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Abstract
In this paper, I show that dynamic discrete choice (DDC) models with continuous permanent
unobserved heterogeneity are identified. The existing DDC literature controls for permanent
unobserved heterogeneity through finite mixtures — that is, by assuming there is a finite number of agent ‘types’. In contrast, I show that DDC models with infinitely many agent types
are identified. Relative to the existing literature, I exploit commonly imposed assumptions to
show identification under low-level conditions. My results apply to both finite- and infinitehorizon DDC models, do not require a full support assumption, nor a large panel, and place no
parametric restriction on the distribution of unobserved heterogeneity.
The results provide a number of advantages for applied work. First, commonly used structural models can be estimated with more flexible heterogeneity. Second, my results do not
require that the number of types be known a priori. Although there is rarely a theoretical reason for the number of types to be known, it is a common assumption in applied and theoretical
work. Finally, the proposed seminonparametric estimator can be implemented using familiar
parametric methods. I illustrate these advantages by applying my results to the labor force
participation model of Altuğ and Miller (1998). In this model, permanent unobserved heterogeneity may be interpreted as individual-specific labor productivity, and my results imply that
the distribution of labor productivity can be estimated from the participation model.
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Introduction

Dynamic discrete choice (DDC) models provide a tractable way to learn about selection, while
capturing the dynamic nature of economic decisions. A worker’s decision to enter the labor market,
a student’s decision to attend a charter school, a hospital’s decision to discharge a patient, a firm’s
decision to enter a market, a family’s decision to migrate — these are applications of DDC found in
the economics literature (Keane and Wolpin 2009; Einav, Finkelstein, and Mahoney 2018; Walters
2018). By accounting for selection, DDC models can be used to understand the effect of policy (such
as the effect of expanding charter school access (Walters 2018)), or simply to explain important
economic phenomena (such as US wage inequality (Heckman, Lochner, and Taber 1998)).
While DDC models allow for flexible dynamics, agent heterogeneity is somewhat limited. The
models reflect the dynamic nature of many economic decisions: individuals are forward looking, and
consider how current choices impact future outcomes. However, these sophisticated dynamics mean
identification is delicate and generally requires many strong assumptions (Magnac and Thesmar
2002; Norets and Tang 2013). Of these, a key restriction is on the homogeneity of the agents. To
be precise, in models without permanent unobserved heterogeneity, it is common to assume agents
differ only by observed covariates and by random preference shocks drawn from a common distribution. This rules out, for example, permanent unobserved differences between individuals. Given
this restrictive heterogeneity in baseline models, allowing for other forms of agent heterogeneity is
of major interest.
The existing literature does provide for identification of DDC models with discrete permanent
unobserved heterogeneity (Kasahara and Shimotsu 2009; Hu and Shum 2012). That is, agents are
assumed to be one of a finite number of ‘types’, which is unobserved by the econometrician. This is
an important relaxation of the baseline model: for example, in understanding the effect of price on
drug purchases, different types of individuals may have different levels of unobserved health (Einav,
Finkelstein, and Schrimpf 2015). In a model of migration, different types of individuals may have
different costs of moving (Kennan and Walker 2011).
The main contribution of this paper is to show identification of DDC models with continuous
permanent unobserved heterogeneity — that is, DDC models that allow, but do not require, there
to be infinitely many types of individuals. This generalization is especially compelling because
there is seldom a theoretical reason for the number of types to be finite. For instance, there may
be no reason to think that unobserved health or unmeasured moving costs vary discretely among
individuals. I show identification of the distribution of types and the type-specific component
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distributions in a short panel. The main results pertain to identification of DDC models with
random coefficients, though I can also allow for random intercepts (fixed effects) under additional
conditions. The results do not require the covariates to have full support, nor place parametric
restrictions on the distribution of unobserved heterogeneity.
The second major difference from the existing literature is that I provide low-level conditions
for identification. As is the case for finite mixtures, the key high-level condition for identification is
that types display ‘adequate variation’ in behavior — that is, that each type responds adequately
differently to changes in covariates. I show that commonly made assumptions, such as linear period
payoffs, help ensure ‘adequate variation.’ To elaborate on this point, consider a binary choice DDC
model. This model simplifies to a non-linear threshold crossing model, in which the choice of
individual i at time t, given covariates xit and the agent’s type βi , is equal to
1 (v(xit , βi ) + it ≥ 0) ,
where v represents the value of choosing 1 over 0, and it is a random preference shock. The key
issue for identification is that, in general, v does not have a known analytical form and depends on
its arguments non-linearly. An important insight of this paper is that common assumptions, such as
random preference shocks and linear period payoffs, impose structure on v that is useful for proving
‘adequate variation.’ First, with parametric random preference shocks, the smoothness properties
of v are well understood (Norets 2010; Kristensen et al. 2020). In particular, the smoothness of the
state transition determines the smoothness of v . Second, v is entirely determined by the period
payoff function — for example, in the infinite horizon case v is characterized by a fixed point that
depends on the functional form of period payoffs (see equation (2)) — and it is common to assume
the period payoff function is linear in xit . In this paper, I exploit linearity and smoothness to show
that the function v ‘adequately varies’ across different values of βi in such a way as to achieve
identification. This is in contrast to the canonical papers in the identification literature (Kasahara
and Shimotsu 2009; Hu and Shum 2012), which impose ‘adequate variation’ at a high-level.
To implement the identification results, I propose a novel estimation method. Existing DDC
estimation methods which focus on the parametric case1 (Aguirregabiria and Mira 2002; Arcidiacono and Miller 2011) do not apply to the model of this paper, as the distribution of unobserved
heterogeneity may be an infinite dimensional parameter of interest. Similarly, the computational
complexity of DDC models means that immediately available nonparametric methods (such as
1

In principle, standard DDC models may be semiparametric in the presence of continuous covariates, but, in

practice, continuous covariates are often discretized and treated as such for estimation.
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sieve likelihood estimation) may be impractical. To address these issues I propose a two-step sieve
M-estimator, and show it is consistent for the distribution of permanent unobserved heterogeneity. I also propose a computationally convenient sieve space based on Heckman and Singer (1984).
Intuitively, the estimator approximates the possibly continuous distribution of permanent unobserved heterogeneity by a discrete distribution. In this set up, the ‘fixed grid’ of support points
of the approximating distribution is a tuning parameter of the sieve estimator. Computationally,
this estimator is identical to an estimator for a model with finite types, but instead of the support
points being a key identifying assumption, they are simply a tuning parameter.
As an alternative use for the identification results, I consider the case that the applied econometrician wishes to maintain the standard assumption that permanent unobserved heterogeneity
is discrete. In this case, a key modeling decision is how to choose the number of support points of
unobserved heterogeneity. There are rigorous methods to estimate the number of support points
(Kasahara and Shimotsu 2014; Kwon and Mbakop 2019), which have been used in practice (Igami
and Yang 2016). However, without additional assumptions, the estimators are consistent for only a
lower bound on the number of support points in general. I show that my identification arguments
imply that the estimator of Kwon and Mbakop (2019) is consistent for the number of support points
of unobserved heterogeneity, if it is assumed to be finite.
To summarize, the above theoretical results may be of interest to applied economists for a
number of reasons. First, the results imply that more flexible heterogeneity can be allowed for
in commonly used structural models. In practice, permanent unobserved heterogeneity is often
estimated with a small number of support points. See, for example, Table 1, which collects some
important applications of DDC models with discrete unobserved heterogeneity. While there may be
valid computational reasons for imposing this restriction on unobserved heterogeneity, the results of
this paper imply that much richer patterns of heterogeneity can be identified. Second, the results
mean that the economist need not know a priori the number of support points of permanent
unobserved heterogeneity, as is commonly assumed in practice. As mentioned, without a long
panel, point identification generally requires an upper bound on the number of types to be known.
Despite this, economic theory seldom provides guidance for knowing the true number of agent
types. Finally, the identification results can be implemented using familiar parametric methods
which are computationally attractive.
To illustrate these advantages I apply my results to the labor supply model of Altuğ and Miller
(1998). In this model, agents value consumption and leisure, and decide in each period whether
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Table 1: Some applications of DDC models with discrete permanent unobserved heterogeneity
Authors (Year)

Journal

Support points

Keane and Wolpin (1997)

JPE

4

Lee and Wolpin (2006)

ECMA

5

Todd and Wolpin (2006)

AER

3

Kennan and Walker (2011)

ECMA

2

Scott (2014)

AER (R&R)

2

Einav, Finkelstein, and Schrimpf (2015)

QJE

5

Traiberman (2019)

AER

2

Note: These papers estimate a DDC model with discrete permanent unobserved heterogeneity. ‘Support
points’ are the number of support points of the discrete unobserved heterogeneity. Journal names are: AER:
American Economic Review; ECMA: Econometrica; JPE: Journal of Political Economy; QJE: Quarterly
Journal of Economics.

or not to enter the workforce. The authors incorporate permanent unobserved heterogeneity by
assuming that individual-specific labor productivity can be identified from a panel of wages. This
assumption may be invalid if the length of the panel does not diverge or if the productivity term
cannot be expressed as a deterministic function of observed variables. My identification results
provide a means to avoid this assumption: in the context of their model, individual-specific labor
productivity is identified as permanent unobserved heterogeneity in the labor force participation
model.
To investigate the finite-sample properties of the estimator, I consider a suite of Monte Carlo
simulations based on a simplified version of the model of Altuğ and Miller (1998). This section also
demonstrates the computational attractiveness of the estimator.
After discussing related literature, I introduce the model and provide the main identification
results (Section 2). Section 2.1 treats the infinite horizon model and Section 2.2 the finite horizon
model. Variants on these baseline models are found in the appendix (Section A). Section 3 proposes
the two-step sieve M-estimator, and shows its consistency. Section 5 considers an application,
section 4 presents simulation results and finally section 6 concludes.
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1.1

Related Literature

The canonical papers on point identification of DDC models with permanent unobserved heterogeneity are Kasahara and Shimotsu (2009) and Hu and Shum (2012). These papers use a short
panel to identify type-specific conditional choice probabilities2 and the discrete distribution of unobserved heterogeneity3 via the measurement error approach of Hu and Schennach (2008). As
discussed above, an important assumption in these papers is that choice behavior ‘adequately
varies’ across types. In particular, they assume that a matrix of conditional choice probabilities is
full rank, which is the precise meaning of ‘adequate variation.’ In the continuous case, the matrix
rank condition generalizes to the injectivity of an integral operator. In contrast to their approach,
I show that injectivity is implied by linear payoffs, parametric random preference shocks, continuous state variables and a non-zero homogeneous coefficient. On the other hand, their approach
allows unobserved heterogeneity to enter the model in any way, restricted only by their high-level
assumptions. For example, my assumptions rules out type-specific transition functions, considered
in Kasahara and Shimotsu (2009, Section 3.2).
There is a large literature on identifying the distribution of continuous unobserved heterogeneity
in binary response models. One stream exploits a linear index and full support covariates, while
retaining nonparametric random preference shocks (Ichimura and Thompson 1998; Lewbel 2000;
Gautier and Kitamura 2013). Relative to these papers, a DDC model yields a non-linear index
with additive parametric preference shocks. To be precise, although period payoffs may be linear in
the state variable, because agents are forward looking, the future value enters the choice equation
also, and the net effect is a non-linear index. The second, more closely related stream considers
the identifying power of parametric random preference shocks. Fox et al. (2012) show identification
of random coefficients in a static model with a linear index. Williams (2019) identifies the distribution of univariate continuous unobserved heterogeneity in a dynamic multinomial choice model.
However their results do not apply to the DDC models considered in this paper. In particular their
Assumption 3.1 imposes that the third period state variable is independent of the second period
choice, conditional upon the second period state and permanent unobserved heterogeneity. A key
feature of the DDC models considered in this paper is that the transition of the state variable
depends on the agent’s choice.
2

The conditional choice probability (CCP) is Pr(ait = a ∣ xit = x, βi = b): the probability that agent i chooses

action a in period t given their observed state variable is x and their level of unobserved heterogeneity is b.
3
The main result in Hu and Shum (2012) identifies continuous unobserved heterogeneity, but that theorem does
not directly apply to the DDC model of their section 4.1.
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Another stream of literature considers the identification of finite dimensional parameters, viewing permanent unobserved heterogeneity as a nuisance parameter. Aguirregabiria, Gu, and Luo
(2020) consider the identification of homogeneous parameters in the presence of fixed effects in a
particular DDC model. They adopt the conditional likelihood approach of Chamberlain (1980)
and use particular sequences of choice variables to difference away the fixed effect. Chernozhukov
et al. (2013) provide a semiparametric estimator that is robust to set identification of the finite
dimensional parameter.
The seminonparametric estimator I propose is based on Heckman and Singer (1984). Similar
‘fixed grid’ estimators have been analyzed for both the parametric and static cases (Fox et al.
2011; Fox, Kim, and Yang 2016), and are increasingly used in applied work (e.g. Nevo, Turner, and
Williams 2016).

2
2.1

Model and identification
Infinite horizon model

In an infinite horizon dynamic discrete choice model, the agent chooses a sequence of actions
(at , at+1 , . . . ) to maximize lifetime utility:
V (xt , t ) =

∞

max

(at ,at+1 ,... )

E [ ∑ ρs−t u(xs , s , as , ) ∣ xt , t , at ]

(1)

s=1

where at ∈ {0, . . . , ∣A∣} ≡ A is the control variable, ρ is the discount factor, st = (xt , t ) is the state
variable of which xt is observed by the econometrician and t = (at ∶ a ∈ A) is not, and u(xt , t , at ) is
the period payoff which may be agent specific. This formulation makes clear the dynamic aspect of
DDC problems: first, agents value current and future payoffs and, second, through the conditional
expectation, they take into account how today’s choice impacts future outcomes. Assuming the
state variables follow a Markov process, the agent’s problem becomes a Markovian Dynamic Discrete
Choice problem. The distinguishing feature of infinite horizon DDC problems is that, under mild
conditions (e.g. Rust et al. 1994, Theorem 2.3), they admit a recursive formulation:
V (xt , t ) = max {u(xt , t , at ) + ρE [V (xt+1 , t+1 ) ∣ xt , t , at ]} .
at ∈A

(2)

The formulation also makes transparent the non-linearity of DDC models — even if the period
payoffs u are linear in xt , that property is unlikely to be inherited by the integrated value function
V . The non-linearity is a key challenge for identification.
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In this section I present conditions for identification of the distribution of continuous unobserved
heterogeneity within the above model. The first assumption imposes restrictions that are standard
for DDC models without permanent unobserved heterogeneity.
Assumption I1. (i) u(xt , t , at ) = u(xt , at ) + at t . (ii) ρ ∈ [0, 1) is known. (iii) (xt , t ) satisfy
dFS (st+1 ; st , at ) = dF (t+1 )dFx (xt+1 ; xt , at ).

