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Abstract
The literature on implementation has focused mainly on cases in which
agents have both agency over their actions and over the time at which they
commit to their actions. We take as given the set of agents, their set of actions, and their payoﬀs. We ask what distributions over actions are consistent with the players playing according to some extensive form. The main
result of the paper is to show that a distribution over outcomes is implementable as a Perfect Bayesian equilibrium (PBE) of an admissible extensive
form if, and only if, it is implementable as a PBE of a canonical extensive
form. The la er is an admissible extensive form, in which there is a randomization device that not only sends (private) recommendations to the agents,
but also selects the order in which the agents move; moreover, subsequent
recommendations can be made conditional on actions already taken. This
result strictly generalizes Aumann’s notion of correlated equilibrium, and
Bergemann and Morris’ [4] notion of Bayes’ correlated equilibrium.
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₁ I
When playing a game against other players, an agent faces (potentially) two
sources of uncertainty: he may have only partial information about a state of
the world that aﬀects his payoﬀs, and he may be uncertain about the actions
taken by other players and whether or not these actions have already been taken.
Information design in a multi-agent situation has to, therefore, take into account
both the release of information about the state of the world, but also about the
actions chosen by others and the timing of these actions.
In a se ing in which agents are playing a game under uncertainty, that is,
where we know the actions available to each agent, their payoﬀs from each action proﬁle, and the initial information agents have as embodied in a common
prior over the state of the world, the way to formalize the problem of the release
of information about the state of the world is by looking at the Bayes’ correlated
equilibria (henceforth, BCE) of the game (Bergemann and Morris [4]). There
are two ways of thinking about BCE in this multi-agent framework. The ﬁrst is
along the lines of persuasion. There is a principal, whose payoﬀ may depend on
the outcome of the game and the state of the world, and designs (and can commit to) an information structure. She observes the state of the world, and makes
(private) recommendations to the agents; the players observe their recommendations and simultaneously choose their actions. The second way to think about
BCE is along the lines of robustness: an outside observer knows the ingredients
of the game, but does not know what additional information the agents observe
about the state of world before they simultaneously choose their actions. The
set of BCE is the set of Bayes Nash equilibria of the game for some information
structure.
In this paper, we study multi-agent information design where the information
pertains both the underlying state of the world, and other players’ actions and,
in particular, their timing. From the persuasion point of view, we ask: what
is the set of distributions over outcomes that an interested principal can bring
about when she can structure not just the information, but also the timing of actions, and the timing of the revelation of information about the state, and about
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others’ actions? That is, we study the case in which the principal, when designing the game the agents play, can now control the extensive form. From the
robustness point of view, we ask what is the set of distributions over outcomes
that is consistent with the players facing some information structure and playing
according to some extensive form?
The main result of the paper shows that a distribution over outcomes is implementable as a Perfect Bayesian equilibrium (PBE) of an admissible extensive form
(see example below, and Conditions 1, 2, and 3 in Section 2.1) if, and only if, it is
implementable as a PBE of a canonical extensive form. The la er is an extensive
form where there is a correlation device that, as a function of the state of the
world, randomly orders the agents, and (privately) contacts them sequentially.
The agents receive recommendations as a function of the state of the world, and
the actions taken by others who have already been contacted. Each agent only
observes his recommendation, and not who has moved before him or what actions they have taken. Thus, a principal who designs the agents’ information
structure and can choose any of the admissible extensive forms can, without
loss of generality, restrict a ention to the canonical extensive form. Similarly, if
we don’t know what extensive form the agents are playing, we can summarize
the set of possible distributions over outcomes by characterizing the PBE of the
canonical extensive form, as long as we know that the extensive form they are
playing is admissible.
To illustrate the main ideas of the paper, consider the following example.
There are two players, 1 and 2. They can choose to contribute or not to the production of a public good. If at least one player contributes, the public good is
produced. Contributing costs c ą 0. The value of the public good to the players
depends on the state of the world, θ P tL, Hu, where p denotes the probability
of the state being H. If the state is H(= high), the good is worth vH , and if the
state is L(= low), the good is worth vL . We assume that 0 ă vL ă c ă vH . Table
1 summarizes the payoﬀs of the game.
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Table 1: Payoﬀs when state is θ P tL, Hu.
Players choose their actions without knowing the realization of θ. Assuming
that p is such that pvH + (1 ´ p)vL ą c, there are three Nash equilibria of the
game: two in which only one player contributes, and one in which each player
contributes with probability α ” EEθ vθθv´c
.
θ
Consider now a principal, whose objective is to maximize the number of contributions to the public good. Her most preferred Nash equilibrium is the mixed
strategy one if α ě 12 , which leads to a level of contribution of 2α, and (either
of) the pure strategy ones if α ă 21 . Suppose that she can observe the state, and
design the agents’ information structure. That is, we can think of the problem
from the persuasion point of view, and, in what follows, we look for the BCE
that maximizes the number of contributions to the good.
Figure 1 below provides a graphical depiction of the correlation device for the
principal (the width and the height are of length one):
θH
p

θL

Figure 1: State space
The upper region represents the state in which the good is valuable, and its
height, p, the probability with which θ = H. We use the width to represent the
probability with which a player is recommended an action conditional on the
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state being θ. Figure 2 shows the mixed strategy for player 1 (red player), and
for player 2 (blue player), where the colored areas represent the probability that
each contributes in each state:
θH
p

θL

θH
p

θL

Figure 2: A mixed strategy for the red player (top), and the blue player (bo om)

Figure 3 shows the mixed strategy proﬁle. In Figure 3, the (purple) overlap
represents the event in which both players contribute (the independence assumption of Nash equilibrium gets reﬂected in that the area of the overlap is
α2 .) In the Nash equilibrium, the red player contributes with total probability α,
and, with some probability, he is the only one contributing, that is he is pivotal.
The probability of being pivotal is the one which determines his incentives to
contribute.
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θL
(1 ´ α)2

Figure 3: The mixed strategy Nash equilibrium
Note that the principal can easily improve upon the (mixed strategy) Nash
equilibrium. First, the principal can keep the total contribution level the same
by just shifting the blue region to the right, as depicted in Figure 4. By doing so,
he relaxes the incentive constraint for the red player: even though he contributes
with the same total probability, the conditional probability that he is pivotal has
just gone up. Hence, the principal can use the slack to increase the probability
with which each player contributes, as depicted at the bo om of Figure 4
θH
p

