of pJe with respect to γ (equation 8) as

dpJe
dγ

= p
dpJe
dγ

∣∣∣∣
pJe=1

+ (1− p) dp
J
e

dγ

∣∣∣∣
pJe=0

> 0

which completes the proof.

Figure 5 presents the graphic analysis of the proof.
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6 Model Predictions

I present a set of testable model predictions and how to link them to the data.

6.1 Sorting in Initial Enrollment with respect to Observables

High-school graduates with low priors join workforce, average priors enroll in Junior College

and high priors enroll in College (see 7). p measures the belief of the agent of being high-

skilled. If p provides sensible information about the agent's true skill level it has to be the

case that cov(p, ρ) > 0. A natural approach is to link p with observed ability measures of

an individual, Y , and unobserved measure, ε. In general terms, de�ne ϑ as an operator that

maps ability measures to the space of probabilities such that the prior for a given agent with

measures of ability Yi and εi is just pi = ϕ (Yi, εi). The next de�nition presents ϑ.

De�nition 10. Given Y , vector of observable measures of ability and a measure of unobserved

ability ε, let ϑ (Y, ε) be an operator that maps measures of ability into probabilities,

ϑ (Y, ε) : RN × R −→ [0, 1]

Further, assume

ϑ (Y, ε) = ψ
(
Y ′β + ε

)
with ψ invertible and increasing.

As ε is not observable I need to impose some structure on it. Let ε ∼ N (0, 1).

A high-school graduate will enroll in College i� p ≥ pSe or ψ (Y ′β + ε) ≥ pSe . As ψ increasing

and invertible it is possible to rewrite this condition as

ε ≥ ψ−1
(
pSe
)
− Y ′β

which, given the normality of ε provides that the probability of enrollment at College is

Pr (C) = 1− Φ
(
ψ−1

(
pSe
)
− Y ′β

)
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Following similar arguments,

Pr (J) = Φ
(
ψ−1

(
pJe
)
− Y ′β

)
− Φ

(
ψ−1

(
pSe
)
− Y ′β

)
and

Pr (work) = Φ
(
ψ−1

(
pJe
)
− Y ′β

)
These calculations suggest that I can use an ordered probit regression to estimate β,

ψ−1
(
pSe
)
and ψ−1

(
pJe
)
. Let ORD_P=0 if agent joins workforce, =1 if enrolled in Junior Col-

lege and =2 if enrolled in College. Table 8 shows the results of the ordered probit estimation.

Every coe�cient is signi�cant and has the correct sign.

6.2 Probability of Dropout, Graduation and Transfer for Students Initially

Enrolled in College

Let Pr (G|C; p) denote the unconditional graduation probability at College for students initially

enrolled in College with prior p. Also, let Pr (G|C; p;µ) denote the same object but for skill

level µ. Pr (G|C; p) equals

Pr (G|C; p) = pPr (G|C; p; 1) + (1− p) Pr (G|C; p; 0)

As p is a monotonic increasing function on the aggregate measure of observed ability Y ′β

( dp
d(Y ′β) = ψ′ (Y ′β + ε) > 0), the rate of change of this probability on observables is

dPr (G|C; p)
dY ′β

= ψ′
(
Y ′β + ε

)(
Pr (G|C; p; 1)− Pr (G|C; p; 0) + p

dPr (G|C; p; 1)
dp

+ (1− p) dPr (G|C; p; 0)
dp

)
> 0

as Pr (G|C; p; 1) − Pr (G|C; p; 0) > 0 (because φC1 + λ > φC0 and conditional on no fully

revealing shock arriving the transfer probability is independent of the type of the agent)

and dPr(G|C;p;µ)
dp > 0 (see Appendix I.2). Then, the unconditional graduation probability is

increasing in in the observable measure of ability Y ′β (Prediction 1-C).

Conditional on no graduation or fully informative signals arriving, the probability of reach-
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ing the transfer threshold is independent of the student's true skill level. The hazard rate

(probability per unit of time of leaving this state) for a high-skilled student is φC1 + λ and for

low-skilled students is φC0 + κ. As φC1 + λ > φC0 + κ, the chance of survival on this state is

decreasing on the agent's type. Then, the unconditional transfer probability is decreasing in

the observable measure of ability Y ′β (Prediction 2-C).