(3)

(iv) ui (xt , 0) = 0. (v) The distribution of at is extreme value type I.
Assumption I1 contains standard identifying assumptions for DDC models (Magnac and Thesmar 2002; Aguirregabiria and Mira 2010), including additive separability of the state variables, that
the discount factor is known, conditional independence, and the outside good assumption. These
assumptions are not innocuous — for example, Norets and Tang (2013) show that the choice of outside good may affect predicted counterfactual outcomes, and is therefore not a true normalization.
Nevertheless, it is standard to assume the unobserved state variables have a known distribution, of
which normal and extreme value type I are common choices. Denote Ã = {1, 2, . . . , ∣A∣}, the choice
set excluding choice 0.
Assumption I2. Permanent unobserved heterogeneity βi = (βia ∶ a ∈ Ã) ∈ Rb for b = ∣A∣ enters the
model through the period utility function as follows:
ui (x, a) = x′ (βia , γa ) ,
where x ∈ Rk is the vector of observed state variables, and the agent index i is shown for explicitness.
Sβ , the support of βi , is a bounded subset of Rb . βi conditional upon x1 = x is either discrete or
absolutely continuous, in which case its density function fβ∣x1 is bounded.
Assumption I2 states that permanent unobserved heterogeneity enters the model as random
coefficients. The restrictions placed on its distribution are mild. First, it allows, but does require,
the distribution to have uncountable support. This is a point of departure from the existing
literature, where the support is assumed to have a known finite number of support points (Kasahara
and Shimotsu 2009; Hu and Shum 2012). Assumption I2 allows there to be infinitely many types
of agents, but nests the standard finite-types assumption as a special case. Second, no restrictions
are placed on the dependence between the observed state variable and permanent unobserved
heterogeneity, which is standard in this literature.
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Assumption I3. Let γa∣A∣ be the first ∣A∣ components of the vector γa and let ΓA be the ∣A∣ × ∣A∣
matrix with columns γa∣A∣ . Then the matrix ΓA has full rank, as do all of its principal submatrices.
Assumption I3 imposes that the state variable cannot affect payoffs for each choice in a similar
fashion. For example, in the binary choice case (∣A∣ = 1), the assumption states that γ0 ≠ 0. The
final two assumptions place restrictions on directly observed objects. First, broadly speaking, the
support of the state variable is required to contain an open set:
Assumption I4. (i) The restriction of the support of x2 conditional upon (x1 , a1 ) = (x, a) to
the first 1 + ∣A∣ elements of x2 is bounded and contains a non-empty open set. (ii) The support
of x3 conditional upon (x2 , a2 ) = (x, 0) for some x in the support of part (i) contains k linearly
independent elements and its restriction to the first 1 + ∣A∣ elements of x3 is bounded and contains
a non-empty open set. (iii) The intersection over a3 of the support of x4 conditional upon x3 in
the support of part (ii) and a3 contains k linearly independent elements.
Assumption I4 places restrictions on the support of the observed state variable. It allows the
support to be bounded, but requires that it be uncountable. The conditions do rule out some
transition patterns found in applied work, but may be less onerous than other support conditions
in the literature. First, parts (ii) and (iii) rule out the case that the state variable xt contains the
lagged choice at−1 . However, it does not rule out ‘machine replacement models’ such as the Rust
model of Kasahara and Shimotsu (2009, Section 3.3). Finally, unlike some results in the literature,
it does not require that the support be ‘rectangular’ — which requires that, starting from any
sequence of choices and past state variables, any state can be reached4 . state variable.
Assumption I5. The state transition kernel Fx (xt+1 ; xt , at ) has bounded support and may be decomposed into absolutely continuous and discrete components, and the associated density and probabilities are real analytic functions of the first 1 + ∣A∣ elements of xt . Furthermore, these functions
have analytic continuations to R1+∣A∣ which are bounded.
Assumption I5 allows the state transition to be a mixture of an absolutely continuous and
discrete random variable, but restricts the component functions to be smooth functions of the
conditioning state variable. In particular, they must be real analytic functions — that is, functions
that have a convergent power series representation. An example of a state transition satisfying
Assumption I5 is a mixture of a mass point at xt+1 = 0 and a truncated normal: Fx (x′ ; x, a) =
4

More precisely, that is for each (x, a), Fx (x′ ; x, a) > 0 for all x′ in its support. The assumption is made in

Kasahara and Shimotsu (2009, Propositions 1-9).
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π1(x′ = 0) + (1 − π)F+ (x′ ; x, a), where F+ (x′ ; x, a) is a truncated normal whose mean and variance
are real analytic functions of (x, a).
Other examples of real analytic functions include polynomials, the logistic function, trigonometric functions, the Gaussian function, and linear combinations of these functions. These functions
are known to be good approximators to square-integrable functions (e.g. Chen 2007, Section 2.3),
and can therefore approximate any density function arbitrarily well. The bounded support assumption is a technical requirement to ensure that the mapping (2) is a contraction between spaces of
bounded functions (Kristensen et al. 2020). This could be relaxed, but proving equation (2) has
the contraction property is more delicate (Norets 2010, see).
With these assumptions in hand, the model parameters are (Fx , γ, fβ∣X1 ): the state transition,
the homogeneous payoff parameter γ = (γa ∶ a ∈ Ã) ∈ R∣A∣(k−1) , and the conditional distribution of
permanent unobserved heterogeneity. As the state transition is identified by direct observation, the
following result deals with the other parameters:
Theorem 1. Assume the distribution of (xt , at )Tt=1 is observed for T ≥ 4, generated from agents
solving the model of equation (1) satisfying assumptions I1-I5. Then (γ, fβ∣X1 ) is point identified.
Remark 1 (Random intercepts). In applied work, it is common to impose that permanent unobserved heterogeneity enters the model as a random intercept — a fixed effect. That is, the period
utility function of Assumption I2 is replaced by
ui (x, a) = βia + x′ γa .
This parsimonious model often gives a natural interpretation. For example, if the choice set includes
home production, schooling and various occupations, βia can be interpreted as choice-specific skill
endowments (Keane and Wolpin 1997).
Section A.1 considers identification of an infinite-horizon DDC model with random intercepts.
It shows point identification can be attained under an additional restriction on the state transition.
Specifically, there must be some point in the support of xit for which the state transition is not
choice dependent. For instance, the machine replacement model of Kasahara and Shimotsu (2009,
Example 9) displays this property.
Remark 2 (Panel length). Theorem 1 requires at least four observations per individual. In contrast
Kasahara and Shimotsu (2009) require only T = 3. With three periods, identification of the model
in Theorem 1 is possible under a high-level assumption on the joint distribution of permanent
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unobserved heterogeneity and the first period state variable. For example, independence would be
sufficient for identification. However, the advantage of T = 4 is to allow unrestricted dependence
between the state variable and permanent unobserved heterogeneity, while achieving identification
under above the low-level conditions.
The proof to Theorem 1 is found in section B.1, though I now sketch the key ideas. For
simplicity, consider the binary choice case (∣A∣ = 1). By the law of total probability the distribution
of observed choices and states can be expressed as follows:
fa2 a1 x2 ∣x1 (1, a1 , x2 ; x1 ) = ∫ fa2 a1 x2 β∣x1 (1, a1 , x2 , b; x1 )db
= ∫ fa2 ∣a1 x2 x1 β (1; a1 , x2 , x1 , b)fx2 ∣a1 x1 β (x2 ; a1 , x1 , b)fa1 ∣x1 β (a1 ; x1 , b)fβ∣x1 (b; x1 )db
Then under the independence conditions of Assumption I1, this simplifies to
fa2 a1 x2 ∣x1 (1, 1, x2 ; x1 ) = ∫ P (1; x2 , b)Fx2 (x2 ; x1 , a1 )P (a1 ; x1 , b)fβ∣x1 (b; x1 )db,
Where the notation P (a; x, b) represents the conditional choice probabilities Pr(ait = a∣xit = x, βi =
b). Since the state transition is assumed to be common across agents, it can be treated as observed,
and whenever it has positive measure:
fa2 a1 x2 ∣x1 (1, 1, x2 ; x1 )
Fx2 (x2 ; x1 , a1 )

= ∫ P (1; x2 , b)P (a1 ; x1 , b)fβ∣x1 (b; x1 )db,

Although not necessary for the proof, if the state transition has some common support, it is possible
to sum over a1 :
∑

a1 ∈{0,1}

fa2 a1 x2 ∣x1 (1, a1 , x2 ; x1 )
Fx2 (x2 ; x1 , a1 )

= ∫ P (1; x2 , b)fβ∣x1 (b; x1 )db,

The left-hand side is observed but the right-hand is not. The ‘adequate variation’ condition for
identification is precisely whether this integral operator is injective: that is, denoting the observed
left-hand side function ρ(x2 ) with x1 fixed, does the system ρ = P f have a unique solution f .
In the proof, it is shown that injectivity is equivalent to the functions
{P ∶ Sβ → [0, 1] ∶ P (b) = P (1; x2 , b), x2 ∈ S2 }
being good approximators for square-integrable functions on Sβ . The proof proceeds by showing
the functions P have this universal approximation property.
To show the conditional choice probability functions are good approximators, it proves useful to
exploit smoothness and the linear period payoff function. First, I show that the real analytic property of Fx is inherited by P . This is useful for the following reason. Intuitively, since real analytic
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functions, like polynomials, are determined by their values on an open set, their approximation
qualities can be understood by considering any open set. The most convenient open set, of course,
is the Euclidean space. Second, with the artificial full support, linearity is useful to constructively
prove the universal approximation property.
Proving injectivity, however, is only one part of the proof. With injectivity in hand, measurement error arguments based on Hu and Schennach (2008) are used to identify (γ, fβ∣x1 ).

2.2

Finite horizon model

In a finite horizon dynamic discrete choice model, the agent chooses a sequence of actions (aT0 , aT0 +1 , . . . , aT1 )
to maximize lifetime utility:
⎡ T1
⎤
⎢
⎥
t
⎢
ViT0 (xT0 , T0 ) =
max
E ⎢ ∑ ρ uit (xt , t , at ) ∣ xT0 T0 , aT0 ⎥⎥
(4)
(aT0 ,aT0 +1 ,... ) ⎢t=T
⎥
⎦
⎣ 0
where at ∈ {0, . . . , ∣A∣} ≡ A is the control variable, ρ is the discount factor, st = (xt , t ) is the state
variable of which xt is observed by the econometrician and t is not, and ui (xt , t , at ) is period
utility which may be agent and period specific (that is, non-stationary). Relative to the infinite
horizon choice problem (1), there is some finite period T1 after which the agent does not consider
payoffs. Because of this, even with the conditional independence assumption (equation (3)), the
problem does not admit a contraction mapping structure.
In this section I consider a finite horizon dynamic discrete choice model in which the terminal
period is observed. By definition, the decision-maker has no future utility flows to consider in
the terminal period and thus a different proof strategy is adopted. This argument allows for
identification of random intercepts (‘fixed effects’), which was not the case in the infinite horizon
model. However, there are many settings where it is not realistic to expect the terminal period is
observed. In this case, identification is still possible (see remark 3).
Assumption F1. (i) ut (xt , t , at ) = ut (xt , at ) + t (at ). (ii) ρ is known. (iii) st = (xt , t ) satisfies
dFSt+1 (st+1 ; st , at ) = dF (t+1 )dFxt+1 (xt+1 ; xt , at ).
(iv) ui (xt , 0) = 0. (v) The distribution of t (a) extreme value type I.
Assumption F2. Permanent unobserved heterogeneity βi = ((β1ia , β2ia ) ∶ a ∈ Ã) ∈ Rb for b = (1 +
p)∣A∣ enters the model through the period utility function as follows:
uit (x, a) = β1ia + x′ (β2ia , γat ) ,
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where x ∈ Rk is the vector of observed state variables, and the agent index i is shown for explicitness.
Sβ , the support of βi , is a bounded subset of Rb . If fβ∣x1 (⋅; x), the distribution of βi conditional
upon x1 = x, admits a density function, it is bounded.
Assumption F2 states that permanent unobserved heterogeneity enters the model as a random
coefficient. The restrictions are weaker than those in the infinite horizon model (Assumption
I2). First, the permanent unobserved heterogeneity can include a random intercept. Second, the
probability distribution of βi need not be bounded. As was the case for the infinite horizon model,
the support of permanent unobserved heterogeneity may be finite, but it need not be.
Assumption F3. Let γaT1 ,∣A∣ be the first ∣A∣ components of the vector γaT1 and let ΓAT1 be the
∣A∣ × ∣A∣ matrix with columns γaT1 ,∣A∣ . Then the matrix ΓAT1 is full rank.
Like Assumption I3, Assumption F3 imposes that the state variable cannot affect payoffs for
each choice in a similar fashion. It is mildly weaker than its infinite-horizon counterpart. The final
two assumptions place restrictions on directly observed objects.
1 −1
1
Assumption F4. For each x1 and (at )Tt=1
, there is a sequence of state variables (xt )Tt=1+1
such

that the restriction of the support of xT to its first p + 1 elements contains a non-empty open set.
Assumption F4 places restrictions on the support of the observed state variable. It is substantially weaker than the assumption required for the infinite horizon model (Assumption I4).
To introduce the final assumption, denote Ã = {1, 2, . . . , A}, ST1 the support of xT1 of Assumption F4. Let E be a subset of ST1 × Ã whose projection on the first p + 1 elements contains an open
set. Define the operator
LE,γ
T1 ,β ∶ LSβ → LE

[LE,γ
T1 ,β m](xT1 ) = ∫ fAT1 ∣XT1 β (1; xT1 , b; γ)m(b)db.

−1
Denote (LE,γ
as the left inverse of LE,γ
T1 ,β )
T1 ,β which exists if it is injective.