θL

θH
p

θL

Figure 4: Equally good (top) and improved (bo om) correlated equilibrium
However, the principal is still not using the full machinery of Bayes’ correlated
6

equilibrium since, as the above ﬁgures show, her recommendations are independent of the state of the world. Hence, while keeping the total probability with
which the blue player contributes the same as in Figure 4, consider increasing
the probability with which he contributes in the low state, and decreasing the
probability with which he contributes in the high state, as depicted in Figure 5:
θH
p

θL

θH
p

θL

Figure 5: Bayes’ correlated equilibrium - blue player
Notice that, if we use the same correlation device for the red player as before,
he is pivotal with the same total probability as before, but with higher conditional probability in the high state (see Figure 6 below). This strengthens the
incentives for the red player to contribute, which the principal can exploit by
increasing the probability with which he is asked to contribute.
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θH
p

θL

Figure 6: Bayes’ correlated equilibrium: for red, conditional on being pivotal,
higher chance of state being θH
Under some parametric conditions1 , the best Bayes’ correlated equilibrium for
the principal has both agents contribute with probability 1 in the low state, and
with probability greater than a half in the high state:
θH
p

θL

Figure 7: Best Bayes’ correlated equilibrium
Consider the following (sequential) implementation of the above BCE. The
principal observes the state of the world, and uses the above correlation device
to draw a recommendation for the red player. She makes a recommendation to
the red player (which is obeyed), and she observes the action taken by the red
player (while the blue player does not). Then, she approaches the blue player,
and makes a recommendation. Notice that incentives are unchanged from the
BCE for the blue player: since he does not know the action taken by the red
player, and, since the principal’s recommendation is independent of the action
taken by the red player, he faces the same considerations as in the BCE. The only
1

All conditions and proofs of results stated in the introduction are in Appendix A
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diﬀerence is that, when the blue player is approached, there is a chance that the
red player has already contributed -which, if known by the blue player, would
do away with his incentive to contribute.
We now modify the above mechanism, without altering the incentives for the
blue player (see Figure 8 below). Consider reducing the probability with which
the red player contributes in the high state. Clearly, the blue player now strictly
prefers to contribute. Hence, we can ask the blue player to contribute with
higher probability, until the ratio of the area of the purple set to the blue set (the
conditional probability of being pivotal and the state being high) is the same as
before. By doing this, we increase the probability that both agents contribute in
the high state: every time we move the red area to the left, we can move the blue
one to the left, and increase the purple one (the (purple) overlap represents the
additional contribution beyond one that the principal gets).
However, taking as given the behavior of the blue player in this new device,
the red player, now, does not want to contribute when asked to do so (this is
why this is not a BCE). But the red player moves ﬁrst, so that the behavior of the
blue player is not given. The principal can, actually, approach the red player
ﬁrst, and, conditional on whether the red player follows the recommendation
or not, give diﬀerent information to the blue player. Thus, consider the following mechanism. The principal approaches the red player ﬁrst, and gives him a
recommendation. If the red player complies, then the blue player is given recommendations according to the bo om of Figure 8. If he chooses not to contribute,
when told to do so, then the blue player is told that the red player has already
contributed. Note that this has positive probability, and leads the blue player to
ﬁnd it optimal not to contribute. This gets the red player to comply, knowing
that if he does not contribute, the good will not be funded at all. Under some
parametric restrictions, the optimal two-stage mechanism has the blue player
contribute with probability 1 in both states, and the probability with which red
contributes is chosen so that blue is indiﬀerent between contributing and not
contributing.2 This is shown in Figure 9:
2

To see that the blue player obeys the recommendation on, and oﬀ-path, notice that since the
blue player is indiﬀerent between contributing, and not contributing, we could consider an al-
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Figure 8: Reduce probability red contributes in high state (top and middle) to increase probability blue contributes in high state (middle and bo om) to increase
the overlap.
θH
p

θL

Figure 9: Optimal two-stage mechanism

ternative mechanism in which, when the red player obeys, the blue player is asked to contribute
with probability 1 ´ ϵ, and not to contribute with probability ϵ (think of a red sliver of red in Fig10
ure 9). This does not aﬀect red’s incentives, and is incentive compatible for blue. Now, when red
disobeys, blue can’t tell this apart from the on-path recommendation not to contribute. Then,
think of making ϵ approach 0, and you obtain the mechanism described above.

Note how, by approaching the agents sequentially, and by conditioning the recommendations to the blue player on red’s actions, we uncouple both players’
incentive constraints, and increase the probability that both contribute in state
H, as compared to the best BCE.
The above is not the best the principal can do; it is the best he can do when
restricted to protocols in which player 1 moves ﬁrst, and player 2 moves second.
We could take a three-stage mechanism. The principal chooses whether to approach player 1 ﬁrst, or not. If she does so, player 1 is the red player, and player
2 is the blue player. If she doesn’t, player 2 will be the red player, and player 1
is contacted in the third stage, and is the blue player. Player 2 does not know
whether player 1 was contacted in the ﬁrst stage or not, that is, in the second
stage, player 2 does not know if he is the blue player or the red player. Recall
that the red player’s incentives where slack in the optimal two-stage mechanism:
if he disobeyed a recommendation to contribute, the good remained unfunded.
By not telling player 2 whether he is the red or the blue player, we pool the
slack incentive constraint for the red player with the tight incentive constraint
of the blue player. Hence, we generate a slack in the overall incentive constraint
of player 2, and we can now increase the probability with which he contributes,
thus, improving upon the number of contributions in the two-stage mechanism.
In Appendix A, we show that the principal can continue to improve the overall
contribution level by adding stages to this mechanism, and we characterize the
value, as the number of stages goes to inﬁnity, that the principal can achieve.
This raises the question as to whether or not the principal can improve upon
this value.
It turns out that the answer is no. However, in order to answer that question,
we need to say what the admissible extensive forms for the principal are. An
admissible extensive form is a ﬁnite extensive form with perfect recall where
the terminal nodes are labeled with a state of the world, and an action proﬁle,
e.g, (θ, C, N C). The interpretation is that the agents are playing this game, and
that, at the end of the game, an action proﬁle is determined. Moreover, to be
admissible, the extensive form has to satisfy two properties. First, each player
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controls his own action, that is, each player, at each point in time, has a way
to make sure that his action is going to be the one he wants. We are ruling out
extensive forms in which player 2 can force player 1 to contribute, or in which the
players’ only (trivial) choice is to contribute. Second, each player knows what
action he is choosing. That is, there can be information sets in the extensive form,
but it cannot be the case that there is a move in an information set which, at one
node in the information set, makes him contribute, but in a diﬀerent node in that
information set that same move makes him not contribute.
If we had to solve for the optimal mechanism by optimizing over the communication possibilities in all extensive forms, the problem would be intractable.
However, building on the ideas of Myerson [17], and Gershkov and Szentes
[12] (see also the related and independent work by Salcedo [21]), we show that
there exists a canonical extensive form. That is, an extensive form that satisﬁes
the aforementioned properties, and that implements any distribution over outcomes that can be implemented by an extensive form in this class. In this canonical extensive form, each player moves exactly once, and when he does he can
choose amongst any of his actions. The principal contacts players sequentially,
and privately recommends them what action to take. These recommendations
might depend on the state of the world, the actions recommended to others, and
the actions other players have already chosen. The principal does not reveal to
the players the order in which they are being contacted, nor the actions players
moving before them have selected. However, the players know the mechanism
being used by the principal, and calculate their beliefs using it.
With this result in hand, we can reformulate the problem of the principal
as that of choosing, as a function of the state of the world, an order in which
to contact the players, a distribution of action recommendations for the ﬁrst
(red) player, and a distribution of action recommendations for the second (blue)
player, conditional, also, on the recommendation received and the action taken
by the ﬁrst player.
It turns out that in this example, since everything is symmetric, the best the
principal can do is contact each player ﬁrst with probability 12 , independently of
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the state of the world. With probability π θ (C), that player is asked to contribute
when the state is θ. The player who is contacted second is recommended to play
C with probability π θ (C|a1R , a1C ), where (a1R , a1C ) denote the recommendation
received, and the action taken by the ﬁrst player. Hence, if player i is asked to
contribute, he ﬁnds it optimal to do so if, and only if,
1
1
pθ ( π θ (C) + (π θ (C)π θ (C|C, C) + (1 ´ π θ (C))π θ (C|N C, N C)))(vθ ´ c)
2
2
θPtL,Hu
ÿ
1
1
ě
pθ ( π θ (C)π θ (C|C, N C) + π θ (C)π θ (C|C, C))vθ
2
2
θPtL,Hu
ÿ