Let Pr (D|C; p) denote the unconditional dropout probability at College for students ini-

tially enrolled in College. Also let Pr (D|C; p;µ) be the conditional dropout probability for

students with prior p and skill level µ. For a student with prior pi this value equals

Pr (D|C; p) = pPr (D|C; p; 1) + (1− p) Pr (D|C; p; 0)

Given pCt > pC,0d the only way a student will become a dropout is if the fully informative shock

κ arrives, that only happens if true type is 0. Then, Pr (D|C; p; 1) = 0. It follows that

dPr (D|C; p)
d (Y ′β)

=
dp

d (Y ′β)

(
(1− p) dPr (D|C; p; 0)

dp
− Pr (D|C; p; 0)

)

where dp
d(Y ′β) = ψ′ (Y ′β + ε) > 0. Conditional on µ = 0, dPr(D|C;p;0)

dp > 0 as there is

more time to receive the fully revealing shock κ and thus inducing dropout behavior. Also,

Pr (D|C; p; 0) > 0, and thus the sign of dPr(D|C;p;0)
d(Y ′β) is unknown.

It is the case that dPr(D|C;0)
d(Y ′β) = ψ′(Y ′β+ε)κ

(φC1 +λ)−(φC0 +κ)
1
pCt

> 0 and dPr(D|C;1)
d(Y ′β) = ψ′(Y ′β+ε)κ

−(φC0 +κ) < 0.

As dPr(D|C;p)
d(Y ′β) continuous on p, there is a region for p such that higher prior increases the

dropout probability and other where it decreases this probability. There are two e�ects that

push in opposite directions. First, conditional on true type being 0, higher p increases the

dropout likelihood (�time e�ect�). Second, higher p signals high-skill and thus lower dropout

probability (�type e�ect�). In the �rst region the time e�ect dominates. In the second region

the type e�ect dominates. The average for the population enrolled in college is proportional

to

ψ′
(
Y ′β + ε

) 1ˆ

pCt

dPr (D|C; p)
dp

F (dp)
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ORD_P β Std. Error

men 0.205 0.046
black 0.402 0.077

Father_LHS −0.747 0.102
Father_HS −0.472 0.094
Father_DR −0.349 0.09
Socio_LOW −0.926 0.097
Socio_MED −0.625 0.078

Rank −1.477 0.081
R2 0.1508

/cut1 −1.37 0.071
/cut2 −0.826 0.073

Table 8: Estimation of initial prior p0. Ordered probit regression where ORD_P=0 if join workforce,

=1 if enrolled in Junior College and =2 if enrolled in College. Father_LHS: if father didn't �nish high-school.

Father_HS: maximum education level is graduating from high-school. Father_DR: if maximum education level

was completing some courses in College. Socio_LOW: if socioeconomic status of family is low. Socio_MED:

if socioeconomic status is medium. Rank: ratio of rank in class to total class population.

C J

Pr (G)
0.124

(0.025)
0.015

(0.004)

Pr (T )
−0.001
(0.0004)

0.256
(0.034)

Pr (D)
−0.123
(0.025)

−0.271
(0.036)

Table 9: Marginal E�ects.

where F (p) denotes the distribution of priors. If this value is positive the time e�ect dominates.

If negative the opposite happens.

Then, the unconditional dropout probability is
decreasing

increasing
in the observable measure of

ability Y ′β if
´ 1
pCt

dPr(D|C;p)
dp F (dp)

< 0

> 0
. (Prediction 3-C)

To test the predictions I estimated how each probability changes with the measure of ability

Y ′β. Table 9 presents the results of the estimation. The estimates have the correct sign and

are statistically di�erent from zero.
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6.3 Probability of Dropout, Graduation and Transfer for Students Initially

Enrolled in Junior College

The graduation hazard rate for high-skilled students is higher to the one of low-skilled students.

Then, Pr (G|J ; p; 1) > Pr (G|J ; p; 0). In Appendix H.2 I show that dPr(G|J ;p;µ)
dp < 0, implying

that

dPr (G|J ; p)
dY ′β

= ψ′
(
Y ′β + ε

)(
Pr (G|J ; p; 1)− Pr (G|J ; p; 0) + p

dPr (G|J ; p; 1)
dp

+ (1− p) dPr (G|J ; p; 0)
dp

)

can't be signed.

Conditional on no graduation or fully informative signals, the probability of reaching the

transfer thresholds is independent of the student's true skill level. As κ + φJ0 − φJ1 > 0,

the unconditional transfer probability is increasing in the observable measure of ability Y ′β.

(Prediction 1-J).