Assumption F5. For every γ ≠ γ̃, there exists (E, Ẽ) ⊆ SXT1 × Ã whose projections on the first
p + 1 elements of xT1 are non-empty open sets such that the operator
Ẽ,γ̃
LE,γ,
∶ LSβ → LSβ
T1 ,β

Ẽ,γ̃
Ẽ,γ −1 Ẽ,γ̃
−1 E,γ̃
[LE,γ,
m](b) = [((LE,γ
T1 ,β
T1 ,β ) LT1 ,β − (LT1 ,β ) LT1 ,β ) m] (b)

(5)

is injective.
This high-level condition ensures that the parameter γT1 can be identified without knowledge
of the distribution of unobserved heterogeneity. A few comments on Assumption F5 are in order.
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First, it is shown in the proof to Theorem 2 that assumptions F1-F4 imply that, for any E, LE,γ
T1 ,β
Ẽ,γ̃
is injective so that LE,γ,
exists. Second, this assumption is not required in a model without
T1 ,β

random intercepts (Remark 3). Third, the condition is stated in terms of observed objects, and
thus can be verified prior to estimation.
Fourth, the condition can be related to the high-level necessary conditions for identification of a
common parameter in discrete choice panel data given in Johnson (2004) and Chamberlain (2010).
To describe their result, fix x ≡ (x1 , x2 , . . . , xT1 ) and γ which is time-invariant for convenience, and
1
1
let p(β; x, γ) be the length 2T1 vector of choice probabilities {∏Tt=1
fAt ∣Xt β (at ; xt , b; γ) ∶ (at )Tt=1
∈ {0, 1}T1 ∖ {0T1 }}

in the (2T1 − 1)-dimensional hypercube. Johnson (2004, Theorem 2.2) states that the common parameter γ will not be identified if the set {p(β; x, γ) ∶ β ∈ Sβ } does not lie in a hyperplane for some
x. For the static binary choice model with T = 2, Chamberlain (2010) shows that the hyperplane
restriction is satisfied if and only if the unobserved state variables are iid extreme-value type I.
This is suggestive that the T = 2 dynamic binary choice model does not satisfy Johnson (2004)’s
condition and therefore γ is not identified. If that is the case, then ∀x2 ∈ SX2 , γ ≠ γ̃
SX ,γ X2
SX2 ,γ̃ X2
∃(f X2 , f˜X2 ) ∶ [L2,β2 fβ∣X
(⋅;
x
,
x
)]
(x
)
=
[L
f˜β∣X1 (⋅; x1 , x2 )] (x2 ),
1
2
2
2,β
1
X2
where the distribution of unobserved heterogeneity fX
is allowed to depend on x2 , as in Johnson
1 ∣β

(2004) and Chamberlain (2010). If the distribution is restricted to be the same for all x2 ∈ SX2 , the
above condition implies that for γ ≠ γ̃, ∃x2 ∈ SX , (f, f˜) such that
2

SX ,γ
SX ,γ̃
[L2,β2 fβ∣X1 (⋅; x1 )] (x2 ) = [L2,β2 f˜β∣X1 (⋅; x1 )] (x2 ).

However, since the distribution of unobserved heterogeneity is required to be the same for all x2 ,
there may be some other x̃2 ∈ SX2 such that
SX ,γ
SX ,γ̃
[L2,β2 fβ∣X1 (⋅; x1 )] (x̃2 ) ≠ [L2,β2 f˜β∣X1 (⋅; x1 )] (x̃2 ).

Let E, Ẽ be neighborhoods of (x2 , x˜2 ), respectively. In the proof to Theorem 2 it is shown that,
without knowing f or f˜, we know there does exist such an x̃2 if the operator defined in equation (5)
is injective. This can be viewed as a partial converse to Johnson (2004)’s high-level condition: in
that case, without knowing f or f˜, we know there does not exist such an x̃2 if their ‘rank’ condition
does not apply. In principle, the logic of Assumption F5 can be extended to the general discrete
choice panel model of Johnson (2004), if the distribution of unobserved heterogeneity is required
to be independent of covariates.
Finally, should Assumption F5 not hold, I show in lemma B.4 that under Assumptions F1-F4
and a scale restriction on γT1 , that γT1 and distribution of unobserved heterogeneity is identified.
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1
Theorem 2. Assume the distribution of Y ≡ (Xt , At )Tt=1
is observed for 1 < T1 , generated from

agents solving the model of equation (4) satisfying assumptions F1-F5. Then the homogeneous
1
payoff parameter (γt )Tt=1
and the conditional distribution of permanent unobserved heterogeneity

fβ∣x1 are identified.
Section B.2 contains the proof of Theorem 2. The outline is broadly similar to that of the proof
to Theorem 1, though the details are substantially different. In particular, injectivity is shown
directly exploiting the properties of the link function.
Remark 3 (Identification without the terminal period). In many empirical settings, the time horizon
of the decision maker extends beyond the period of observation. For example, a worker’s labor force
participation decisions may not be observed for their entire working life. This poses an issue for
identification since in-sample decisions reflect payoff parameters for both in- and out-of-sample time
periods.
One approach to this issue is to impose restrictions on out-of-sample payoffs. Section A.2 adopts
this approach and shows that the model without random intercepts is identified. That is, where
the payoff function equals
ui (xit , ait ) = βiait zit + γa′ it g wit .
A different approach is to impose that the state transition exhibits finite dependence: when multiple
sequences of actions leads to the same distribution of the state variable (Arcidiacono and Ellickson
2011). Finite dependence limits the number of out-of-sample time periods that affect in-sample
decisions. Section A.3 considers a limited form of finite dependence, and shows a binary choice
model with random coefficients is identified.

3

Estimation

This section considers consistent estimation of the model parameters (Fx , γ, fβ∣x1 ) in a short panel.
The distribution of y = ((at , xt )Tt=2 , a1 ) conditional upon x1 can be written as
T

fy∣x1 (y; x1 ) = ∫ ∏ (Pt (at ; xt , b; γ, Fx )Fxt (xt ; xt−1 , at−1 )) P1 (a1 ; x1 , b; γ, Fx )dfβ∣x1 (b; x1 ).
t=2

I propose two-step sieve M-estimation based on the above expression. The first step consists
of estimating the state transition Fx . The second step consists of forming the pseudo-likelihood
function using the fact that the CCPs Pt are known up to the state transition and payoff parameter
(Fx , γ), and using sieve M-estimation methods to estimate (γ, fβ∣x1 ).
15

It is of course possible to estimate the model in a single step as a sieve maximum likelihood
problem. The advantage of the proposed two-step approach is computational: for example, in the
infinite horizon case, the integrated value function does not have to be recomputed within the
second step optimization. This is similar to the idea of using the Hotz and Miller (1993) inversion
to avoid full solution estimation of parametric DDC models, although there may be efficiency loss
for the standard pseudo likelihood estimator.
Although I show consistency for a general sieve space, this may be computationally infeasible
to implement, since estimation requires computing the CCPs for every point in the support of the
sieve. To circumvent this issue, I suggest a ‘fixed grid’ estimator, based on Heckman and Singer
(1984)’s first-order monotone spline sieve, which reduces the computational burden by having a
finite number of support points.
In this section, I focus on estimating the cumulative distribution function of β. While it would
be possible to present conditions for consistent estimation of the density function, smoothness
restrictions would rule out the possibility that βi has discrete support, which is the standard
assumption in the literature.
As a final comment, in practice there will be an approximation error in the evaluation of the
CCPs. This problem is inherent to DDPs with large or infinite state spaces, and has received
significant attention in the recent literature (Rust 2008; Kristensen et al. 2020). I assume away the
effect of these errors on estimation — that is, that the approximation error is negligible relative
to sampling error. In principle, the results of Kristensen et al. (2020) could be used to explicitly
consider the effect of value function approximation error on estimation, though I do not pursue this
here. Of course, the approximation error can be made arbitrarily small at increased computational
cost.

3.1

A general two-step seminonparametric estimator

In this section, I briefly outline the two-step sieve M-estimator and present the general consistency
result. Denote the true parameters as θ0 = (Fx , γ, fβ∣x1 ) ∈ Θ = F × Γ × M, where F is the space
of state transitions, Γ ⊆ Rp , and M is the space of distribution functions on Sβ × S1 with S1 the
support of x1 . The first step consists of forming a consistent estimator F̂x for the state transition
Fx . Since the state transition is directly observed, standard non-parametric methods are available.
For the second step, the log-likelihood for the ith observation is
T

ψ(yi , F̂x , γ, fβ∣x1 ) = log ∫ ∏ Pt (ait , xit , b; F̂x , γ)dfβ∣x1 (b; xi1 )
t=1
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Given a sieve space Mn , which approximates M arbitrarily well for large n, the second step
estimator is defined as
1 n
1 n
sup
∑ ψ(yi , F̂x , γ̂, fˆβ∣x1 ) ≥
∑ ψ(yi , F̂x , γ, f ) − op (1/n)
n i=1
(γ,f )∈Γ×Mn n i=1

(6)

The following result states that under standard regularity conditions, the estimator is consistent.
Theorem 3. Let (ait , xit ∶ t = 1, . . . , T )ni=1 be iid data generated from the DDC model satisfying
either Assumptions I1-I5 or Assumptions F1-F5. If Assumptions E1-E4 hold, then the estimator
(γ̂, fˆβ∣x1 ) defined in equation 6 is consistent for (γ, fβ∣x1 ).
The full statement of Theorem 3 and its proof are contained in Appendix C.1.

3.2

Fixed grid estimation

In this section I propose a particular choice of sieve which has the advantage of being simple to
implement: the first-order monotone spline sieve. This is a popular choice of sieve for seminonparametric models, see for example Heckman and Singer (1984), Chen (2007), and Fox, Kim, and
Yang (2016). To define the sieve, let Bn be a set of knots that partition Sβ and Xn be a partition
of S1 , the support of x1i . The sieve space Mn is defined as follows:
⎫
⎧
B(n) X(n)
B(n)
⎪
⎪
⎪
⎪
⎨f ∶ Sβ × S1 → [0, 1] ∶ f (b, x1 ) = ∑ ∑ Pj,k 1(bj ≤ b)1(x1 ∈ Xk,n ), Pj,k ≥ 0, ∑ Pj,k = 1, bj ∈ Bn , Xk,n ∈ Xn ⎬ ,
⎪
⎪
⎪
⎪
j=1 k=1
j=1
⎭
⎩
(7)
where the number of knots B(n), X(n) and their location bj and Xk,n are tuning parameters. For
given (Bn , Xn ), an element of Mn is a piecewise constant function with jumps of size Pj,k at point
bj . The computational advantages of this sieve are clear: to find the supremum in (6), the CCP
functions need only be evaluated for the values bj ∈ Bn . This would not be the case if the sieve
space consisted of continuous functions.
A theoretical advantage of this sieve space is that many of the high-level conditions for consistency are attained as long as the number of knots does not grow too fast. See Appendix C.2 for
details.
Theorem 4. Let (ait , xit ∶ t = 1, . . . , T )ni=1 be iid data generated from the DDC model satisfying
either Assumptions I1-I5 or Assumptions F1-F5. If Assumptions E1, E3.1 and E4.1 hold, then the
estimator (γ̂, fˆβ∣x1 ) defined in equation 6 is consistent for (γ, fβ∣x1 ).
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To implement the estimator, the number and location of grid points must be chosen. For
consistency, it is enough that B(n)X(n) log(B(n)X(n)) = o(n) and that the grid points become
dense in the support of β × x1 . In principle, convergence rates for this estimator could be derived
to determine optimal growth rates B(n), X(n), but I do not pursue this here.
For computation, it may be computationally attractive to use profiling. In particular, to form
(γ̂, fˆβ∣x1 ), fix γ and let
1 n
fˆβ∣x1 (γ) = arg sup ∑ ψ(yi , F̂x , γ, f ).
f ∈Mn n i=1
For the sieve space (7) this is a convex optimization problem, with a unique global optimum and
can be solved very efficiently. The profile estimator is formed as
1 n
1 n
∑ ψ(yi , F̂x , γ̂, fˆβ∣x1 (γ)) ≥ sup ∑ ψ(yi , F̂x , γ, fˆβ∣x1 (γ)) − op (1/n).
n i=1
γ∈Γ n i=1

3.3

Estimating the support of unobserved heterogeneity

In the existing DDC literature, it is common to assume permanent unobserved heterogeneity is
discrete. When this assumption is made, a key parameter is the number of support points of
permanent unobserved heterogeneity. In practice, it is common to assume the number of support
points is known, although there are methods to identify a lower bound on the number of support
points (Kasahara and Shimotsu 2009; Kasahara and Shimotsu 2014; Kwon and Mbakop 2019)
which have been applied in economics (Igami and Yang 2016). However, in general, these methods
can only identify the number of support points if an upper bound is known. This is because there
is no guarantee a priori that the data is rich enough to identify any arbitrarily large number of
types. Intuitively, the population likelihood may be flat as a mixture component is added, but this
may be because the initial likelihood had the true number of mixture components or because the
data is not rich enough to distinguish the model from one with an additional mixture component.
Technically, this issue can be resolved by a rank assumption on an unobserved matrix (Kasahara
and Shimotsu 2009, Proposition 3; Kwon and Mbakop 2019, Assumption 2.1).
The purpose of this section is to show the models of Theorem 1 and Corollary 3 satisfy a condition equivalent to Kwon and Mbakop (2019, Assumption 2.1) when the distribution of unobserved
heterogeneity is discrete. This means the number of types is identified, without knowledge of an
upper bound on the number of types.
Corollary 1. Assume the distribution of Y = (xt , at )Tt=1 is observed for T ≥ 3, generated from the
DDC model satisfying either Assumptions I1-I5 or Assumptions F1, F2.1-F4.1, F6 and F7. In
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addition, suppose that the support of β conditional upon x1 has R < ∞ points of support. Then R
is identified as the rank of the operator
[Lu](x3 ) = ∫ u(x2 )

fA3 A2 A1 X3 X2 ∣X1 (a3 , a2 , a1 , x3 , x2 ; x1 )
Fx3 (x3 ; x2 , a2 )Fx2 (x2 ; x1 , a1 )

dx2 .

That is, R equals the dimension of the range of L.
The proof to Corollary 1 is found in Section C.3. The result means that the techniques of
Kasahara and Shimotsu (2014) and Kwon and Mbakop (2019) can be used to consistently estimate
the number of types should the applied econometrician wish to maintain the standard assumption
that permanent unobserved heterogeneity is discrete. Broadly speaking, these estimators consist
of forming a matrix of observed choice probabilities with values of x3 varying over the rows, and
x2 over the columns. The identification result means that, at the population level, the rank of the
matrix equals the true number of types.

4

Simulations

This section investigates the fixed grid estimator in a Monte Carlo simulation. The main goals of
this section are threefold: first, to explore the finite sample performance of the estimator; second,
to demonstrate the computational requirements; and, third, to verify the asymptotic results of
Section 3. I simulate data using a simple labor force participation model based on Altuğ and Miller
(1998, Section 6).
In each period, each individual decides whether or not to enter the labor force, upon observation
of the state variable. Thus A = {0, 1}, with ait = 1 representing that individual i enters the labor
force at time t. The state variables are sit = (xit , it ) where it = (0it , 1it ) is unobserved and
xit ∈ X ⊆ R2 is observed. The period period payoff from entering the labor market depends on
individual-specific labor productivity βi as follows:
ui (x = (x1 , x2 ) , , 1) = βi x1 + γx2 + 1
Following the model of Altuğ and Miller (1998), x1 can be interpreted as an average consumption
value (see Section 5 for details) and x2 is equal to the income of the primary earner in the household.
The period payoff from not entering is ui (x, , 0) = 0 . The random preference shock ait is assumed
to be i.i.d. extreme value type I, and the agents’ time horizon is assumed to be infinite. In addition,
I assume that βi is independent of xit and follows a mixture of three truncated normal distributions.
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In particular

⎧
⎪
⎪
Ntr (1.5, 1)
with prob. 1/3
⎪
⎪
⎪
⎪
⎪
⎪
βi ∼ ⎨Ntr (2.5, 0.25) with prob. 1/3
⎪
⎪
⎪
⎪
⎪
⎪
⎪
N (3.5, 1)
with prob. 1/3
⎪
⎩ tr

Where Ntr (µ, σ) is the truncated normal distribution with parameters (µ, σ), minimum value 0
and maximum value 50. The simulation results are the average of 1, 000 i.i.d. datasets (ait , xit ∶ t =
1, . . . , 8)ni=1 drawn from this model. Results are presented for four sample sizes: n = 100, n = 500,
n = 1, 000 and n = 10, 000. For estimation I choose the number of grid points equal to 4n1/4 , which
satisfies the rate conditions required for Theorem 4.
n = 100

n = 500

n = 1, 000

n = 10, 000

Bias

-0.328

-0.211

-0.093

0.074

Var

2.750

2.890

2.840

2.720

MSE

2.860

2.930

2.850

2.730

Time

27.3

31.9

41.4

131.9

MISE

0.0754

0.040

0.032

0.020

Mean

0.458

0.334

0.302

0.240

Min

0.255

0.199

0.199

0.18

Max

0.925

0.520

0.482

0.337

13

19

23

40

5.2

6.8

7.6

10.1

Min

2

4

5

6

Max

9

9

11

24

γ

IAE

4n

1/4

Mean
No. types

Table 2: Simulation results for estimation of γ and fβ . “γ” denotes results for estimation of γ, which
includes scaled average empirical bias (“Bias”), variance (“Var”) and mean-squared error (“MSE”). “Time”
denotes median computation time in seconds. “MISE” denotes empirical mean integrated squared error,
“IAE” denotes empirical integrated absolute error, and “No. types” denotes the number of support points.