As before, we can choose π θ (C|C, N C) = 0 to maximize the punishment to the
player that moves ﬁrst. Consider a mechanism that has the ﬁrst mover contribute with probability 1 if the state is L, and has the second mover contribute
with probability 1, regardless of the state of the world. For this to be incentive
compatible we need:
1 ´ π H (C) ě

2c ´ E[v]
cp

If the right hand side is negative, then we can set π H (C) = 1, and if the RHS
is positive, we set π H (C) to solve that expression for equality. Since this is the
highest contribution level that the principal can obtain as a PBE of the canonical
extensive form, our result implies that this is the highest contribution level that
she can obtain when using any of the admissible extensive forms. In Appendix
A, we show that this is the number of contributions implemented by the multiple
stage mechanism, as the number of stages goes to inﬁnity.

1.1

Related Literature

The two papers closest to our work are Gershkov and Szentes [12] and Salcedo
[21]. To the best of our knowledge, Gershkov and Szentes [12] are the ﬁrst to
consider a communication protocol that in their application leads them to de-
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rive the canonical extensive form.3 They analyze a binary voting model where
(ex-ante symmetric) agents can acquire information about the underlying state
of the world, and they have to be incentivized to do so. They show that it is without loss of generality to consider protocols in which agents are not told when
they are being called to acquire information, and they are called to move only
if they have to acquire information. Our results make transparent what is the
class of communication protocols that can be accommodated by the canonical
extensive form. Salcedo [21] tackles a related problem from the point of view of
complete information. That is, he starts from a game without payoﬀ uncertainty,
and uses correlated equilibrium as a benchmark. He proposes an equilibrium
notion, interdependent choice equilibrium (ICE). He shows that a distribution
over actions is an ICE if, and only if, it is a Nash equilibrium for some extensive
form in a (strict) subset of our admissible set. Since we are interested in information design, we start from a game with payoﬀ uncertainty, and use BCE as our
benchmark. Moreover, our focus is on understanding what is the largest class of
mechanisms a principal can oﬀer to the agents so that, without loss of generality,
she can restrict her choice to the canonical extensive forms. In that regard, our
results can be seen as a version of the revelation principle for se ings in which
the principal can structure the release of information and the timing at which
agents take their actions. A consequence of the results in both papers is that,
under complete information, if a distribution over actions is implementable as
a PBE of the canonical extensive form, then it is an ICE.4
Another related paper is Peters [19]. In a competing mechanisms game, Peters characterizes the distributions over outcomes an outside observer can expect when he does not know the extensive form the agents are playing, but he
knows the extensive form is regular. The diﬀerence between regular and admissible extensive forms is that, in the former, any given player, say, i, can guarantee
that, for any strategy of his opponents, he has a strategy that (i) allows him to
3

Bognar et al. [5] also highlight the beneﬁt of having agents move sequentially, as opposed
to simultaneously, in a voting game.
4
More recently, Gallice and Monzon [11] consider a the beneﬁts of using a sequential move
protocol in a public good game. Contrary to Gershkov and Szentes, Salcedo, and our work, their
protocol allows later movers to observe the contribution choices of earlier movers.
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reach an information set from which he can commit to any of his actions in the
base game, and (ii) conditional on reaching that information set, the distribution over others’ actions player i faces does not depend of his choice of action
at that information set. Admissible extensive forms don’t require that (ii) holds.
When players don’t have private information, Peters’ result implies that the set
of distributions consistent with play of a regular extensive form is the set of correlated equilibria, while the set of distributions consistent with the play of an
admissible extensive form is larger than the set of correlated equilibria.
More generally, our paper relates to the literatures of communication equilibria, persuasion, asynchronous and revision games, endogenous commitment in
games, and normal form representation of extensive form games. Within the
literature on communication equilibria, Myerson [17] characterizes the set of correlated equilibria (Aumann [1, 2]) as the set of distributions over actions that are
generated by a communication protocol in which the players and the mediator
exchange cheap talk messages ﬁrst, and then, when all communication is done,
simultaneously commit to their actions. Our contribution is to characterize the
equilibrium distributions that arise from more general communication protocols
in which agents can commit to their actions at diﬀerent points during the process.5 Since correlated equilibria can always be implemented by our canonical
extensive form, our result, when there is a unique underlying state of the world,
strictly generalizes correlated equilibrium. Similarly, when there is uncertainty
about the underlying state of the world, our paper can be seen as a contribution to the literature on Bayes’ correlated equilibrium (Bergemann and Morris
[4]). Our contribution to the literature on persuasion (Kamenica and Gen kow
[14], Ely, Kamenica, and Frankel [9], Ely [10]) is to identify an additional tool to
incentivize agents, which is useful even in the absence of uncertainty about an
underlying state of the world: communication with players who still have not
commi ed to their actions can be used as an incentive for players who are now
choosing what action to commit to. As in the literature on asynchronicity in games
5