The dropout argument is similar to the one for College. The only di�erence is that there is

no signal that fully reveals high ability. Still, low-skilled agents can receive a signal that fully

reveals their type and thus induce dropout. The unconditional dropout probability is decreasing

in the observable measure of ability Y ′β. (Prediction 3-J). Note that the unconditional dropout

probability can be written as

Pr (D|J ; p) = pPr (D|J ; p; 1) + (1− p) Pr (D|J ; p; 0) = (1− p) Pr (D|J ; p; 0)

which is decreasing in p (see Appendix H.1).

Table 9 presents the results of the estimation. The estimates of interest (�rst and third

row) have the correct sign and are statistically di�erent from zero.

6.4 Proportion that dropout (from the original cohort) in institution q if

initially enrolled at institution q decreases through time

First, the probability of hitting dropout thresholds is zero. Next, note that the only students

that might become dropouts before transferring are low-skilled students. Further, note that at
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every period some students graduate and others transfer as they hit the transfer threshold. It

follows that the pool of students that can potentially become dropouts shrinks through time.

7 Simulation of Model

In order to simulate the model �rst I need to solve it completely, which is done by numerical

methods. An easy approach is, similar to the one used to characterize the tresholds, to

start by solving the problem of students that already transferred (TS = 1) and then solve the

problem of students at time 0. At any stage the functions f () need to satisfy the corresponding

ordinary di�erential equations and the value matching and smooth pasting conditions. Instead

of discretizing the di�erential equations I will follow a di�erent approach. In a nutshell, I will

combine a collocation approach (evaluating at Chebyshev's nodes) with Value Matching and

Smooth Pasting Conditions. A treatment of Collocation methods and Chebyshev's nodes can

be found in Numerical Methods in Economics, by K. Judd [14]. In Appendix J I provide an

example of this approach.

I solve the model for the following set of parameters chosen to roughly match characteristics

of the data:

• Wage parameters: w = 1, wJ = 1, wC = 1, ŵJ0 = 1.055, ŵJ1 = 1.12, ŵC0 = 1.07,

ŵC1 = 1.35.

• Graduation parameters: φJ0 = 0.4, φJ1 = 0.5556, φC0 = 0.1538, φC1 = 0.2632.

• Learning parameters: λ = 0.35, κ = 0.3.

• Cost parameters: E = 0, aJ = 0.1, aC = 0.26.12

• other: γ = 4, r = 0.03.

The optimal tresholds for junior college are

pJ,1d = pJe = 0.3991

12I discarded from the schooling cost room and board.
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and

pJt = 0.6527

For college I obtain

pC,1d = 0.4032

and

pCt = 0.4303

Finally,

pSe = 0.6516

Figure 6 shows how the di�erent alternative relate to Value Matching and Smooth Pasting

(and its relation with the tresholds). Figure 7 computes and compares the model with and

without learning. Note that: (1) the learning channel that operates through the dropout and

transfer options has important value, (2) value is higher with learning ,and (3) learning greatly

a�ect the initial enrollment pattern.

Add:

1) Explain computational method to solve the model (in a nutshell: Collocation Methods

at Chebyshev's nodes)

2) Simulate the model for an arbitrary set of parameters.

3) Compare 3 models: Full Model (with Learning + uncertainty) - Model with uncertainty

- Model with certainty

4) Discuss possible bias in estimates of returns if Junior College not included.

5) Show some nice plots and compare ex-ante vs. ex-post returns

8 Proposed method for model estimation

Even though the model as it is will be hard to be estimated (hard to handle model) I propose

a way of estimating the model.

1) Say that there are 6 parameters to be estimated (the others we calibrate them from

34



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.01

1.02

1.03

1.04

1.05

1.06

1.07

1.08

1.09

1.1

p0

Smooth Pasting, Value Matching, and Optimal Strategy

 

 

w C - S2 J - S2 C - S1 J - S2
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data).

2) It is possible to compute by hand the probability of dropout, transfer and expected time

until graduation for students in College and Junior College for any given skill level.

3) We can then use these objects to compute ex-ante unconditional probabilities and ex-

pected time until graduation.

4.1) In this was we constructed six moments as function of the 6 unknown parameters. We

can attempt to match them to the moments gathered from data using Simulated Method of

Moments.
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Appendix

A Dataset

I am currently working with the National Longitudinal Study of 1972 (NLS-72) that follows a

cohort of high-school seniors in spring of 1972 up to 1979 and a �nal wave in 1986.

For constructing my sample I eliminated individuals with the following charactersitics:

• high-school graduates that join a postsecondary institution after October of 1972.