Table 2 presents results for the estimator of (γ, fβi ), in addition to computation times. First
consider results for γ. Here, empirical variance is significantly larger than empirical bias, which
diminishes with sample size. Scaled empirical mean squared error is largely flat across sample sizes.
In terms of computational burden, the fixed grid estimator takes around 30 seconds to run for the

20

smaller sample sizes, though it takes around 2 minutes for n = 10, 000.
Turning to results for the estimation of fβ , both measures of integrated error diminish with
sample size.5 The number of grid points increases slowly with sample size — indeed slower than
the growth of the number of support points selected by the estimator. For n = 100, on average 3.8
points are selected. This increases to 10.1 for the large sample size. This pattern is broadly similar
to previous simulation results for a parametric variant of this estimator (Fox et al. 2011).
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Figure 1: Simulation results for estimation of fβ for each sample size. The black curve represents the
median estimate, the red curves pointwise 97.5%, 2.5% quantiles, and the blue curve the true distribution.
The ticks on the x-axis represent the grid points.

Figure 1 presents empirical quantiles for the estimator of fβ . For each sample size the median
estimate (the black curve) falls close to the true distribution (the blue curve). The empirical
pointwise confidence bands are substantially narrower for the larger sample sizes.
To be precise, integrated absolute error for simulation run m with estimate fˆβ,m is ∫ ∣fˆβ,m (b)−fβ (b)∣db and mean
2
ˆ
integrated squared error is equal to 1 ∑M
m=1 ∫ (fβ,m (b) − fβ (b)) db where M = 1, 000 is the number of replications.
5

M
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5

Application to a labor force participation model

This section revisits the female labor supply model of Altuğ and Miller (1998). I combine the
life-cycle model of Altuğ and Miller (1998) with the identification results of Section 2 to estimate
the distribution of labor productivity from data on labor force participation. Before introducing
the econometric model used in this section, I discuss the approach of Altuğ and Miller (1998).
Altuğ and Miller (1998) introduces a framework to understand female labor supply that takes
into account aggregate shocks and time non-separable preferences. In their model, agents gain utility from consumption and leisure. Under their specification of consumption and Pareto optimality,
the consumption component of flow utility is:
ηi λt νi ωt exp(γ3′ xW it )lit

(8)

The term (ηi λt ) is the shadow value of consumption, which is estimated from data on consumption.
The term (νi ωt exp(γ3′ xW it )lit ) represents an individual’s earnings, which is equal to the amount
of time they spend working conditional on participating, lit , multiplied by their marginal product.
The individual-specific marginal product of labor consists of unobserved aggregate and individual
productivity effects (ωt , νi ) in addition to a component that depends on covariates xit . These terms
are estimated from the wage equation, which is as follows:
w̃it = ωt νi exp(γ3′ xW it ) exp(˜
it ).
Altuğ and Miller (1998) consider two estimators for the individual-specific productivity νi . First,
they use the fixed effects estimator from the wage equation above. Of course, in the asymptotic
framework considered in this paper where n is large but T is fixed, this estimator is subject to
the incidental parameters problem is not consistent in general. Second, the authors assume that
the fixed effect can be written as a deterministic function of observables, and then estimate that
function non-parametrically. The observed variables consists of demographic data such as race,
marital status and education levels. The second estimator is inconsistent if individual productivity
cannot be written as a function of observed data. Furthermore, their estimators requires that
˜it − ˜i1 is mean independent of νi , which restricts an individual’s wage schedule.
The identification results of Section 2 obviate the need to estimate individual-specific productivity from the wage equation. Instead, νi can be interpreted as a random coefficient in the discrete
choice model of labor force participation. In particular, suppose the period payoff from entering
the labor market for individual of type νi is:
ui (x, , 1) = x′ (νi , γ) + 1
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(9)

with xit = (ẑit , 1, hincit , ageit , nkidsit , educit , lagged.workit ). Here ẑit is constructed following the
schema of Altuğ and Miller (1998). Precisely, ẑit = η̂i λ̂t ω̂t exp(γ̂ ′ xit )ˆlit . The remaining observed
3

state variables are, respectively, annual head-of-household income, age, a dummy variable for the
presence of children in the household and, a dummy variable that equals 1 if the individual worked
in either of the previous two periods.
Relative to the participation model in Altuğ and Miller (1998, Equation (6.7)), νi is treated
as an unobserved random variable. In their model νi is replaced by first-stage estimator ν̂i , so
that νi ẑit is treated as a known constant. Like Altuğ and Miller (1998), I make the outside good
assumption and assume that ait is i.i.d. extreme value type I. For simplicity, the agents’ time
horizon is assumed to be infinite.
As in Altuğ and Miller (1998), the labor force participation model is estimated using a subset of
data from the PSID. The construction of the subset largely followed the details in Altuğ and Miller
(1998, Appendix B). The final data set contains 3084 individuals, each of whom have between four
and ten panel observations, with an average close to eight. For estimation, the sieve space is chosen
to have 40 grid points.
Variable

Point estimate

Standard errors

Intercept

-0.4307

0.0774

Head-of-household income

−3

2.530 × 10

1.5572×10−6

Age

0.1833

0.0419

Number of kids

-0.7024

0.0277

Education

0.2358

0.0499

Lagged work status

1.4462

0.0440

Table 3: Estimates of γ.
Table 3 presents point estimates of the finite parameter γ alongside bootstrapped standard
errors. The results can be compared to Altuğ and Miller (1998, Section 6). Some results are
broadly similar: for example, both sets of result indicate that disutility from work increases with
age. Others are different: for example, the positive coefficient on lagged work status can be
interpreted as indicating that current and previous work are complements. That is, work in the
past increases utility from work in the present. This is in contrast to results in Altuğ and Miller
(1998), which suggest that current and past leisure choices are substitutes.
Figure 2 presents the estimated distribution of labor productivity. The estimator puts mass on
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Figure 2: Estimated distribution of νi . The black curve represents the point estimate, the red curves
represent bootstrapped 95% pointwise confidence intervals. The ticks on the x-axis represent the grid points.

6

Conclusion

In this paper I show point identification of the distribution of continuous unobserved heterogeneity
in a dynamic discrete choice model in a short panel. This improves upon existing methods (Kasahara and Shimotsu 2009; Hu and Shum 2012), in not restricting permanent unobserved heterogeneity in to have finite support. Unlike these canonical papers which exploit only the Markov structure
of DDC models, I impose common functional form assumptions made in the DDC literature and
show that they have identifying power. This result may be surprising due to the non-linearity of
DDC models. My results encompass both finite and infinite horizon models, and do not rely on a
full support condition, nor parametric assumptions on the distribution on permanent unobserved
heterogeneity.
I propose a seminonparametric estimator for the distribution of continuous permanent unobserved heterogeneity in the style of Heckman and Singer (1984). The estimator is computationally
24

simple, and coincides with the estimator for a semiparametric model. As a result, the applied
econometrician can proceed as they would for discrete permanent unobserved heterogeneity, providing they commit to increasing the number of support points as the sample size grows. In this
way, my paper provides a solution to the problem of choosing the number of support points for
discrete permanent unobserved heterogeneity.
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A

Supplementary identification results

A.1

Random intercepts

This subsection provides conditions for identification of an infinite-horizon DDC model with random
intercepts (fixed effects) (see remark 1).
Assumption I2.1. Permanent unobserved heterogeneity βi = (βia ∶ a ∈ Ã) ∈ Rb for b = ∣A∣ enters
the model through the period utility function as follows.
ui (x, a) = βia + x′ γa
where x ∈ Rk is the vector of observed state variables, and the agent index i is shown for explicitness.
Sβ , the support of βi , is a bounded subset of Rb . βi conditional upon x1 = x is either discrete or
absolutely continuous, in which case its density function fβ∣x1 is bounded.
Assumption I3.1. Let γa∣A∣ be the first ∣A∣ components of the vector γa and let ΓA be the ∣A∣ × ∣A∣
matrix with columns γa∣A∣ . Then the matrix ΓA is full rank.
Assumption I4.1. (i) The restriction of the support of x2 conditional upon (x1 , a1 ) = (x, a) to the
first 1 + ∣A∣ elements of x2 is bounded and contains a non-empty open set for which Fx (x′ ; x, a) does
not depend on a. (ii) The support of x3 conditional upon (x2 , a2 ) = (x, 0) for some x in the support
of part (i) contains k linearly independent elements and its restriction to the first 1 + ∣A∣ elements
of x3 is bounded and contains a non-empty open set for which Fx (x′ ; x, a) does not depend on a.
(iii) The intersection over a3 of the support of x4 conditional upon x3 in the support of part (ii)
and a3 contains k linearly independent elements.
This strengthens Assumption I4 by requiring the state transition to be constant across choices.
Corollary 2. Assume the distribution of (xt , at )Tt=1 is observed for T ≥ 4, generated from agents
solving the model of equation (1) satisfying assumptions I1, I2.1, I3.1 and I4.1. Then (γ, fβ∣x1 ) is
point identified.
The proof to Corollary 2 is contained in section B.3.2. It follows from the proofs of Theorems
1 and 2.
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A.2

Identification without the terminal period

In many realistic contexts the terminal period is not observed. This is the model I consider in this
section. The result follows from arguments similar to the proof of Theorem 1, and the assumptions
reflect this. First the condition on permanent unobserved heterogeneity is strengthened relative to
Assumption F2. In particular, random intercepts are ruled out.
Assumption F2.1. Permanent unobserved heterogeneity βi = (βia ∶ a ∈ Ã) ∈ Rb for b = ∣A∣ enters
the model through the period utility function as follows:
uit (x, a) = x′ (βia , γat ) ,
where x ∈ Rk is the vector of observed state variables, and the agent index i is shown for explicitness.
Sβ , the support of βi , is a bounded subset of Rb . βi conditional upon x1 = x is either discrete or
absolutely continuous, in which case its density function fβ∣x1 is bounded.
The next three assumptions are similar to Assumptions I3-I5
Assumption F3.1. Let γat∣A∣ be the first ∣A∣ components of the vector γat and let ΓAt be the ∣A∣×∣A∣
matrix with columns γat∣A∣ . Then the matrix ΓAt has full rank, as do all of its principal submatrices.
Assumption F4.1. (i) The restriction of the support of x2 conditional upon (x1 , a1 ) = (x, a) to
the first 1 + ∣A∣ elements of x2 contains k linearly independent elements. (ii) The intersection over
a2 ∈ A of the support of x3 conditional upon (x2 , a2 ) = (x, a) for some x in the support of part (i)
restricted to the first 1 + ∣A∣ elements of x3 is bounded and contains a non-empty open set. (iii)
The support of x4 conditional upon x3 in the support of part (ii) and a3 = 0 contains k linearly
independent elements and its restriction to the first 1 + ∣A∣ elements of x4 is bounded and contains
a non-empty open set.
Assumption F6. For each t, the state transition kernel Fxt+1 (xt+1 ; xt , at ) has bounded support and
may be decomposed into absolutely continuous and discrete components, and the associated density
and probabilities are real analytic functions of the first 1 + ∣A∣ elements of xt . Furthermore, these
functions have analytic continuations to R1+∣A∣ which are bounded.
These assumptions are very similar to Assumptions I2-I5, the difference being that the homogenous parameter γt and the transition kernel Fxt are non-stationary. Since we do not observe
behavior in periods (T + 1, . . . , T1 ), the following restriction is placed on out-of-sample behavior:
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Assumption F7. Let γt = (γat ∶ a ∈ Ã). For all t ∈ (T + 1, . . . , T1 ), γt = γT . In addition,
FT +1 (x′ ; x, a) is identified.
No restriction is placed on the homogeneous parameter in periods t < 1, since it has no bearing
on in-sample behavior. This type of restriction is avoided in other ‘censored’ finite horizon models
by exploiting features of the transition function, such as finite dependence (Arcidiacono and Miller
2020). Identification of the state kernel is typically attained by assuming the data is of the form
(xit , ait , xi,t+1 ∶ i = 1, . . . , N ; t = 1, . . . , T ). Since I do not adopt this structure, I directly assume
identification of the final period transition. Let γ = (γt )Tt=1
Corollary 3. Assume the distribution of (xt , at )Tt=1 is observed for T = 4, generated from agents
solving the model of equation (1) satisfying assumptions F1, F2.1-F4.1, F6 and F7. Then (γ, fβ∣X1 )
is point identified.
The argument for Corollary 3 is found in section B.3.1. It is broadly similar to the argument for
Theorem 1. For notational simplicity I assume exactly 4 periods are observed, the same arguments
apply if additional periods are observed.

A.3

Finite dependence

A DDC model exhibits finite dependence if there are multiple sequences of actions that yield the
same distribution over the state variable. Finite dependence is useful for estimation as it allows the
continuation value term to be expressed in terms of CCPs (Arcidiacono and Ellickson 2011). This
fact also makes finite dependence useful for identification in models without permanent unobserved
heterogeneity, as it reduces the number of periods of out-of-sample behavior that must be assumed
known (Arcidiacono and Miller 2020, Section 3.3).
In this section I show a similar feature is present for models with continuous permanent unobserved heterogeneity. In particular, I assume the transition function exhibits a special case of
finite-dependence: the renewal action. The canonical example of renewal is machine replacement,
but turnover and job matching also display this pattern (Arcidiacono and Miller 2020).
Assumption F7.1. There is a choice a ∈ A such that the transition does not depend on the initial
state: Fxt (x′ ; x, a) = Fxt (x′ ; x̃, a) for all (x, x̃) in the support of xt .
1 −1
Let γ = (γt )tt=t
.
0
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Corollary 4. Assume the distribution of (xt , at )4t=1 is observed, generated from agents solving the
model of equation (1) satisfying assumptions F1, F2.1, F3.1, I4, F6 and F7.1. Then (γ, fβ∣X1 ) is
point identified.
As before, a panel of length 4 is assumed for notational ease, but the arguments also apply for
longer panels.
Section B.3.3 contains the proof to corollary 4. The most substantial steps follow the proof of
Theorem 1. The key difference is in showing identification of the finite parameter γ.