In light of our results, another way of interpreting correlated equilibria is as the set of distribution over action proﬁles that arise in a communication protocol where agents do not necessarily commit to their actions simultaneously, but the mediator cannot communicate with agents
conditional on previous commitments.
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(Lagunoﬀ and Matsui [15], Kamada and Kandori [13], Calcagno et al [6]), we exploit the timing at which agents commit to their actions to change the set of equilibrium distribution over actions in a normal form game. However, contrary to
that literature (with the exception of Kamada and Kandori [13]), we exploit the
asynchronicity in the players’ commitments to enlarge, rather than to shrink,
the set of action distributions that can be implemented. There is a literature that
studies the role of commitment in determining the outcomes of a (complete information) base game, by looking at the equilibrium play of a ﬁxed extensive
form, the play of which determines an outcome in the base game. For instance,
Renou [20] and Bade et al. [3] consider two stage extensive form games where,
in the ﬁrst stage, the agents commit to a subset of their action space, and in the
second stage they play the game induced by their reduced action sets (Du a and
Ishii [8] consider an extensive form that is similar in spirit, though much richer
in the set of commitments it allows the players). Caruana and Einav [7] consider
a ﬁnite, multi-stage game, where at each stage agents simultaneously announce
the action they will play in the base game, and pay a switching cost whenever the
announcement diﬀers from the one in the previous stage. There are two main
diﬀerences with this literature. First, even though our construction exploits that
players commit to their actions sequentially, rather than simultaneously, our focus is not on the equilibrium set of a ﬁxed extensive form, but on characterizing
the set of distribution over outcomes that can be induced when one can select
from extensive forms that allow for such commitments. Second, the extensive
forms we allow for are diﬀerent. In the extensive forms of the ﬁrst three papers,
players are allowed to ﬁrst commit to play a subset of their actions in the base
game, and then choose which action to play. In an admissible extensive form,
however, as long as a player has not commi ed to any of her actions in the base
game, all her commitments are still available to her. As we show in Section 4.3,
without this assumption, there are distribution over outcomes that cannot be implemented by the canonical extensive form. We do allow for extensive forms as
in Caruano and Einav; however, in our model, the agents’ payoﬀs only depend
on the outcome of the base game, and not on the sequence of announcements
that led to that outcome. Finally, the paper is related to the literature on normal form representations of extensive form games. In particular, the canonical
16

extensive form is non-playable, as deﬁned in Mailath, Samuelson, and Swinkels
[16].
₂ M
We consider a base game G = xN, tAi uiPN , Θ, p, tui uiPN y, where N = t1, ..., nu is
the set of players, Ai is player i’s (ﬁnite) set of actions, Θ is a ﬁnite set of states of
Ś
the world, p P ∆++ (Θ) is is the prior distribution over Θ, and ui :
Ai ˆ Θ ÞÑ R
iPN

is player i’s payoﬀ as a function of the action proﬁles, and the realized state of
the world.
We deal with ﬁnite extensive forms with outcomes in G, and we denote them
by Γ. To deﬁne Γ formally, we ﬁrst need to introduce some notation.6 Given a
m
Ś
set X, and m P N0 , let X m =
X, with X 0 = tHu. We say y = (x1 , ..., xm ) P X m
i=0

is a sequence of length m, and H is the empty sequence from X. If y P X m , then
|y| = m is the length of y. For m P N0 , y P X m , and n ď m, y n = (x1 , ..., xn ), and
yn = xn . Say y 1 precedes y if y = (y 1 , y|y1 |+1 , ..., y|y| ), or y 1 = H. If y 1 precedes y,
and |y 1 | ă |y|, we denote this by y 1 ă y; if y 1 precedes y, we denote this by y 1 ĺ y.
Ť l
Deﬁnition 2.1. Fix a set X. V Ă
X is a tree if the following hold:
lPN0

1. H P V , and
2. if v P V and v 1 ă v, then v 1 P V .
We are now ready to deﬁne an extensive form. In the deﬁnition below, c refers
to chance. Chance can be nature which, for example, determines the state of the
world, but also the mediator.
Deﬁnition 2.2. An extensive form is given by Γ = xN Ytcu, M, V, tHi uiPN Ytcu , σc , Θˆ
A, γ, ιy, where:
1. Θ Ă M is a set of moves,
Ť l
M is a ﬁnite set of sequences of moves, which satisﬁes:
2. V Ă
lPN0
6

This follows the notation and conventions of Ba igalli, Friedenberg, and Siniscalchi.
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(a) V is a tree,
(b) Dϑ : tv P V : |v| = 1u ÞÑ Θ, one-to-one and onto, and
(c) (@v P V : |v| ą 1)(@l ą 1)vl R Θ.
3. γ : tv P V : (Ev 1 P V )v ă v 1 u ÞÑ Θ ˆ A is the outcome function, where
γ(v) = (θ, a) if, and only if, v1 = θ and γ is onto.
4. ι : V ztv P V : (Ev 1 P V )v ă v 1 u ÞÑ N Y tcu is the player function, and
satisﬁes ι(H) = c,
5. Hi is player i’s information partition; i.e a partition of tv P V : ι(v) = iu.
Each element hi of the partition satisﬁes that if v P Hi , (v, m) P V , then
(v 1 , m) P V for all v 1 P hi .
6. σc speciﬁes for each h P Hc a distribution over tm P M : (Dv P h)(v, m) P
V u, and σc (H)(ϑ´1 (θ)) = pθ .
The extensive forms we consider implement outcomes in the base game; that
is, an outcome of the extensive form is a pair (θ, a). Note that, in the extensive
forms we consider, chance moves ﬁrst and determines the state of the world
according to the prior distribution tpθ u. From now on, Z is used to denote the
set of terminal nodes, that is the set tv P V : (Ev 1 P V )v ă v 1 u.
We consider ﬁnite extensive forms of perfect recall:
Deﬁnition 2.3. An extensive form Γ satisﬁes perfect recall if, for each player i,
and each h, h1 P Hi , if v 1 , w1 P h1 , and v P h is such that (v, mi ) precedes v 1 , then
there exists w P h such that (w, mi ) precedes w1 .
An extensive form is ﬁnite if maxt|v| : v P Zu ă 8.