• individuals enrolled in a postsecondary institution but had at least one period outside

the educational sector.

• individuals with missing values for the observable characteristics.

• individuals enrolled in Vocational or Technical schools (2-year colleges).

• individuals with Professional, Master or PhD. degrees.

• individuals that transferred more than once.13

As observable characteristics of the agents I picked:

• Location of High School (State)

• Race

• Gender

• Socioeconomic Status of Family (Low, Medium or High)

• Maximum educational level of father (high-school dropout, high-school graduate, college

dropout, college graduate)

• rank in high-school class

13the amount of individuals that transferred more than once is negligible.
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%

initially enrolled in 4-year College that transferred to V.S. 3.4

initially enrolled in Academic 2-year College that transferred to V.S. 4.6

initially enrolled in V.S. that transferred to 4-year College 4%

initially enrolled in V.S. that transferred to Academic 2-year College 4%

Table 10: Interaction of Vocational School with Academic 2-year Colleges and 4-year Colleges.

With respect to the cost of postsecondary education I am using the total cost of attendance

(tuition+room+board+etc.). Several missing values are present in the dataset. Instead of

eliminating these observations I regressed the cost of attendance on observables in addition of

state dummies in order to produce estimates for the missing values.

I also have variables that keep track of type of employment (part-time, full-time, no work)

for students.

My �nal dataset contains 3122 observations.

B Vocational School

2-year colleges are a combination of two distinct types of courses: academic courses and voca-

tional courses. Vocational courses provide speci�cal training for a particular profession while

academic courses are similar to the courses taught in 4-year colleges in the �rst 2 years. Grubb

1993 [11] observes that wage di�erentials (relative to high-school graduation) are much higher

for students that graduate from vocational school than from 2-year colleges with academic

degrees. I performed a similar analysis to get the same relation.

The interaction of Vocational or Technical Schools with Academic 2-year Colleges or 4-year

Colleges is small, as it can be seen in table 10.
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C Computing Internal Rate of Returns

Let TMAX denote the retirement year of an agent and Q0(r;w) the value for a worker with

wage w since t = 0 up to retirement,

Q0(r;w) =
ˆ TMAX

0
e−rtwdt

where r > 0 denote the risk-free interest rate. Let QS(r;wq,T,G, cq, T,G) denote the value for

a student for T years, graduation status G ∈ {0, 1} in institution q (with �ow cost cq) and

wage upon termination wq,T,G,

QS(r;wq,T,G, cq, T,G) =
ˆ T

0
e−rtcqdt+

ˆ TMAX

T
e−rtwq,T,Gdt

The Internal Rate of Return is the interest rate r̂ such that

QS(r̂;wq,T,G, cq, T,G)−Q0(r̂;w) = 0

For the calculation in this paper I am assuming that an agent retires/dies when she is 75

byears old so that TMAX = 57.

D Value at Work

The FOC of problem (1) is given by

e−γc = Vx(x; ζ)

which implies that in the optimum e−γc

−γ = − 1
γVx(x; ζ) and c = − 1

γ lnVx(x; ζ). Substituting

these two equations back into problem (1) provides

rV (x; ζ) = −1
γ
Vx(x; ζ) + Vx(x; ζ)

(
rx+ ζ +

1
γ

lnVx(x; ζ)
)

(9)
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Let's guess that the solution to this equation is given by V (x; ζ) = − 1
γre
−γ(rx+ζ). It can be

checked that the conjecture solves (9). Finally, note that the FOC states that the optimal

consumption rule is given by c = − 1
γ lnVx(x; ζ) = rx+ ζ as desired.

E Value at institution q (no uncertainty)

The FOC of (3) is

e−γc = Wx (x, µ, q, 0)

Conject that W (x, µ, q, 0) = −Aqµ
γr e
−γ(rx+wqµ). Apply the conjecture together with the FOC

and (2) to (3) to get (
φqµ − rγ

(
aq + wqµ

)
+ r lnAqµ

)
Aqµ = φqµ (10)

Next I derive some properties of Aqµ. First note that φqµ − rγ (aq + wqµ) + r lnAqµ > 0,

or no Aqµ exists. De�ne g(Aqµ) ≡ (φqµ − rγ (aq + wqµ) + r lnAqµ)Aqµ − φqµ. We have that

limAqµ→0+ g(Aqµ) = −φqµ < 0, limAqµ→∞ g(Aqµ) =∞, g′(Aqµ) = φqµ + r − rγ (aq + wqµ) + r lnAqµ,

and g′′(Aqµ) = r
Aqµ

> 0 as Aqµ > 0. These conditions imply that Aqµ exists, it is unique and

Aqµ ∈ [0,∞). Further, as g(1) = −rγ (aq + wqµ) < 0 so that Aqµ > 1, then Aqµ ∈ (1,∞).