B

Identification proofs

Notation

Pt (a; x, b) denotes the conditional choice probabilities at period t, that is Pr(ait = a ∣

xit = x, βi = b).

B.1

Infinite horizon model

Proof of Theorem 1. By assumption I1,
fa4 a3 a2 a1 x4 x3 x2 ∣x1 (a4 , a3 , 0, a1 , x4 , x3 , x2 ; x1 ) = ∫ P (a4 ; x4 , b)Fx (x4 ; x3 , a3 )P (a3 ; x3 , b)
× Fx (x3 ; x2 , 0)P (0; x2 , b)Fx (x2 ; x1 , a1 )P (a1 ; x2 , b)fβ∣x1 (db; x1 )
Where the transition kernel has positive measure, we can write
fa4 a3 a2 a1 x4 x3 x2 ∣x1 (a4 , a3 , 0, a1 , x4 , x3 , x2 ; x1 )
Fx (x4 ; x3 , a3 )Fx (x3 ; x2 , 0)Fx (x2 ; x1 , a1 )

= ∫ P (a4 ; x4 , b)P (a3 ; x3 , b)P (0; x2 , b)P (a1 ; x2 , b)fβ∣x1 (db; x1 )

In this structure, the choices and states (at , xt ) can be framed as repeated measurements of
βi , and measurement error methods can be adapted to prove identification. To this end, denote
LA = {f ∶ A → R ∶ supa∈A ∣f (a)∣ < ∞}, S3 the support of x3 satisfying Assumption I4(ii), and S2 the
support of x2 satisfying Assumption I4(iii). Let L3,4,2 ∶ LS2 → A × LS3 and L3,2 ∶ LS2 → A × LS3 be
defined as follows:
[L3,4,2 m](a3 , x3 ) = ∫

fa4 a3 a2 a1 x4 x3 x2 ∣x1 (a4 , a3 , 0, a1 , x4 , x3 , x2 ; x1 )

m(x2 )dx2
Fx (x4 ; x3 , a3 )Fx (x3 ; x2 , 0)Fx (x2 ; x1 , a1 )
fa3 a2 a1 x4 x3 x2 ∣x1 (a3 , 0, a1 , x4 , x3 , x2 ; x1 )
[L3,2 m](a3 , x3 ) = ∫
m(x2 )dx2
Fx (x3 ; x2 , 0)Fx (x2 ; x1 , a1 )

Under Assumption I4 the above operators are observed and well-defined for x4 ∈ S4 where S4 is the
support of X4 satisfying Assumption I4(iii).
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These operators can be decomposed into constituent parts. For this purpose define
L3,β ∶ LSβ → A × LS3

[L3,β m](a3 , x3 ) = ∫ P (a3 ; x3 , b)m(b)db

Dβ4 ∶ LSβ → LSβ

[Dβ4 m](b) = P (a4 ; x4 , b)m(b)

Dβ ∶ LSβ → LSβ

[Dβ m](b) = P (a1 ; x1 , b)fβ∣x1 (b; x1 )m(b)

Lβ,2 ∶ LS2 → LSβ

[Lβ,2 m](b) = ∫ P (0; x2 , b)m(x2 )dx2

It is straightforward to derive that L3,4,2 = L3,β Dβ4 Dβ Lβ,2 and L3,2 = L3,β Dβ Lβ,2 .
The proof proceeds in two steps. First it is shown that the operators L3,β and L∗β,2 are injective,
where L∗β,2 is the adjoint6 of Lβ,2 . As argued below, injectivity of these operators implies that L3,2
4 −1
has a right inverse: In particular, that the equivalency L4,3,2 L−1
3,2 = L3,β Dβ L3,β holds. The second

step of the proof is to use this eigendecomposition to identify the CCP functions P , and subsequently
(γ, fβ∣x1 ).
Part I: Injectivity of L3,β and L∗β,2
L∗β,2 is defined as
L∗β,2 ∶ LSβ → LS2

[L∗β,2 m](x2 ) = ∫ P (0; x2 , b)m(b)db.

Given the common structure of L3,β and L∗β,2 when a3 = 0, set a3 = 0 and the following argument
applies for t = 2, 3.
Define H, a subset of functions Sβ → [0, 1], as
H = {h∶ Sβ → [0, 1] ∶ h(b) = P (0; x, b), x ∈ St } .

(10)

Lemma B.1 shows H is a subset of L2 (Sβ ), the square integrable functions on measure space
(Sβ , B, λ) where B is the Borel sigma field on Sβ and λ is the Lebesgue measure. In the language
of Stinchcombe and White (1998, Definition 2.1), H is totally revealing if and only if the operator
is injective.
Now consider a superset of H, H̃ defined as
H̃ = {h∶ Sβ → [0, 1] ∶ h(b) = P (0; x, b), x ∈ Rb+1 × Str } ,

(11)

where Str is the restriction of St to the final k − (1 + ∣A∣) elements of xt . Lemma B.3 implies that
if the functions P (a; b, x) ∶ Rb+1 → [0, 1] are real analytic functions in the first 1 + ∣A∣ elements
6

The adjoint of a linear operator between Hilbert Spaces L ∶ U → V is the operator L∗ ∶ V → U that satisfies

⟨Lu, v⟩V = ⟨u, L∗ v⟩U where ⟨⋅, ⋅⟩W is the inner product on W . See Carrasco, Florens, and Renault (2007) for further
discussion.
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of x and the restriction of St to those elements contains a non-empty open set, then H̃ is totally
revealing if and only if H is totally revealing. Lemma B.1 verifies that these functions are indeed
real analytic and Assumption I4(i),(ii) ensures the open set condition is satisfied, so it remains to
show H̃ is totally revealing.
Stinchcombe and White (1998, Theorem 3.1) states that a norm bounded subset of L2 is totally
revealing if and only if its span is weakly dense in L2 . Lemma B.1 verifies H̃ is a norm bounded
subset of L2 , thus it is sufficient to show the weak density of H̃ in L2 (Sβ ).
The first step (lemma B.2) is to show that the span of H̃ is uniformly dense in the set
̃ 1′ b + α0 ), (α1 , α0 ) ∈ Rb+1 } ,
H1 = {h∶ Sβ → [0, 1] ∶ h(b) = cos(α

(12)

̃
where cos(x)
= (1+cos[x+3π/2])(1/2)1∣x∣≤π/2 +1x>π/2 is the cosine squasher of Hornik, Stinchcombe,
and White (1989). Next, observe that on any compact domain, a finite linear combination of
elements of H1 can be made equal to any element of
H2 = {h∶ Sβ → [−π, π] ∶ h(b) = cos(α1′ b + α0 ), (α1 , α0 ) ∈ Rb+1 } .
We thus have the following containment: spH̃ ⊃ spH1 ⊃ H2 where spA is the linear span of A, and
spA is its uniform closure. It is simple to verify that the linear span of H2 satisfies the conditions of
the Stone-Weierstrass theorem, and thus is uniformly dense in continuous functions on Sβ , C(Sβ )
(Rudin 1964, Theorem 7.32). That is spH2 ⊃ C(Sβ ) and it follows from the previous containment
that spH̃ ⊃ C(Sβ ) — that the span of H̃ is uniformly dense in continuous functions on Sβ . Uniform
density in L2 (Sβ ) follows from Hornik, Stinchcombe, and White (1989, Corollary 2.2). Finally,
since the uniform closure of a set is contained within its weak closure, uniform denseness of H̃ in
L2 (Sβ ) implies weak denseness and we conclude L3,β and L∗β,2 are injective.
Now suppose that the measure fβ∣X1 (b; x1 ) has S < ∞ points of support. In this case, the operators L3,β and L∗β,2 are a matrix of probabilities with rows (P (0; xt , bs ))S=1,...,S . Let xt = (zt , wt ) with
zt the first b+1 elements of xt . From the above approximation result, for each s, a sequence of zn,s,t ∈
Rb+1 can be found such that lim P (0; (zn,s,t , wt ), bs+ ) = 1 for s+ ≥ s and lim P (0; (zn,s,t , wt ), bs− ) = 0
for s− < s. For each t, these S sequences define a sequence of square matrices whose limit is full
rank. Therefore for n large enough, the matrix (P (0; (z, wt ), bs ))z∈zn,s,t ;s=1,...,S is full rank.
Part II: Eigendecomposition
Since Dβ is invertible (as P (a1 ; x1 , b)fβ∣X1 (b; x1 ) > 0 almost surely-Sβ ), and L3,β and L∗β,2 are
injective, L3,2 has a right inverse, the equivalence
4 −1
L4,3,2 L−1
3,2 = L3,β Dβ L3,β
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(13)

holds, and L4,3,2 L−1
3,2 admits a unique spectral decomposition (Williams 2019, Lemma A.1). In particular, the right-hand side is the eigenvalue-eigenfunction decomposition of the operator L4,3,2 L−1
3,2 .
The eigenfunctions are (a3 , x3 ) ↦ P (a3 ; x3 , b) corresponding to the eigenvalue P (a4 ; x4 , b). Each b
indexes an eigenvalue and the corresponding eigenfunction (a3 , x3 ) ↦ P (a3 ; x3 , b). As in Hu and
Schennach (2008), the decomposition is unique up to (1) uniqueness of the eigenvalues, (2) scaling
of the eigenfunctions and (3) a reindexing of the eigenvalues (“ordering”).
The uniqueness problem is that if two eigenfunctions share the same eigenvalue, then any linear
combination of the eigenfunctions is also an eigenfunction. For eigenvalue uniqueness it is sufficient
that for each b ≠ b̃ ∈ Sβ ⊆ Rb , there exist some (a4 , x4 ) ∈ A × Rk such that P (a4 ; x4 , b) ≠ P (a4 ; x4 , b̃)
(Hu and Schennach 2008). This condition is exactly the condition that homogeneous parameters can
be identified from the conditional choice probabilities. It applies in the model under consideration
here due to assumption I4(iii), due to the argument provided below for identification of the ordering
function.
The scale problem is that each eigenfunction may be multiplied by a constant (that may depend
on the eigenvalue), yielding a different eigenvalue-eigenfunction decomposition that is nevertheless
consistent with equation (13). If s(b) is the unknown constant, then we conclude ‘identification
up to scale’ means s(b)P (a3 ; x3 , b) is identified. The scale of the eigenfunctions is set by the
requirement that ∑a3 ∈A P (a3 ; x3 , b) = 1.
The problem of ordering is that the index for the eigenvalues β can be reordered by some function
R yielding a decomposition consistent with equation (13). To be more explicit, for any injective
4 −1 7
function R that generates another index β̃ as β = R(β̃), it holds that L3,β Dβ4 L−1
3,β = L3,β̃ Dβ̃ L3,β̃

where
L3,β̃ ∶ LSβ̃ → A × LS3
Dβ̃4 ∶ LSβ̃ → LSβ̃

[L3,β̃ m](a, x) = ∫ Pr(ai3 = a ∣ xi3 = x, β̃i = b)m(b)db
[Dβ̃4 m](b) = Pr(ai4 = a4 ∣ xi4 = x4 , β̃i = b)m(b)

Notice that Pr(ai3 = a ∣ xi3 = x, β̃i = b) = Pr(ai3 = a ∣ xi3 = x, βi = R(b)) = P (a; x, R(b)), so
‘identification up to ordering’ means the function P (a3 ; x3 , R(b)) is identified with the injective
function R unknown.
To show R is identified, suppose that for all (a3 , x3 ) ∈ A × S3 ,
P (a3 ; x3 , R(b)) = P (a3 ; x3 , b).
7

This equality is shown explicitly in Hu and Schennach (2008, Supplement S.3)
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By standard arguments for identification of homogenous parameters in DDC models (e.g. Bajari
et al. 2015, Section 3.5), it follows that for each b and a ∈ A
(R(ba ) γ̃a′ ) x3 = (ba γa′ ) x3
Under Assumption I4(ii) S3 contains k linearly independent vectors, so it follows that (R(ba ), γ̃a ) =
(ba , γa ) and thus γ and P (a3 ; x3 , β) are identified.
To identify fβ∣x1 , notice that
fa2 a1 x2 ∣x1 (0, a1 , x2 ; x1 )
Fx (x2 ; x1 , a1 )

= [L∗β,2 (P (a1 ; x1 , ⋅)fβ∣x1 (⋅ ; x1 ))] (x2 ).

L∗β,2 is injective and identified, since its kernel (the CCP function) is identified. Applying the left
inverse of L∗β,2 , P (a1 ; x1 , b)fβ∣x1 (b; x1 ) and thus fβ∣x1 (b; x1 ) is identified.
In the case that βi conditional upon xi1 has S < ∞ points of support, the above arguments
apply directly with matrices replacing integral operators where appropriate.