2.1

Conditions

We consider extensive forms that satisfy the conditions described below. In
Ť
what follows, given any extensive form Γ, for any v P V , we let γ(v) =
tγ(v 1 )u.
v 1 PZ:văv 1

Also, for any v P V , for any i P N , we let γi (v) = projAi γ(v). Finally, for any

18

j P N Y tcu, for any h P Hj , let Mj (h) = tm P M : (Dv P h)(v, m) P V u denote the
set of moves available to player j at information set h.
The ﬁrst condition we ask of the extensive forms is that only player i has moves
in the extensive form that determine his action in the base game:
Condition 1 (No delegation). (@i P N )(@j P (N Y tcu)ztiu)(@h P Hj )(@m P
Mj (h))(@v P h)γi (v) = γi (v, m)
The next condition is a measurability constraint: even if player i does not know
in which node he is at within an information set, if one of his moves allows him
to commit to playing action ai following some node in the information set, then
that move commits him to playing action ai at all nodes of the information set.
Condition 2 (Know your action). (@i P N )(@h P Hi ) : (Dv P h)(Dm P Mi (h)) :
γi (v, m) = ai , then (@v 1 P h) γi (v 1 , m) = ai .
Condition 3 below says that as long as player i hasn’t chosen a move in the
extensive form that commits him to play an action, say ai , in the base game, he
can’t rule out playing any of his actions in the base game. Formally,
Condition 3 (No partial commitments). (@i P N )(@h P Hi ) if |γi (h)| ą 1, then
γi (h) = Ai .
Deﬁnition 2.4. An extensive form Γ is admissible if it satisﬁes Conditions 1, 2,
and 3.

2.2

The canonical extensive form

The canonical extensive form is an extensive form that satisﬁes Conditions 1,
2, 3, and works as follows. Nature moves ﬁrst, and determines the state of the
world. As a function of the state of the world, the mediator selects (possibly at
random) a player, and a recommendation to make to that player. The chosen
player selects which action to commit to. The mediator, observing the action
taken by the ﬁrst player, determines what player to contact next, and what recommendation to send to him. This is repeated until all players have been contacted. The canonical extensive form has the property that players will follow
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their recommendations, on and oﬀ-path.
Formally, the mechanism used by the mediator can be seen as selecting a distribution over the order in which players are contacted, and recommendations
as a function of the state of the world, previous recommendations, and previously taken actions. Let O = to : t1, ..., nu ÞÑ N : o is bijectiveu denote the set
of orders on N . For each θ P Θ, let qθ P ∆(O). For each (possibly empty) subset
N 1 Ă N , for each i R N 1 , let:
1

πiN : Θ ˆ AN 1 ˆ AN 1 ˆ Ai ÞÑ [0, 1]
ÿ
1
(@(θ, aN 1 , âN 1 ))
πiN (ai |θ, aN 1 , âN 1 ) = 1
ai PAi
1

That is πiN (ai |θ, aN 1 , âN 1 ) is the probability that player i is recommended to play
action ai when the state of the world is θ, players in N 1 have already been contacted, recommended to play aN 1 , and actually played âN 1 . Thus, the mechanism
1
used by the mediator can be seen as a choice of tqθ u, tπiN uiRN 1 ĂN .
It is useful to understand players’ incentives in the canonical extensive form.
1
Towards that end, ﬁx such a tqθ u, tπiN uiRN 1 ĂN . For each θ, (ai , a´i ), and âi ‰ ai
deﬁne:

α(ai , a´i |θ) =

ÿ

qθ (o)

n
ź

j´1
Ť

o(l)

l=1

πo(j)

o(j´1)

o(j´1)

(ao(j) |θ, (a)o(1) , (a)o(1) ),

j=1

oPO

to be the probability that, when the state is θ, action proﬁle (ai , a´i ) is recommended -when players obey their recommendations-. Also, deﬁne
o´1
ś(i)

α(ai , a´i |θ, âi ) =

ÿ
oPO

qθ (o)
ˆ

n
ś
j=o´1 (i)+1

j´1
Ť

o(l)

l=1
πo(j)

j=1
j´1
Ť
l=1

o(l)

πo(j)

o(j´1)

o(j´1)

(ao(j) |θ, (a)o(1) , (a)o(1) )
o(j´1)

(ao(j) |θ, (a)o(1) , (ao(1) , ..., âi , ..., ao(j´1) ))

to be the probability that action proﬁle (ai , a´i ) is recommended when all players
but i obey the recommendation, and i plays âi .
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ř ř
Pick i and ai such that θ a´i α(ai , a´i |θ) ą 0. When player i is contacted
by the mediator, he obeys the recommendation to play ai if, for all âi ‰ ai , the
following holds:
ÿ
θPΘ

pθ

ÿ

α(ai , a´i |θ)ui (ai , a´i , θ) ě

a´i PA´i

ÿ

pθ

θPΘ

ÿ

α(ai , a´i |θ, âi )ui (âi , a´i , θ)

a´i PA´i

Note that the only diﬀerence between the above incentive constraints and the
ones in Bergemann and Morris [4] is that, when a player deviates from his recommendation, the mediator can have the players who have not yet moved respond to the deviation by player i. This is why Bayes’ Correlated Equilibria are
always a subset of the distribution over actions implemented by the canonical
extensive form.

2.3

Equilibrium assessments

Our main result shows that a distribution over outcomes in the base game induced by a Perfect Bayesian equilibrium assessment in an extensive form that
satisﬁes conditions 1, 2, and 3 can be implemented by a Perfect Bayesian equilibrium in the canonical extensive form. We deﬁne in this section what we mean
by an assessment and by Perfect Bayesian equilibrium. To do this, the following
piece of notation is useful. Given two information sets h, h1 , say h precedes h1 if
for every v P h, there exists v 1 P h1 such that v ă v 1 . In a slight abuse of notation,
we denote this by h ă h1 .
Ť
Deﬁnition 2.5. A behavioral strategy for player i is a map σi : Hi ÞÑ
∆(Mi (h))
hPHi

such that σi (h) P ∆(Mi (h)).
Deﬁnition 2.6. A belief system is a map µ :

Ť
iPN Ytcu

Ť

Hi ÞÑ
hP

Ť

∆(tv P V :
Hi

iPN Ytcu

v P hu) such that µ(h) P ∆(tv : v P hu).
˚
Given a belief system µ˚ , and a strategy proﬁle σ´i
, the payoﬀ for agent i, at
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information set h P Hi , from following σi is given by:
˚
Ui (σi , σ´i
|h) =

ÿ

ÿ

µ˚ (v|h)

˚
P r(v 1 |σi , σ´i
, v)ui (γ(v 1 )),

tv 1 PZ:văv 1 u

tvPhu

where
1

P r(v |σi , σ´i , v) =

1 |´1
|vź

1
σι(v1k ) (vk+1
)

k=|v|

σi is sequentially rational at h for beliefs µ˚ (|h) if:
˚
˚
|h) ě Ui (σi1 , σ´i
|h)
(@σi1 )Ui (σi , σ´i