F Value for a Junior College Student

The FOC of problem (??) is

e−γc = Wx(x, p, J, TS) (11)
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applying (11) to (??) together with the conjecture of solutionW (x, p, J, TS) = − 1
γre
−γ(rx+f(p,J,TS)),

and (2) provides

(pφJ1 + (1− p)φJ0 + (1− p)κ− γr(aJ + f(p, J, TS)) + γfp(p, J, TS)
(
φJ0 − φJ1 + κ

)
p(1− p))e−γf(p,J,TS)

=

pφJ1 e
−γw̄J1 + (1− p)

(
φJ0 e

−γw̄J0 + κe−γw
J
)

G Value for a College Student

The FOC of problem (??) is

e−γc = Wx(x, p, C, TS) (12)

applying (??) to (??) together with the conjecture of solutionW (x, p, C, TS) = − 1
γre
−γ(rx+f(p,C,TS)),

and (2) provides

(p(φC1 + λ) + (1− p)φC0 + (1− p)κ− γr(aC + f(p, C, TS)) + γfp(p, C, TS)
(
φC0 − φC1 + κ− λ

)
p(1− p))e−γf(p,C,TS)

=

pφC1 e
−γw̄C1 + (1− p)

(
φC0 e

−γw̄C0 + κe−γw
C
)

+ pλ
(
AC1 e

−γwC1
)

H Probabilities at Junior College

H.1 Dropout probabilities at Junior College

Let the probability for a given student of becoming a dropout during spell at institution q and

transfer status TS be given by Dq,TS
µ (p), where µ denotes the student's true skill level and p

her current belief. I will �rst obtain the conditions for students currently enrolled in Junior

College.

Proposition 11. As long as φJ0 − φJ1 + κ ≥ 0, high-skilled students (i.e. ρ = 1) will never

drop out of Junior College independently of their transfer (TS).

Proof. First note that as φJ0 − φJ1 + κ ≥ 0, belief updating is such that dp/dt ≥ 0. Second, if
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the student is enrolled at time t in Junior College (relative to be a worker) it has to be the case

that W (x, p, J, TS) > V (x;w). Third, as we already established that dp/dt ≥ 0 and that the

optimal policy is independent of wealth x, W
(
x+ dx

dt , p+ dp
dt , J, TS

)
> V

(
x+ dx

dt ;w
)
.

Proposition 12. For low-skilled students at institution J : (1) DJ,1
0 (p) = DJ,1

0 so that the

probability of dropout is independent of current belief p, (2) DJ,1
0 = κ

κ+φJ0
and, (3) DJ,0

0 (p)

solves the ODE given by

(
φJ0 + κ

)
DJ,0

0 (p) = κ+
dDJ,0

0 (p)
dp

p(1− p)
(
φJ0 − φJ1 + κ

)
(13)

for p ≤ pJt with terminal condition DJ,0
0

(
pJt
)

= 0.

(1) as φJ0 − φJ1 + κ ≥ 0, and given that students in this case already transferred, the

only reason for becoming a drop out is by receiving the fully informative signal κ, which is

only dependent on the agent's true skill level. Then, DJ,1
0 (p) = DJ,1

0 . (2) In a discrete time

setup with time period given by ∆ we have that DJ,1
0 =

(
1− φJ0 ∆

) (
κ∆ + (1− κ∆)DJ,1

0

)
.

Discarding the terms of order higher than ∆ and solving for DJ,1
0 provides DJ,1

0 = κ
κ+φJ0

. (3)

Setting the problem in discrete time provides

DJ,0
0 (p) =

(
1− φJ0 ∆

) (
κ∆ + (1− κ∆)DJ,0

0 (p+ dp)
)

discarding the terms of order higher than ∆ and by approximating DJ,0
0 (p+ dp) by DJ,0

0 (p) +
dDJ,00 (p)

dp dp provides

(
φJ0 + κ

)
∆DJ,0

0 (p) = κ∆ +
(
1−

(
φJ0 + κ

)
∆
) dDJ,0

0 (p)
dp

dp

Taking the limit when ∆→ 0+,

(
φJ0 + κ

)
DJ,0

0 (p) = κ+
dDJ,0

0 (p)
dp

p(1− p)
(
φJ0 − φJ1 + κ

)
With respect to the terminal condition we have that if the student transfers to College the
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probability of dropout in Junior College is clearly zero and if they dropout the probability is

one.