Lemma B.1 (Properties of the CCP function). Under assumptions I1,I2,I4 and I5, the sets H
and H̃ defined in equations (10) and (11) are norm bounded subsets of L2 (Sβ , B, λ) where B is the
Borel sigma field on Sβ , λ is the Lebesgue measure. Let xt = (zt , wt ) with zt ∈ R1+∣A∣ , then
{h∶ Rb → [0, 1] ∶ h(z) = P (a; (z, w), b), z ∈ R1+∣A∣ } .
are real analytic functions.
Proof. Under Assumptions I1 and I2 an element h ∶ Sβ → [0, 1] of the set H̃ is defined as:
h(b) = P (a; x, b) =

exp (x′ (ba , γa ) + ρ ∫ v(x′ ; b, γ)dFx (x′ ∣x, a))
.
∑ã∈A exp (x′ (bã , γã ) + ρ ∫ v(x′ ; b, γ)dFx (x′ ∣x, ã))

(14)

Let x = (z, w) where z ∈ R1+∣A∣ is the first 1 + ∣A∣ elements of x. P is well-defined for all z ∈ R1+∣A∣
since the state transition dFx (x′ ∣x, a) is well-defined for all z ∈ R1+∣A∣ as the analytic continuation
of dFx (x′ ∣x, ã) for z in its support, which contains an open set under Assumption I4.
Since the set Sβ is a compact subset of Rb and ∣h(b)∣ ≤ 1 for all b ∈ Sβ ,
∥h∥22 = ∫

Sβ

P (at ; xt , b)2 dλ(b) ≤ ∫

and thus h ∈ L2 (Sβ , B, λ).
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Sβ

dλ(b) < ∞,

It remains to show that the functions P (a; x, b) are real analytic functions of z. Since the sum,
composition and ratio of strictly positive real analytic functions are real analytic it is sufficient to
show the following function is real analytic:
z ↦ ∫ v(x′ ; b, γ)dF (x′ ∣x, a).
By Assumption I5, the transition kernel can be partitioned into a component represented by a
density fc , and a part represented my a mass function fd :
N

′
′
′
′
′
∫ v(x ; b, γ)dF (x ∣x, a) = ∫ v(x ; b, γ)fc (x ∣x, a)dx + ∑ v(i; b, γ)fd (i; x, a)
i=1

Since fd is a real analytic function of z, it is enough to show ∫ v(x′ ; b, γ)fc (x′ ∣x, a)dx′ is real
analytic. By assumption I5, fc (x′ ∣x, a) is real analytic on z ∈ R1+∣A∣ . That is, for each a ∈ A, x′ ∈ Rk
and w in its support, there is a unique power series representation, such that for all z ∈ R1+∣A∣ ,
fc (x′ ∣x, a) =

∑

αn (a, w, x′ )z n , .

n∈N1+∣A∣

Furthermore, for any x′ outside its bounded support and any (w, a), since fc (x′ ∣x, a) = 0 for z in
its support, it follows that fc (x′ ∣x, a) = 0 for z ∈ R1+∣A∣ since the support of z contains an open set
(a real analytic function that is zero on an open set is zero everywhere it is defined). We are now
in a position to show the result.
′
′
′
′
′ n
′
∫ v(x ; b, γ)fc (x ∣x, a)dx = ∫ v(x ; b, γ) ∑ αn (a, w, x )z dx
n∈Nb+1

=∫

′ n
′
∑ α̃n (a, w, x )z dx
n∈Nb+1

= ∑ (∫ α̃n (a, w, x′ )dx′ ) z n = ∑ ᾰn z n
n∈Nb+1

n∈Nb+1

The first equality holds by definition. The second holds from defining α̃n (a, w, x′ ) = v(x′ ; b, γ)αn (a, w, x′ ).
The third equality holds from the bounded convergence theorem because, the integral being supported on a bounded set, α̃n (a, w, x′ ) is dominated by its supremum taken over its bounded support.
The final equality is by definition of ᾰn = ∫ α̃n (a, w, x′ )dx′ , which exists since the defining integral
is supported on a bounded set.
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Lemma B.2 (Approximation). Under Assumptions I1, I2, I3 and I5 the span of H̃ (equation (11))
is uniformly dense in H1 (equation (12)), that is for any (α0 , α1 ) ∈ Rb+1 :
∀ > 0 ∃f ∈ sp {h∶ Sβ → [0, 1] ∶ h(b) = P (a; (z, w), b), (a, z) ∈ A × R1+∣A∣ }
̃ 1′ b + α0 ) − f (b)∣ < ,
s.t. sup ∣cos(α

(15)

b∈Sβ

̃
where cos(x)
= (1 + cos[x + 3π/2])(1/2)1∣x∣≤π/2 + 1x>π/2 and spA is the uniform closure of the linear
span of A.
Proof. An element of H has the form
P (a; x, b) =

exp (x′ (ba , γa ) + ρ ∫ v(x′ ; b, γ)(dFx (x′ ∣x, a) − dFx (x′ ∣x, 0)))
.
1 + ∑ã∈Ã exp (x′ (bã , γã ) + ρ ∫ v(x′ ; b, γ)(dFx (x′ ∣x, ã) − dFx (x′ ∣x, 0)))

(16)

The proof will proceed in two steps. Again, let x = (z, w) where z are the first 1 + ∣A∣ elements of
x. First I show that the function
(a, z, b) ↦ ∫ v(x′ ; b, γ)(dFx (x′ ∣x, a) − dFx (x′ ∣x, 0))
is uniformly bounded in (a, z, b) ∈ Ã × Rb+1 × Sβ . Using this fact, I then construct a function
satisfying (15).
For the first step, denote Sx′ as the support of the state transition kernel, consider that
∣∫ v(x′ ; b, γ)(dFx (x′ ∣x, a) − dFx (x′ ∣x, 0))∣ ≤ ∫ ∣v(x′ ; b, γ)∣ ∣dFx (x′ ∣x, a) − dFx (x′ ∣x, 0)∣ dx′
=∫

x′ ∈Sx′

+∫

∣v(x′ ; b, γ)∣ ∣dFx (x′ ∣x, a) − dFx (x′ ∣x, 0)∣ dx′

x′ ∈/Sx′

≤M1 (b) ∫

∣v(x′ ; b, γ)∣ ∣dFx (x′ ∣x, a) − dFx (x′ ∣x, 0)∣ dx′

x′ ∈Sx′

M2 (a, w, x′ )dx′ + 0 ≤ M (a, w, b) < ∞

The second inequality follows because (a) the value function v(x; b, γ) is bounded when the state
space is contained in a compact set (Kristensen et al. 2020), (b) the transition kernels are bounded
functions of z (Assumption I5), and (c) as argued in Lemma B.1, the transition kernels are identically zero for x′ outside its bounded support. The final inequality follows from the existence of the
integral over Sx′ , a bounded set. The uniform bound is attained as M (w) = sup(a,b)∈Ã×Sβ M (a, w, b).
Since w is fixed throughout, I suppress the dependence of the uniform bound on its value.
The second step consists of showing that there exists a function in the linear span of H̃ that is
uniformly dense in the cosine squashers. I proceed in several parts. Let sgn(α1 ) be the length ∣A∣
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1+∣A∣

vector of the sign of the components of α1 . First, I show that for any for any , η > 0 and (cj )j=1 ,
there exists a function in H̃ that satisfies
⎛(1 − η, 1] if ∏j 1[sgn(α1j )(bj − cj ) > ] > 1 ⎞
⎜
⎟
h(b; c) ∈ ⎜
if ∏j 1[sgn(α1j )(bj − cj ) < −] = 0⎟
⎜ [0, η)
⎟.
⎜
⎟
⎝ [0, 1]
⎠
otherwise

(17)

−

Let A− , A+ be the negative and positive components of α1 respectively. Denote 2A be the power
set of A− , and ∣A− ∣ the cardinality of set A− . Now define the function f (x; c) as
∣A∣
∑ (−1)

A∈2A−

1
1 + ∑a∈A+ ∪A exp(−d(ba − ca ) + ∑a∈A− ∖A exp(−d(ba + d)) + ∫ v(x′ ; b, γ)(f (x′ ∣xA , a) − f (x′ ∣xA , 0))dx′ )

where xA = (z, wA ) for z = −d and wA a solution to the system of linear equations dca = γa′ w for
a ∈ A ∪ A+ and −d2 = γa′ w for a ∈ A− ∖ A, which exists due to Assumption I3. For fixed , η, by
taking d → ∞, it can be seen that there exists a d such that this function satisfies (17).
Second, let c1 < c2 < ⋅ ⋅ ⋅ < cn be equally spaced vectors on the curve {c ∈ Sβ ∶ α1′ c + α0 = 0} with
c1 , cn on the boundaries of the convex hull of Sβ . Then set
n

h(b) = ∑ h(b; ci )/n
i=1

For n large enough, if ∣α1′ b + α0 ∣ > , then ∣1(α1′ b + α0 > 0) − g(b)∣ < η.
Third, these approximate indicator functions can be made uniformly close to any cosine squasher
on the compact support of βi following the arguments in Hornik, Stinchcombe, and White (1989,
Lemma A.2). The steps are fully elaborated for the binary choice case (Remark 4), so I do not
repeat them here.

Remark 4 (Binary choice). In the binary choice case, it is possible to replace the period utility
function of Assumption I2 with
ui (x, 1) = x′ (βi1 , γ1 ) ,
where now βi1 ∈ Rb is a vector. The proof to Theorem 1 provided in Section B.1 applies largely
directly, except for the second step of the proof of Lemma B.2, which I now show.
Proof. The second step is the construction of a function
N

h(b) = ∑ ci P (1; (xi , b))
i=1
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for N ∈ N, ci ∈ R, xi = (zi , w1i , w−1 ) with (zi , w1i ) ∈ Rb+1 and w−1 fixed at some value in the support,
̃ 1′ b + α0 ) on b ∈ Sβ ⊆ Rb .
that is uniformly close to cos(α
Let  > 0 and (α0 , α1 ) ∈ R1+b and M > 0, the uniform bound from the first step, be given. Set
¯ =  ∨ 1, N > 2/¯
 and P = M − g −1 (¯
/2N ). Let ci = 1/N . For i = 1, 2, . . . , N , set
zi =

̃ −1 (i/N ) + cos
̃ −1 ((i − 1)/N ) − 2α0 ) γ−1 ′ w−1
P (cos
2P
α
,
w
=
−
,
−
1
1i
γ1
̃ −1 (i/N ) − cos
̃ −1 ((i − 1)/N )
̃ −1 (i/N ) − cos
̃ −1 ((i − 1)/N ))
cos
γ1 (cos

̃ −1 (x) = arccos(1 − 2x) − π/2, the inverse of x ↦ cos(x)
̃
where cos
defined on ∣x∣ ≤ π/2. With
xi = (zi , w1i , w−1 ), the function h is defined.
̃ 1′ b + α0 ) − f (b)∣ < , first consider the ith component in
To verify that h satisfies supb∈Sβ ∣cos(α
̃ −1 ((i − 1)/N ),
the sum defining f . For α1′ b + α0 < cos
′
b′ zi + γ1 w1i + γ−1
w−1 + ∫ v(x′ ; b, γ)(dFx (x′ ∣xi , 1) − dFx (x′ ∣xi , 0)) < −P + M = g −1 (¯
/2N ).

The inequality follows from the choice of (zi , wi ) and the uniform bound shown in the first step.
̃ −1 (i/N ),
Similarly for α1′ b + α0 > cos
′
w−1 + ∫ v(x′ ; b, γ)(dFx (x′ ∣xi , 1) − dFx (x′ ∣xi , 0)) > P − M = −g −1 (¯
/2N ) = g −1 (1 − ¯/2N ).
b′ zi + γ1 w1i + γ−1

̃ 1′ b + α0 ) ∈ [(j − 1)/N, j/N ), otherwise cos(α
̃ 1′ b + α0 ) = 1. In the former
For any j = 1, 2, . . . , N , cos(α
case, the i = 1, . . . , j − 1 components of f take values between (1 − ¯/2N )/N and 1/N ; the jth
component takes a value between 0 and 1/N ; and the i = j + 1, . . . , N components take values
between 0 and ¯/2N . This means a lower bound for f is (j − 1)(1 − ¯/2N )/N and an upper bound
̃ 1′ b + α0 ) is therefore bounded above by
is j/N + (N − j)¯
/2N . The difference between f and cos(α
max {∣j/N + (N − j)¯
/2N − (j − 1)/N ∣ , ∣j/N − (j − 1)(1 − ¯/2N )/N ∣} ,
̃ 1′ b + α0 ) = 1, all N components of the sum
which is strictly less than . In the case that cos(α
defining f take values between (1 − ¯/2N )/N and 1/N . So the difference between the functions is
at most ¯/2N < .
Lemma B.3 is a straightforward generalization of Stinchcombe and White (1998, Theorem 3.8)
that allows for non-linear kernel functions. The results states that an integral operator is injective
if the relevant covariates have support containing an open set, if the operators are injective when
the covariates have full support.
Lemma B.3. Let F be a signed measure with compact support Y and D be a finite set. If
∀x ∈ Rk , ∫ f (x, y)dF (y) = 0 ⇒ ∀y ∈ Y, F (y) = 0
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(18)

and f is a real analytic function on x ∈ Rk , then for any T ⊆ Rk open and non-empty,
∀x ∈ T, ∫ f (x, y)dF (y) = 0 ⇒ ∀y ∈ Y, F (y) = 0
Proof. Suppose that equation (18) holds and that ∀x ∈ T, ∫ f (x, y)dF (y) = 0, for some T ⊆ Rk
open and non-empty. Since f is real analytic for each y and Y is bounded, ∫ f (x, y)dF (y) is a real
analytic function of x (Mattner 1999). Since ∫ f (x, y)dF (y) is zero on an open set, it is zero on
the Euclidean space and by equation (18), F vanishes on Y.

B.2

Finite horizon model

Proof of Theorem 2. Let y = ((at , xt )Tt=2 , a1 ), then by Assumption F1, the distribution of y conditional upon x1 = x is
T

fy∣x1 (y; x1 ) = ∫ ∏ (Pt (at ; xt , b)Fxt (xt ; xt−1 , at−1 )) P1 (a1 ; x1 , b)fβ∣x1 (db; x1 )
t=2

Where the transition kernel has positive measure, we can write
fy∣x1 (y; x1 )

T

∏Tt=2 Fxt (xt ; xt−1 , at−1 )

= ∫ ∏ Pt (at ; xt , b)fβ∣x1 (db; x1 )
t=1

−1
−1
Define g(b; (at )Tt=1
) = ∏Tt=1
Pt (at ; xt , b)fβ∣x1 (b; x1 ), then the right-hand side of the above equa−1
)db. With this integral equation representation,
tion can be written as ∫ PT (at ; xt , b)g(b; (at )Tt=1

the proof follows a similar structure as the proof to Theorem 1. First, the operator
LT,β ∶ LSβ → A × LST

[LT,β m](aT , xT ) = ∫ PT (aT ; xT , b)m(b)db

is shown to be injective. Second, injectivity is used to identify (γt )Tt=t0 and fβ∣x1 .
Part I: Injectivity of LT,β
First notice that the CCP function has the form:
PT (a; x, b) =

exp (β1a + x′ (β2a , γaT ))
1 + ∑ã∈A (β1ã + x′ (β2ã , γãT ))

Let x = (z, w) where z is the first p elements of x, and denote wA as the first ∣A∣ elements of w.
The CCP function is real analytic in (z, wA ) whose support contains a non-empty open set by
Assumption F4. Since the support of β is compact, Lemma B.3 applies and LT,β is injective if
and only if it is injective when the support of xT is Rp+∣A∣ × STr , where STr is the restriction of the
support of xT to the final k − p − ∣A∣ elements of xT . I show injectivity directly. Begin by assuming
m(b) is a finite signed measure satisfying
∀(a, z) ∈ A × Rp , ∫ PT (a; x, b)m(b)db = 0
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(19)

for any fixed w. Viewed as a function of a wA ∈ R∣A∣ this object is infinitely differentiable and since
it is identically zero, all of its derivatives are zero. Furthermore, since both PT and m are bounded,
we can exchange the order of differentiation and integration, so that:
∀n ∈ N+ , ∀(a, z) ∈ A × Rp , ∫

∂n
PT (a; x, b)m(b)db = 0.
∂wAt n

Fix a and consider the first-order partial derivative (n = 1) with respect to the ith element of wA :
∀z ∈ ×Rp , γaT,a ∫ PT (a; x, b)dm(b) − ∑ γaT,i ∫ PT (a; x, b)(i; x, b)dm(b) = 0.
i∈Ã

From the preceding two equations, it follows that for all i,
∀(a, z) ∈ A × Rp , ∑ γaT,i ∫ PT (a; x, b)PT (i; x, b)dm(b) = 0.
i∈Ã