Deﬁnition 2.7. An assessment xσ ˚ , µ˚ y is a Perfect Bayesian equilibrium if the following hold:
1. For all i P N , σi˚ is sequentially rational for player i at all informations sets
h P Hi , and

2. µ˚ is determined by Bayes’ rule from σ ˚ , whenever possible, that is:7
ř
ř
(a) For all h P YiPN Hi such that vPh P r(v|σ ˚ ) ą 0, then µ˚ (v|h) = P r(v|σ ˚ )/( vPh P r(v|σ ˚ ))
(b) For all i P N , for all h, h1 P Hi such that h1 is an immediate successor of
ř ř
h, if vPh v1 Ph1 µ˚ (v|h)P r(v 1 |σ ˚ , v) ą 0, then µ˚ (¨|h1 ) is obtained from
µ˚ (¨|h) and σ ˚ applying Bayes’ rule.
₃ R
We now state our main theorem:
Theorem 3.1. Fix an admissible extensive form Γ, and a Perfect Bayesian equilibrium
xσ ˚ , µ˚ y of Γ. Then, there exists a canonical extensive form, and a Perfect Bayesian
equilibrium xσ ˚1 , µ˚1 y of it that implements the same distribution over outcomes in the
base game as xσ ˚ , µ˚ y.
7

Watson [22] calls this minimal consistency.
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The proof of the result is in Appendix B. We provide a sketch in what follows. Say that an extensive form has all commitments available if, whenever
an agent reaches an information set in which he can determine his action in the
base game, he can pick to commit to any of his actions. The proof proceeds in
two steps. The ﬁrst step shows that an admissible Γ can always be transformed
into an extensive form where all commitments are available, and in a way in
which xσ ˚ , µ˚ y (properly adapted to the new extensive form) remains a Perfect
Bayesian equilibrium. The second step shows that the Perfect Bayesian equilibrium of an extensive form that has all commitments available can be mapped
into the canonical extensive form.
Theorem 3.1 says that when characterizing the distribution over outcomes in
the base game that can be sustained by a Perfect Bayesian equilibrium in any
of the admissible extensive forms, it suﬃces to characterize the equilibria of the
canonical extensive form. In that sense, Theorem 3.1 provides an analogue of
the revelation principle for mechanisms that satisfy our conditions.
₄ C
We illustrate that Conditions 1, 2, 3 are necessary for equilibrium distribution
over outcomes of extensive forms to be replicated by the canonical extensive
form. In what follows, since |Θ| = 1, we omit the move by chance at the beginning of the tree.

4.1

An extensive form that fails ‘No delegation’

Example 4.1. Consider the following G,where N = t1, 2u, Ai = tC, Du, and
payoﬀs are as follows:

C
D

C
D
5,5
-10,10
10,-10
0,0

Table 2: Prisoner’s dilemma
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Consider the following extensive form Γ. Edges labeled as actions represent
moves that ﬁx that player’s action in the terminal history to be the one in the
label.
P1
C
P2
C

θ˚

D
P2

D

C

P2
D

C

D

(C )

(C )

(D)

(D)

(C )

(D)

C

D

C

D

C

D

Figure 10: An extensive form that satisﬁes Conditions 2 and 3

The unique subgame perfect Nash equilibrium of this game is illustrated in
blue in Figure 10, and it leads to tC, Cu being played with probability 1. This
only depends on ui (C, C) ą ui (D, D) for i P t1, 2u. Le ing p denote the probability that player 1 moves ﬁrst, the canonical extensive form can implement tC, Cu
with probability 1 only if p(u1 (C, C) ´ u1 (D, D)) ě (1 ´ p)(u1 (D, C) ´ u1 (C, C)),
and (1 ´ p)(u2 (C, C) ´ u2 (D, D)) ě p(u2 (D, C) ´ u2 (C, C)). These conditions are
clearly stronger than ui (C, C) ą ui (D, D) for i P t1, 2u.

4.2

An extensive form that fails ‘Know your own action’

Example 4.2 (Know your action). Consider the following 3-player base game:
A
B

D
10,1,-1
0,-1,1
F

E
2,-2,0
0,-3,-1

A
B

D
E
1,-1,1 1,-3,-1
0.5,1,-1 0,-2,0
G

Table 3: Normal - form game
Consider the following extensive form:
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c
1
2

1
2

P1

P1

m1

A

B

m1

A

P2
D
P3

B

P2
E
P3

D
P3

F
G F
G
   
   
A
A A
A
D  D 
E  E 
F
G F
G

E
P3

F
G F
G
   
   
B
B B
B
D  D 
E  E 
F
G F
G

Figure 11: Extensive form that satisﬁes Conditions 1 and 3
P2
D

E

P3
F
 
a1
D 
F

P3
G

F
 
a1
D 
G

 
a1
E 
F

G
 
a1
E 
G

Figure 12: Subgame starting after moves a1 P tA, Bu
There is a SPNE, depicted in blue in Figure 11, in which player 1 chooses m1 ,
player 2 chooses D, and player 3 mixes with probability 0.5 between F and G.
Oﬀ path, when player 1 chooses A, player 2 chooses D, and player 3 chooses
G. However, player 1 will never follow a recommendation to play B: by using
the move m1 , player 1 can commit to a randomization -induced by the moves of
player 3- that he himself is not willing to carry out.
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P1
m˚

T

c

P2
L

[ 21 ]P2

R

(T )

(T )

L

R

P1 [ 12 ]

P2

P1

L

R

P1
M

M
P1

B

(M )

M

(B ) (M )

L

L

R

B

P2
B

L

(B )

(M )

R

L

P2
R

L

(M ) (B )
R

L

Figure 13: Extensive form that satisﬁes no delegation and know your own action
4.3

An extensive form that fails ‘No partial commitments’

Example 4.3. The following example is from Myerson [18]. Consider the following base game where N = t1, 2u, A1 = tT, M, Bu, and A2 = tL, Ru. Payoﬀs
are as follows:
T
M
B

L
R
2, 2 2, 2
5, 1 0, 0
0, 0 1, 5

Table 4: Base game

Consider the following extensive form that satisﬁes Conditions 1 and 2:
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R
(B )
R