Proposition 13. The solution to 13 is given by

DJ,0
0 (p) =

κ

κ+ φJ0
− κ

κ+ φJ0

(
pJt

1− pJt
1− p
p

)− κ+φJ0
φJ0−φ

J
1 +κ

(14)

DJ,0
0 (p) has the following properties:(a) DJ,0

0

(
pJt
)

= 0, (b) limp→0+ DJ,0
0 (p) = κ

κ+φJ0
and,

(c)
dDJ,00 (p)

dp < 0.

Proof. To check whether 14 solves 13 follows from evaluating this last expression and checking

that the condition holds. (a) follows directly as the solution needs to satisfy the boundary con-

ditionDJ,2,0
0

(
pT,J2

)
= 0. (b) as φJ0−φJ1 +κ ≥ 0 we have that limp→0+

(
pT,J2
p

1−p
1−pT,J2

)− κ+φJ0
φJ0−φ

J
1 +κ

=

0 so that limp→0+ DJ,2,0
0 (p) = κ

κ+φJ0
. (c) Follows from di�erentiation wrt. to p.

H.2 Graduation probability at Junior College

Let GJµ (p) denote the graduation probability at J for students enrolled in J . Using similar

arguments that for the dropout probability

GJ0 (p) =
φJ0

φJ0 + κ
− φJ0
φJ0 + κ

(
p

pJt

1− pJt
1− p

) φJ0 +κ

φJ0−φ
J
1 +κ

and

GJ1 (p) = 1−
(
p

pJt

1− pJt
1− p

) φJ1
φJ0−φ

J
1 +κ

where I used that GJµ
(
pJt
)

= 0.

Note that
dGJµ(p)

dp < 0 given that φJ0 − φJ1 + κ > 0.

H.3 Transfer probability at Junior College

Add
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I Probabilities at College

I.1 Dropout probability at College

Proposition 14. For low-skilled students and transfer status TS = 0 the dropout probabilities

are given by

DC,0
0 (p) =

κ

κ+ φC0

1−
(
p

pCt

1− pCt
1− p

)− κ+φC0
φC1 +λ−φC0 −κ


where DC,0

0

(
pCt
)

= 0.

I.2 Graduation probability at College

Let Pr (G|C; p;µ) denote the dropout probability for skill level µ. For µ = 0, this value solves

the ODE given by

(
φC0 + κ

)
Pr (G|C; p; 0) = φC0 +

dPr (G|C; p; 0)
dp

(
φC0 − φC1 + κ− λ

)
p (1− p)

with terminal condition Pr
(
G|C; pCt ; 0

)
= 0. The solution to this ODE is

Pr (G|C; p; 0) =
φC0

φC0 + κ

1−
(

1− p
1− pCt

pCt
p

)− φC0 +κ

φC0 −φ
C
1 +κ−λ


with

dPr (G|C; p; 0)
dp

= − φC0
φC0 − φC1 + κ− λ

(
1

1− p
+

1
p

)(
1− p

1− pCt
pCt
p

)− φC0 +κ

φC0 −φ
C
1 +κ−λ

> 0

I.3 Transfer probability at College

add
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J Example of Computational Method

In this section I provide an example on how to approach the solution to the model with learning

using collocation methods.

I am interested in obtaining f (p, J, 1). Assuming that f (p, J, 1) is a di�erentiable function,

f (p, J, 1) ≈
I∑
i=0

sJ,1i pi

At the dropout treshold, f (p, J, 1) needs to satisfy value matching and smooth pasting,

f
(
pJ,1d , J, 1

)
= wJ

fp

(
pJ,1d , J, 1

)
= 0

Also, for p = 1 it has to be the case that

f (1, J, 1) = ŵJ1 −
ln
(
AJ1
)

γ

providing three equations.

Next, note that the ODE given by equation 13 needs to holds for every p ∈
[
pJ,1d , 1

]
. This

means that equation 13, evaluated at di�erent values for p produces more equations. The

collocation approach suggests that we should �collocate� the approximation for f (p, J, 1) at

these points. Finally, the way to choose the collocation nodes is not trivial. As the ODE

given by equation 13 is nonlinear, the best possible nodes to pick are the ones given by the

Chebyshev's nodes.
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