Repeating the argument for all i ∈ Ã yields the system of linear equations
ΓA ∫ PT (a; x, b) ⊗ P̃T (x, b)dm(b) = 0∣A∣
where P̃T (x; b) is the vector {PT (a; x, b)∶ a ∈ A} and ⊗ is the Kronecker product. Thus ∫ PT (a; x, b)⊗
PT (x, b)dm(b) = 0∣A∣ and, repeating the argument for each a,
∀z ∈ Rp , ∫ P̃T (x; b)α m(b)db = 0
for α = 2 the multi-index of length A. Repeating the argument for higher order derivatives, we
conclude that
∀z ∈ Rp , ∫ P̃T (x; b)α m(b)db = 0

(20)

for all multi-indices α ≥ 1. Let mz be the signed measure induced by the transformation β →
P̃T (x; β), or more precisely:
mz̃ (B) = ∫ m(b)1[P̃T (x; b) ∈ B]db.
In other words, mz is the density of the random variable P̃T (x; β). Thus from equation (20),
∀z ∈ Rp , ∫ xα mz (x)dx = 0
for all multi-indices α. It follows that the Fourier transform of P̃T (x; β) is identically zero, and
thus the measure mz is zero for each z ∈ Rp (Hornik 1993, Theorem 1 Proof). Since the random
variable P̃T (x; β) can be injectively mapped to {β1a + x′ (β2a , γaT ) ∶ a ∈ Ã}, mz (B) = 0 implies
m̃z (B) = ∫ m(b)1[b ∶ {b1a + x′ (b2a , γaT ) ∶ a ∈ Ã} ∈ B] = 0.
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From here standard arguments (Masten 2018, Lemma 1) give that the characteristic function of
β is zero, given fixed (γT , wT ), and thus the signed measure m(b) = 0. We conclude that LT,β is
injective.
Part II: Identification of (γt )Tt=t0
Since LT,β is injective for any arbitrary γ and support satisfying Assumptions F3-F4, LE,γ
T,β is also.
This implies that the operator defined in Assumption F5 exists. Under that assumption, γT is
identified as follows: Given γT ≠ γ̃T , let E, Ẽ be as in Assumption F5 and suppose that for all
xT ∈ E, there exists distributions fβ∣X , f˜β∣X such that
t0

t0

∫ fAT ∣XT ,β (1; xT , b; γT )fβ∣Xt0 (b; xt0 )db = ∫ fAT ∣XT ,β (1; xT , b; γ̃T )f˜β∣Xt0 (b; xt0 )db
E,γ̃T ˜
T
In different notation, this equation is: [LE,γ
T,β fβ∣Xt0 ](xT ) = [LT,β fβ∣Xt0 ](xT ) for all xT ∈ E. By
injectivity, it follows that fβ∣X (b; xt ) = [(LE,γT )−1 LE,γ̃T f˜β∣X ](b). Suppose the same equality
t0

0

holds for all xT ∈ Ẽ, that is fβ∣Xt0 (b; xt0 ) =

t0
T,β
T,β
Ẽ,γT −1 Ẽ,γ̃T ˜
[(LT,β ) LT,β fβ∣Xt0 ](b).

It follows that

Ẽ,γT −1 Ẽ,γ̃T ˜
T −1 E,γ̃T
0 = [((LE,γ
T,β ) LT,β − (LT,β ) LT,β ) fβ∣Xt0 ] (b),
Ẽ,γT −1 Ẽ,γ̃T
T ,Ẽ,γ̃T
T −1 E,γ̃T
which contradicts the assumption that LE,γ
≡ (LE,γ
T,β
T,β ) LT,β − (LT,β ) LT,β is injective,

so γT is point identified.
To identify fβ∣x1 , notice that
fy∣x1 (y; x1 )
∏Tt=2 Fxt (xt ; xt−1 , at−1 )

−1
= [LT,β g(⋅; (at )Tt=1
](aT , xT )

with LT,β injective and identified, since its kernel (the CCP function) is identified. Applying the
−1
−1
(Pt (at ; xt , b; )) fβ∣x1 (b; x1 ) is identified. Repeating this
) = ∏Tt=1
left inverse of LT,β , g(b; (at )Tt=1

⃗).
argument for each choice sequence (at )Tt=1 , fβ∣x1 (b; x1 ) is identified as ∑a⃗∈A(T −2) g(b; a
−1
To identify γt for t0 ≤ t < T , first Pt is identified by summing g(b, (at )Tt=1
) over the support of
−1
(at )Tt=1
for all periods except the tth period. With the CCPs known, the model can be solved for

the finite parameters γt by backwards recursion.

B.3
B.3.1

Proof of supplementary identification results
Finite horizon without terminal period

Proof of Corollary 3. For ease of notation, relabel the time index so that t1 = 4. Denote LA = {f ∶
A → R ∶ supa∈A ∣f (a)∣ < ∞}, and S3 be the support of x3 satisfying Assumption F4.1(ii), and S4 the
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support of x4 satisfying Assumption F4.1(ii). As in the proof to Theorem 1, under Assumptions
F1, F4.1, the operators L4,2,3 ∶ LSX3 → A × LSX4 and L4,3 ∶ LSX3 → A × LSX4 defined as
fA4 A3 A2 A1 X4 X3 X2 ∣X1 (a4 , 0, a2 , a1 , x4 , x3 , x2 ; x1 )

m(x3 )dx3
Fx4 (x4 ; x3 , 0)Fx3 (x3 ; x2 , a2 )Fx2 (x2 ; x1 , a1 )
fA4 A3 A2 A1 X4 X3 X2 ∣X1 (a4 , 0, a2 , a1 , x4 , x3 , x2 ; x1 )
[L4,3 m](a4 , x4 ) = ∫ ∑
m(x3 )dx3
Fx4 (x4 ; x3 , 0)Fx3 (x3 ; x2 , a2 )Fx2 (x2 ; x1 , a1 )
a2 ∈A

[L4,2,3 m](a4 , x4 ) = ∫

are well-defined and observed for x2 ∈ S2 where S2 is the support of x2 satisfying Assumption
F4.1(i). As before, define the following operators:
L4,β ∶ LSβ → A × LSX4

[L4,β m](a4 , x4 ) = ∫ P4 (a4 ; x4 , b)m(b)db

Dβ2 ∶ LSβ → LSβ

[Dβ2 m](b) = P2 (a2 ; x2 , b)m(b)

Dβ ∶ LSβ → LSβ

[Dβ m](b) = P1 (a1 ; x1 , b)fβ∣X1 (b; x1 )m(b)

Lβ,3 ∶ LSX3 → LSβ

[Lβ,3 m](b) = ∫ P3 (0; x3 , b)m(x3 )dx3

and conclude L4,2,3 = L4,β Dβ2 Dβ Lβ,3, and L4,3 = L4,β Dβ Lβ,3, .
The proof follows structure of the proof to Theorem 1. First it is shown that the operators L4,β
and L∗β,3 are injective. This which implies that L3,2 has a right inverse and, therefore, that the
4 −1
equivalency L4,3,2 L−1
3,2 = L3,β Dβ L3,β holds. The second step of the proof is to use this eigendecom-

position to identify the CCP functions P4 , and subsequently (γ, fβ∣x1 ).
Part I: Injectivity of L4,β and L∗β,3 I focus on injectivity of L4,β , since injectivity of L∗β,3 follows
by the same argument. Defining H, H̃, H1 , H2 as in the proof to theorem 1, it follows that L̃4,β is
injective if analogies to Lemmas B.1 and B.2 apply for the new kernel function P4 . It is now shown
that this is the case.
The arguments of Lemma B.1 apply directly to the CCP function and we conclude that (i)
P4 (0; xt , b) is real analytic function of the first 1 + ∣A∣ elements of xt , and (ii) that H̃ is a norm
bounded subset of L2 . Indeed if t = T , then for part (i), many parts of the argument in lemma B.1
are redundant.
Let x = (z, w) with z the first 1 + ∣A∣ elements of x. In the context of the finite horizon model,
B.2 consists of two steps: (i) showing
(z, b) ↦ ∫ v5 (x′ ; b, γ5+ )(dFx5 (x′ ; x, a) − dF5 (x′ ; x, 0))
is uniformly bounded in z, b ∈ Rb+1 × Sβ , where γt+ = (γs )Ts=t , and (ii) using the uniform bound to
construct an approximation to the cosine squasher. If a uniform bound can be shown, then the
construction in of B.2 will apply and part(ii) will hold.
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To show the uniform bound, given the arguments in B.2, it is sufficient to show that v6 (x′ ; b, γt+ )
is uniformly bounded on the support of Fx5 (x′ ; x, a) − F5 (x′ ; x, 0). Given this support and the support of b is bounded, it is enough to show that v6 (x; b, γ5+ ) is finite for each (x, b, γ5+ ). The argument
is by induction. First define e(a, x) = E[t (a)∣x, a is optimal strategy]. Under Assumption F1, the
function e(a, x) is known and bounded (Aguirregabiria and Mira 2007). For t = T − 1,
′
w + e(a, x)) ,
vt+1 (x; b, γt+ ) = ∑ fAt+1 ∣Xt+1 β (a; x, b) (ba z + γa,t+1
a∈A

which is bounded because the CCP functions are. For t < T − 1, suppose that vt+2 (x; b, γt+1,+ ) is
finite. vt+1 (x; b, γt+ ) is equal to
vt+1 (x; b, γt+ ) = ∑ Pt+1 (a; x, b) (x′ (ba , γa,t+1 ) + e(a, x) + ρ ∫ vt+2 (x′ ; b, γt+1,t+ )dFxt+1 dx′ )
a∈A

and is finite also. Thus for all t, vt+1 (x; b, γt+ ) is finite for any (x, b) and a uniform bound is given
by the supremum over the support. Therefore the construction in B.2 goes through directly to
show part (ii). We conclude that L̃4,β is injective.
Part II: Identification of γ
Here the argument is the same as in Part II of the proof of Theorem 1, except that the operators
are defined slightly differently.
The same arguments as in the proof to Theorem 1 imply that L4,3,2 = L4,β Dβ2 Dβ Lβ,3 and
L4,3 = L4,β Dβ Lβ,3 , and also that the spectral decomposition
2 −1
L4,3,2 L−1
4,3 = L4,β Dβ L4,β

identifies γ4 . Again, identification of γ4 and injectivity of L4,β imply that fβ∣X1 (b; x1 ) is point
identified.
To identify γt for t < 4 we proceed inductively. Since L4,3 = L4,β Dβ Lβ,3 and L4,β Dβ is injective,
the operator Lβ,3 is identified which is equivalent to knowing its kernel function P3 (1; x3 , b). Since
the CCPs are known and the value function v4 is known since γ4 is identified, inversion of the CCP
function identifies the linear index x′3 (b, γ3 ) and thus γ3 . Identification of (γ2 , γ1 ) follows the same
argument.
With identification of P2 , fβ∣x1 is identified by the same argument as in the proof to Theorem 1

Lemma B.4 (Result without rank condition). Suppose the Assumptions of Theorem 2 hold, excluding Assumption F5, and that the first component of γT is known. Further, assume the model
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is saturated in the discrete components of x, and that ∣A∣ = 1. Then γ and the distribution of
unobserved heterogeneity are identified.
Proof. The difference from the proof of Theorem 2 is that γ is identified, up to normalization,
without using injectivity of the operator LT,β . Since the proof of injectivity is the same, I show
only identification of γT . Assume that for all x = (z, w) ∈ SxT ,
′
′
′
′
∫ Λ (β1 + β2 z + γ w) dfβ∣x1 (b; x1 ) = ∫ Λ (β1 + β2 z + γ̃ w) df˜β∣x1 (b; x1 ).

In particular, this must be true for all the indicator functions switched off. Allowing wc to be the
elements of w with support containing an open ball, it follows that
′
c ′ c
′
c ′ c
∫ Λ (β1 + β2 z + (γ ) w ) dfβ∣x1 (b; x1 ) = ∫ Λ (β1 + β2 z + (γ̃ ) w ) df˜β∣x1 (b; x1 ).

For notational simplicity, let w = (wc , 0) — that is, setting the components of w with discrete
support to zero. Viewed as a function of the continuous elements of w, this object is infinitely
differentiable. Since both Λ and fβ∣x1 are bounded, the limits defining differentiation and integration
may be exchanged, so that:
∀(z, w) ∈ SxT , ∫

∂
∂
Λ (b1 + b′2 z + γ ′ w) fβ∣x1 (b; x1 )db = ∫
Λ (b1 + b′2 z + γ̃ ′ w) f˜β∣x1 (b; x1 )db.
∂wk′
∂wk′

It is well known that the derivative of Λ(x) is Λ(x)(1 − Λ(x)), so the above display is equivalent to
∀(z, w) ∈ SxT , γk′ ∫ [Λ(1−Λ)] (b1 + b′2 z + γ ′ w) fβ∣x1 (b; x1 )db = γ̃k′ ∫ [Λ(1−Λ)] (b1 + b′2 z + γ̃ ′ w) f˜β∣x1 (b; x1 )db.
By assumption γk = γ̃k = 1, so we have that
∀(z, w) ∈ SxT , ∫ [Λ(1−Λ)] (b1 + b′2 z + γ ′ w) fβ∣x1 (b; x1 )db = ∫ [Λ(1−Λ)] (b1 + b′2 z + γ̃ ′ w) f˜β∣x1 (b; x1 )db,
which is non-zero. Thus
∀(z, w) ∈ SxT , (γk − γ̃k ) ∫ [Λ(1 − Λ)] (b1 + b′2 z + γ ′ w) fβ∣x1 (b; x1 )db = 0,
so γk = γ˜k . This procedure can be repeated for all elements of γ whose corresponding covariates
have support containing an open set.
With identification of the components of γ whose corresponding state variables have continuous
support, the arguments of Theorem 2 can be used to identify fβ∣x1 .
Now consider the discrete components of γ. For discrete component wk′ , assume γk′ < γ̃k′ . Since
the logistic function is strictly increasing, for wk′ = 1,
Λ (β1 + β2′ z + (γ c )′ wc + γk′ wk′ ) < Λ (β1 + β2′ z + (γ c )′ wc + γ̃k′ wk′ ) .
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Since fβ∣x1 is positive,
′
c ′ c
′
c ′ c
∫ Λ (β1 + β2 z + (γ ) w + γk′ wk′ ) dfβ∣x1 (β; x1 ) < ∫ Λ (β1 + β2 z + (γ ) w + γ̃k′ wk′ ) dfβ∣x1 (β; x1 ).
d
Since the model is saturated, there is some (z, wc ) for which x = (z, wc , wkd′ = 1, (w−k
′ ) = 0) is in the

support of x2 . Thus γk′ is identified.
B.3.2

Infinite horizon model with random intercepts

Proof of Corollary 2. The proof follows closely the structure of the proof to Theorem 1. As in
that proof, Assumptions I1 and I4.1 enable the decompositions L3,4,2 = L3,β Dβ4 Dβ Lβ,2 and L3,2 =
L3,β Dβ Lβ,2 where the operators are defined in proof to Theorem 1. As before, Part I is to show
injectivity of L3,β and L∗β,2 .
Let xA be the first ∣A∣ elements of x2 . By Assumption I4.1, the support of xA contains a
non-empty open set for which
P (a; x, b) =

exp (βa + x′ γa )
.
1 + ∑ã∈Ã exp (βã + x′ γã )

Given this functional form, the arguments from Part I of the proof to Theorem 2 give that
α
∫ P̃ (x; b) dm(b) = 0

for all multi-indices α ≥ 1 where P̃ (x; b) = {P (a; x, b)∶ a ∈ Ã}. It follows that the measure induced
by the mapping β → P̃ (x; β) is identically zero. Because this mapping is injective, the measure
m(b) is identically zero and thus L3,β and L∗2,β are injective.
With injectivity in hand, identification follows from Part II of the proof to Theorem 1, which
applies under Assumptions I4.1.