In blue, we depict the unique subgame perfect Nash equilibrium of the game.
However, the distribution over action proﬁles that it implements can’t be implemented in a canonical extensive form. When Player 1 is recommended to play
B, if he deviates, and plays T instead, he can guarantee a payoﬀ of 2, which is
higher than the maximum payoﬀ he can obtain by playing B (1).
₅ C
We study multi-agent information design, where the primitive of the model is
a base game which is deﬁned by the state space, the set of players, the set of
actions available to them, their payoﬀs as a function of the state and the action
proﬁle, and their initial information, as embodied by a common prior over the
state space. In this se ing, Bayes’ correlated equilibria has been used to formalize information design. On the one hand, it captures the set of distributions
an interested principal, who observes the state of the world, could bring about
when designing the release of information about the state of nature. On the other
hand, it captures the set of distributions over actions an outsider could observe
when he knows the previous ingredients, but does not know what additional
information the agents observe before choosing their actions. Under both interpretations, the assumption is that players ﬁrst observe the information, and then
simultaneously choose their actions.
However, in this se ing, for any given player, what others are playing, and
whether or not they have already commi ed to their actions is another source
of uncertainty. Thus, a principal could potentially structure both the release of
information about the state of the world, and the timing of play when thinking
of achieving a certain objective.
In the paper, we study the multi-agent information design problem faced by a
principal who can design, not only the information structure, but also the extensive form faced by the agents. We show that, as long as the principal can choose
among admissible extensive forms, then any distribution over action proﬁles that
she can implement in a Perfect Bayesian equilibrium of one of these extensive
forms, she can also implement in a Perfect Bayesian equilibrium of a canonical
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extensive form. Thus, in the spirit of the revelation principle, we simplify the
problem of ﬁnding the adequate (for the principal’s objective) admissible extensive form to the one of ﬁnding the adequate PBE in the canonical extensive
form.

28

A
A.1

E
Optimal Bayes Correlated Equilibrium

The principal chooses, for each θ, π θ P ∆(A1 ˆ A2 ), to maximize:
2c(pπ H (C, C) + (1 ´ p)π L (C, C))+
c(p(π H (C, N C) + π H (N C, C)) + (1 ´ p)(π L (C, N C) + π L (N C, C)))
Since the environment is symmetric, any incentive compatible (asymmetric) recommendation system tπ θ (a1 , a2 )uθPtH,Lu,ai PtC,N Cu can be made into a symmetric,
θ
θ (N C,C)
and incentive compatible one by se ing π θ1 (C, N C) = π θ1 (N C, C) = π (C,N C)+π
.
2
Hence, from now on we focus on symmetric recommendation devices, and we
denote:
qθ = π θ (C, N C) = π θ (N C, C),
π L = π L (N C, N C).
Note that it has to be the case that π H (N C, N C) = 0, and hence π H (C, C) =
1 ´ 2qH . Note that π L (C, C) = 1 ´ qL ´ π L . With this notation, we can write the
incentive compatibility constraint for contributing as:
p(vH + c)[qH ´

c
(1 ´ πL )c
´ qL )
] ě (1 ´ p)(vL + c)(
c + vH
vL + c

That is, incomplete information implies that, conditional on the state being H,
the probability that either individual contributes on their own is greater than the
same probability under complete information, while the opposite holds when
the state is L.
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Set the following Lagrangian:
L = 2c(p(1 ´ 2qH ) + (1 ´ p)(1 ´ πL ´ 2qL )) + c(p2qH + (1 ´ p)2qL )
+ λ[p(vH + c)[qH ´

c
(1 ´ πL )c
] ´ (1 ´ p)(vL + c)(
´ qL )]
c + vH
vL + c

+ (1 ´ p)ϕL (1 ´ πL ´ 2qL ) + pϕH (1 ´ 2qH ) + pϕH qH + ϕπL πL + ϕqL qL
The ﬁrst order conditions are:
(qH ) : ´2c + λ(vH + c) ´ 2ϕH + ϕH = 0
(qL ) : ´2c + λ(vL + c) ´ 2ϕL + ϕqL = 0
(πL ) : ´2c + λc ´ ϕL + ϕπL = 0
Notice that in all solutions λ ą 0. Otherwise, if λ = 0, we have that qH = qL =
πL = 0. It cannot be that IC holds, a contradiction. Hence, from now on λ ą 0.
Also, it has to be that ϕH = 0. Otherwise, ϕH ą 0 ñ qH = 0, and ϕH = 0. Then,
λ(vH + c) + ϕH = 2c
λ(vL + c) + ϕqL = 2c + 2ϕL
Hence, λ(vH ´ vL ) + ϕH = ϕqL ´ 2ϕL , and since the LHS is strictly positive, then
ϕqL ą 0. Since the IC constraint can’t hold if qL = qH = 0, this is a contradiction.
Hence, from now on ϕH = 0. We focus on solutions in which π L = qL = 0, and
qH ă 21 . In this case, ϕL = 0, and we have:
(qH ) : ´ 2c + λ(vH + c) ´ 2ϕH = 0
(qL ) : ´ 2c + λ(vL + c) + ϕqL = 0
(πL ) : ´ 2c + λc + ϕπL = 0.
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This implies that λvL + ϕqL = ϕπL . Since qL = 0, from the incentive compatibility
constraint we obtain:
qH =

c
p(vH + c)

,
H

which is feasible if, and only if, pvH ´ c ě c(1 ´ p). In that case, take ϕ = 0, ϕ1L =
λ(vH ´ vL ), λ = vH2c+c .

A.2

Optimal 2-stage mechanism.

The two stage mechanism is determined by the following variables. In the ﬁrst
stage, the principal contacts player 1, and asks him to contribute in state θ with
probability π θ (C). In the second stage, in state θ, the principal contacts player
C
2, and asks him to contribute with probability π θ (C|aR
1 , a1 ), when player 1 was
C
recommended action aR
1 , and a1 was his realized action.
For player 1, it is optimal to follow the recommendations if:
pπ H (c)(vH ´ c) + (1 ´ p)π L (C)(vL ´ c) ě pπ H (C|C, N C)vH + (1 ´ p)π L (C|C, N C)vL ,
pπ H (N C)π H (C|N C, N C)vH + (1 ´ p)π L (N C)π L (C|N C, N C)vL ě
pπ H (N C)(vH ´ c) + (1 ´ p)π L (N C)(vL ´ c).
For player 2, if he believes that player 1 follows his recommendation, the mechanism is incentive compatible if:
ÿ
θ

ÿ
θ

pθ

ÿ

π θ (C|a1 , a1 )(vθ ´ c) ě pπ H (C|C, C)vH + (1 ´ p)π L (C|C, C)vL ,

a1

pθ π θ (N C|C, C)vθ ě

ÿ
θ

pθ π θ

ÿ

π θ (N C|a1 , a1 )(vθ ´ c)

a1

Notice that it should always be the case theta: π H (C|N C, N C) = 1, which implies that the incentive constraint for not contributing holds vacuously for both
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players. Moreover, notice that se ing π θ (C|C, N C) = 0 relaxes the incentive
constraint for player 1, without aﬀecting player 2’s incentives, and without reducing total contributions. Finally, notice that π L (C) = 1 = π θ (C|C, C), and
π H (C) = pvpvHH´c , satisﬁes both incentive constraints as long as:
pvH ´ c
(1 ´ p)(c ´ vL )
ě
pvH
p(vH ´ c)