B.3.3

Finite dependence

Proof of Corollary 4. For ease of notation, assume t1 − t0 = 3 and relabel T such that let t0 = 1
and t1 = 4. If the panel is longer than 4 (i.e. if t1 − t0 > 4), then γt for t ≤ t1 − 2 can be the same
arguments as below. For notational ease, set t1 = 4. Let LA = {f ∶ A → R ∶ supa∈A ∣f (a)∣ < ∞} and
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define the following operators:
L3,4,2 ∶ LS2 → LS3
L3,2 ∶ LS2 → LS3
L3,β ∶ LSβ → LS3

fA4 A3 A2 A1 X4 X3 X2 ∣X1 (1, 1, 1, a1 , x4 , x3 , x2 ; x1 )

m(x2 )dx2
Fx4 (x4 ; x3 , 1)Fx3 (x3 ; x2 , 1)Fx1 (x2 ; x1 , a1 )
fA4 A3 A2 A1 X4 X3 X2 ∣X1 (1, 1, a2 , a1 , x4 , x3 , x2 ; x1 )
[L4,3 m](x3 ) = ∫ ∑
m(x2 )dx2
Fx4 (x4 ; x3 , 1)Fx3 (x3 ; x2 , 1)Fx1 (x2 ; x1 , a1 )
a2 ∈A
[L4,3,2 m](x3 ) = ∫

[L3,β m](x3 ) = ∫ P3 (1; x3 , b)m(b)db

Dβ4 ∶ LSβ → LSβ

[Dβ4 m](b) = P4 (1; x4 , b)m(b)

Dβ ∶ LSβ → LSβ

[Dβ m](b) = P1 (a1 ; x1 , b)fβ∣X1 (b; x1 )m(b)

Lβ,2 ∶ LS2 → LSβ

[Lβ,2 m](b) = ∫ P2 (1; x2 , b)m(x2 )dx2

Under Assumptions F1 and I4 these operators are well-defined and observed. The same arguments as in the proof to Theorem 1 imply that L4,3,2 = L3,β Dβ4 Dβ Lβ,2 and L3,2 = L3,β Dβ Lβ,2 .
For injectivity, as assumptions F1, I4, and F2.1-F3.1 apply, and thus the spectral decomposition
4 −1
L4,3,2 L−1
3,2 = L3,β Dβ L3,β

is unique. I now show the eigenvalue-eigenfunction representation is unique. Since the model is
binary choice with real valued β, the function P4 (1; x4 , b) is injective in b. It follows that the
eigenvalues are unique, and, up to the ordering function R, P4 (1; x4 , R(b)) is identified. The
eigenfunctions of the decomposition identify P3 (1; x3 , R(b)), which equal
g (x′3 (R(b), γ3 ) + ∫ v(x′ ; R(b), γ) (Fx4 (dx′ ∣x3 , 1) − Fx4 (dx′ ∣x3 , 0)))
where g is the logistic function function. Under Assumption F7.1, the continuation value can be
expressed in terms of P4 (1; x4 , R(b)), and is therefore identified. Therefore identification consists
of showing that (R(b), γ3 ) can be identified from x′3 (R(b), γ3 ), which follows from the support
assumption.
With γt1 −1 identified, identification of γs for t0 ≤ s < t1 − 1 proceeds inductively as in the proof
to Corollary 3.

C
C.1

Estimation appendix
General two-step seminonparametric estimation

This section details the assumptions of Theorem 3 that provide for consistent estimation of θ0 =
(Fx , γ, fβ∣x1 ) ∈ Θ = F × Γ × M. Here F is the space of state transitions, Γ ⊆ Rp , and M is the space
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of distribution functions on Sβ × S1 . The first assumption postulates the existence of a consistent
estimator for the state transition Fx :
Assumption E1. There exists an estimator F̂X,n that satisfies ∣∣F̂X,n − Fx ∣∣F = op (1), where ∥ ⋅ ∥F
is a norm on F.
One such estimator that satisfies Assumption E1 is the kernel estimator of the conditional
density:
F̂Xt ,n (x′ ; x, a) =

′
∑N
i=1 KX ′ ,hX ′ (x − xt,i )KX,hX (x − xt,i )1(ait = a)

∑N
i=1 KX,hX (x − xt,i )1(ait = a)

(21)

where KZ,hZ are multivariate kernel functions with bandwidth hZ .
Let Mn be a sieve space that approximates M, and denote dM (⋅, ⋅) as the Prokhorov metric.
The Prokhorov distance between two measures f, f˜ on Sβ is
inf {δ > 0∶ f (B) ≤ f˜(Bδ ) + δ ∨ f˜(B) ≤ f (Bδ ) + δ, ∀A ∈ B(Sβ )} ,
where Bδ be the δ neighborhood of B ⊆ Sβ and B(Sβ ) is the Borel sigma field. The next assumption
requires that the true parameter values be a well-separated maximum.
Assumption E2. For all  > 0 there exists some decreasing sequence of positive numbers cn ()
satisfying lim inf cn () > 0 such that
E[ψ(yi , FX , γ, fβ∣x1 )] −

sup
{(γ̃,f˜)∈Γ×Mn ∶∥γ̃−γ∥+dM (f˜,fβ∣x1 )≥}

E[ψ(yi , FX , γ̃, f˜)] ≥ cn ().

Assumption E2 is the condition of Remark 3.1(2) in Chen (2007) that strengthens their Condition 3.1. If the strict inequality restriction on cn were replaced by a weak inequality, then the
assumption would be implied by the identification result.
Assumption E3. The sieve space (i) satisfies Mn ⊆ Mn+1 ⊆ M and (ii) is such that there exists
a sequence fn ∈ Mn that converges to fβ∣x1 and satisfies
∣E[ψ(yi , FX , γ, fn )] − E[ψ(yi , FX , γ, fβ∣x1 )]∣ = o(1).
These are standard restrictions on the sieve space and the population criterion function (Chen
2007, Condition 3.2, 3.3(ii)). The second condition is a local continuity assumption. As per Chen
(2007, Remark 2.1), it is implied by compactness of the sieve space and continuity of the population
criterion function on Mn .
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Define Fn to be the set of possible values that the estimator fˆn can take. For example, if
the conditional density kernel estimator is chosen, then an element of the set Fn takes the form
in equation 21 and the set Fn is defined by ranging (xit+1 , xit , ait ) over its support. Define the
neighborhood NFx ,n = {F̃X ∈ Fn ∶ ∥F̃X − FX ∥F ≤ 1,n } where ∥ ⋅ ∥F is the norm in Assumption E1.
Assumption E4. Assume the following two conditions hold
1 n
∣ ∑ ψ(yi , F̃x , γ̃, f˜) − E[ψ(yi , F̃x , γ̃, f˜)]∣ = op (1),
n i=1
,n ×Γ×Mn

sup
(F̃X ,γ̃,f˜)∈NFx

sup
(F̃X ,γ̃,f˜)∈NFx ,n ×Γ×Mn

∣E[ψ(yi , F̃x , γ̃, f˜)] − E[ψ(yi , Fx , γ̃, f˜)]∣ = o(1).

This is similar to Hahn, Liao, and Ridder (2018, Assumption 5.3), which is based on Chen
(2007, Condition 3.5) but includes an additional condition to account for the presence of a firststep estimator.
Theorem 3 is a direct consequence of Hahn, Liao, and Ridder (2018, Theorem 5.1), so the proof
is omitted. In the proof, by consistency it is meant that ∥γ̂ − γ∥ + dM (fˆβ∣x1 , fβ∣x1 ) = op (1).

C.2

Fixed grid estimation

The choice of tuning parameters must satisfy the following condition:
Assumption E3.1. The sieve space defined in (7) is such that (i) Mn ⊆ Mn+1 and as n → ∞, (ii)
Bn × Xn becomes dense in Sβ × S1 and (iii) I(n) log I(n) = o(n) where I(n) = B(n)X(n).
We also place some restrictions on the complexity of NFX ,n , the neighborhood to which the
estimator F̂X,n belongs with probability approaching one. For this purpose define N (w, G, ∥ ⋅ ∥G ) as
the covering number of set G with balls of radius w under the norm ∥ ⋅ ∥G .
Assumption E4.1. (i) (NFX ,n , ∥ ⋅ ∥F ) and Γ are compact. (ii) Pt is Lipschitz continuous in
√
γ ∈ Γ and continuous in FX ∈ NFX ,n . (iii) log N (w/ I(n), Nf,n , ∥ ⋅ ∥F }) = o(n) with I(n) as in
Assumption E3.1.
Proof of Theorem 4. The proof consists of verifying the assumptions of Theorem 4 imply those of
Theorem 3. Assumptions E1 is assumed.
To verify assumption E2, suppose that (i) Mn and M are compact in the weak topology and
(ii) that E[(yi , Fx , γ, fβ∣x1 )] is continuous on fβ∣x1 ∈ M ⊃ Mn in the weak topology and γ ∈ Γ. Then
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consider that since θ0 is identified, this value uniquely maximizes the expected log likelihood, so
that for any (γ̃, f˜β∣x ) ≠ (γ, fβ∣x ),
1

1

E[ψ(yi , Fx , γ, fβ∣x1 )] − E[ψ(yi , Fx , γ̃, f˜β∣x1 )] > 0
Because {(γ̃, f˜) ∈ Γ × Mn ∶ ∥γ̃ − γ∥ + dM (f˜, fβ∣x1 ) ≥ } is closed in the compact set Mn × Γ, it is
compact and the following infinum
E[ψ(yi , Fx , γ, fβ∣x1 )] −

sup
{(γ̃,f˜)∈Γ×Mn ∶∥γ̃−γ∥+dM (f˜,fβ∣x1 )≥}

E[ψ(yi , Fx , γ̃, f˜β∣x1 )]

is attained for each (, n). Setting this difference to cn () guarantees it is positive. It remains to
show that lim inf cn () > 0. Consider that
cn () =E[ψ(yi , Fx , γ, fβ∣x1 )] −
≥E[ψ(yi , Fx , γ, fβ∣x1 )] −

sup
{(γ̃,f˜)∈Γ×Mn ∶∥γ̃−γ∥+dM (f˜,fβ∣x1 )≥}

sup
{(γ̃,f˜)∈Γ×M∶∥γ̃−γ∥+dM (f˜,fβ∣x1 )≥}

E[ψ(yi , Fx , γ̃, f˜β∣x1 )]

E[ψ(yi , Fx , γ̃, f˜β∣x1 )] > 0

The weak inequality is because Mn ⊆ M. The strict inequality is because the set {(γ̃, f˜) ∈ Γ × Mn ∶ ∥γ̃ − γ∥ + dM (f˜, f
is compact and E[(yi , Fx , γ, fβ∣x1 )] is continuous. Since cn () is bounded above zero by a universal
constant for all n, its limit inferior is strictly positive.
To complete the argument, it must be shown that (i) Mn and M are compact in the weak
topology and (ii) that E[ψ(yi , Fx , γ, fβ∣x1 )] is continuous on M ⊃ Mn in the weak topology
and γ ∈ Γ Compactness of M and Mn , both in the weak topology, is shown in Fox, Kim,
and Yang (2016, pp. 240, 247). Since the CCP functions Pt are continuous in (b, γ) (Norets
2010), the argument of Fox, Kim, and Yang (2016, Remark 2) implies the function fβ∣x1 ↦
t1
∫ ∏t=1 Pt (ait , xit , b; FX , γ)dfβ∣x1 (b, xi1 ) is continuous. Since it is bounded away from zero, fβ∣x1 ↦
1
log ∫ ∏tt=1
Pt (ait , xit , b; FX , γ)dfβ∣x1 (b, xi1 ) is also continuous. And since this function is bounded
1
Pt (ait , xit , b; FX , γ)dfβ∣x1 (b, xi1 )] is continuous by
away from negative infinity, fβ∣x1 ↦ E[log ∫ ∏tt=1

the bounded convergence theorem as required.
Assumption E3(i) is guaranteed by Assumption E3.1(i). For Assumption E3(ii), Fox, Kim, and
Yang (2016, p. 247) show the existence of such a sequence fn ⊆ M that converges to fβ∣x1 ∈ M.
Since the sequence (fn )n∈N takes values in M and E[ψ(yi , Fx , γ, fβ∣x1 )] is continuous on M, we
have that
∣E[ψ(Yi , Fx , γ, fn )] − E[ψ(yi , Fx , γ, fβ∣x1 )]∣ = o(1).
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For Assumption E4(i), note that
∣E[ψ(yi , Fx , γ, fβ∣x1 )]∣ ≤ E[∣ψ(yi , Fx , γ, fβ∣x1 )∣]
T

T

t=2

t=1

≤ E [∣∑ log Fxt (xit , xi,t−1 , ai,t−1 )∣] + E [∣log ∫ ∏ Pt (ait , xit , b; Fx , γ)dfβ∣x1 (b; xi1 )∣] < ∞.
The left term in the sum is finite by construction. Since Nf,n × Γ × Sβ is compact and Pt is
strictly positive for each (b, Fx , γ), Pt is uniformly bounded away from zero, so the right term
is finite also. Then based on the discussion around Chen (2007, Remark 3.3), the condition
log N (w, {ψ(⋅, Fx , γ, fβ∣x1 )∶ (Fx , γ, fβ∣x1 ) ∈ Nf,n × Γ × Mn }, ∥ ⋅ ∥1 ) = op (n) is equivalent to Assumption
E4(i). This entropy is bounded above by the sum of the entropies associated with NFx ,n , Γ and
Mn , so it sufficient that each are op (n). Fox, Kim, and Yang (2016, p. 248) show the entropies
associated with Γ and Mn are op (n) under Assumption E3.1(iii). By Assumption E4.1(iii), the
entropy associated with NFx ,n is op (n).
Assumption E4(ii) follows easily from the continuity of the population criterion function on the
compact set NFx ,n × Γ × Mn , so that
sup

µ∈Mn ,f ∈Nf,n

C.3

∣E[ψ(Yi , µ, f )] − E[ψ(Yi , µ, f0 )]∣ = o(1)

Estimating the support of unobserved heterogeneity

Proof of Corollary 1. From the definitions in the proof to Theorem 1 and Corollary 3, it is immediate that L = L3,β Dβ Lβ,2 . From those proofs, L3,β , Dβ and Lβ,2 are matrices with rank R.
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