(1)

We now show that as long as equation (1) holds, the above is, in fact, the optimal
two-stage mechanism. To do so, we set up the following Lagrangian:
L=c

ÿ

pθ π θ π θ (C|C) + c(1 ´ p)(π L + (1 ´ π L )π L (C|N C))

θ

+ λ1

ÿ
[θ

+ λ2
+

ÿ

+

ÿ

pθ π θ (vθ ´ c)

p(1 ´ π H )(vH ´ c) + (1 ´ p)(1 ´ π L )π L (C|N C)(vL ´ c)
´c(pπ H π H (C|C) + (1 ´ p)π L π L (C|C))

]

θ

pθ (ϕθ1 π θ + ϕ1 (1 ´ π θ ))

θ
θ,C

pθ π θ (ϕθ,C
π θ (C|C) + ϕ2 (1 ´ π θ (C|C)))
2

θ
L,N C

C L
π (C|N C) + ϕ2
+ (1 ´ π L )(1 ´ p)[ϕL,N
2

(1 ´ π L (C|N C))],

where we use the shorthand notation π θ ” π θ (C), π θ (C|C) ” π θ (C|C, C), and
π L (C|N C) ” π L (C|N C, N C).
The ﬁrst order conditions are:
H,C

´ ϕ2
(π H ) : π H (C|C)(c ´ λ2 c + ϕH,C
2
(π L ) : π L (C|C)(c ´ λ2 c + ϕL,C
´
2

L,C
ϕ2 )

´
´ π L (C|N C)(c ´ λ2 (vL ´ c) + ϕL,C
2

H

H,C

) + (λ1 ´ λ2 )(vH ´ c) + ϕH
´ ϕ1 + ϕ2
1
L,C
+ ϕ2 + c + λ1 (vL
L,C
L,N C
ϕ2 ) ´ ϕ2
=0

θ,C

´ ϕ2 ) = 0, θ P tL, Hu
(π θ (C|C)) : π θ (c ´ λ2 c + ϕθ,C
2
L,C

(π L (C|N C)) : (1 ´ π L )(c ´ λ2 (vL ´ c) + ϕL,C
´ ϕ2 ) = 0.
2
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´ c) + ϕL1 ´

L
ϕ1

=0

We now show that when

pvH ´c
pvH

ě

(1´p)(c´vL )
,
p(vH ´c)

the above mechanism is a solution
H

to the Lagrangian. In order to do so, let λ1 = ϕH
= ϕ1 = 0, since in the suggested
1
H
solution the ﬁrst player’s IC slacks, and π P (0, 1). Note that π H ą 0 implies
H,C
that c ´ λ2 c + ϕH,C
´ ϕ2 = 0. Then, from (π H ), we get:
2
H,C

λ2 (vH ´ c) = ϕ2
H,C

Conjecturing that λ2 ą 0, we get that ϕ2
ing in (π H (C|C)), we obtain that:

λ2 =

.

= 0, and hence π H (C|C) = 1. Replac-

c
ą 0,
vH

which corroborates the conjecture. From the condition for π L (C|C), we get:
π L (c

vH ´ c
L,C
+ ϕL,C
´ ϕ2 ) = 0.
2
vH

L,C

In our solution, π L ą 0, and hence ϕ2 ą 0, which implies π L (C|C) = 1. If
π L ă 1, from the FOC for π L (C|N C), we get:
0=

c
L,C
´ ϕ2 ,
(vH ´ c + vL ) + ϕL,C
2
vH

which implies π L (C|N C) = 1. Replacing in π L , we get:
c(1 ´

vL
L
) + ϕL1 ´ ϕ1 = 0,
vH

and, hence, π L = 1. The solution is feasible if, indeed, the constraint for player
1 is satisﬁed at π H = pvpvHH´c . This is if, and only if, equation (1) holds.
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A.3

Derivation of the T -stage mechanism.

Consider the following extension of the sequential procedure discussed in Section 1. It lasts for T stages. The mediator approaches the players sequentially: in
odd stages, she can contact player 1, while in even stages, she can contact player
2. Each player has to be contacted exactly once. Once a player is contacted, he
chooses whether to contribute or not.
We make two observations. It is without loss of generality to consider mechanisms where (a) if a player is approached before the last stage at which he can
move, he is asked to contribute, and (b) if player i is approached in stage t (i.e.
player i becomes the red player), then player j is approached in t + 1 (i.e., he becomes the blue player, if he hasn’t been already approached). The reason why
(a) is true is that all recommendations to not contribute can be delayed to the
last stage without aﬀecting incentives.
Consider the following recommendation procedure. If 1 ď t ď T ´ 2, then, if
at t ´ 1 a player was contacted, the player on the move at t is asked to contribute
with probability 1 regardless of the state of the world; otherwise, the player on
the move at t is asked to contribute with probability qT ´1´t , unconditional on
the state of the world. For t = T ´ 1, if the player on the move at T ´ 1 has not
yet been contacted, then he is asked to contribute with probability 1 if the state
is L, with probability π if the state is H, in case he is the ﬁrst to move, and he
contributes with probability 1 if he is the second to move. For t = T , if the player
that moves at this stage has not been contacted, then he is asked to contribute
with probability 1. Whenever a player disobeys, if the other player has yet to
move, he is contacted next, and told not to contribute.
Note that conditional on being contacted at stage t ď T ´ 2, the player on
the move at that stage only cares about qT ´1´(t´1) , and qT ´1´t , that is he only
cares about whether or not someone has already contributed, and what is the
probability with which he is being asked to contribute ﬁrst. To see this, note
that, conditional on being contacted in stage t, the player contributes if, and

34

only if, the following hold:
(1 ´ qT ´1´(t´1) )qT ´1´t (p(vH ´ c) + (1 ´ p)(vL ´ c)) ě cqT ´1´(t´1)
If someone has already contributed, which conditional on being contacted at t
can only happen in stage t´1, the player loses c with probability 1 -he is asked to
contribute with probability 1, but the good has already been produced. If until
t no one has contributed, then he obtains the expected value of the good minus
the contribution costs with probability 1.
As in the two-stage mechanism π is chosen so that the stage T incentive constraint binds, and, recursively, qT ´1´(t´1) so that the stage t incentive constraint
binds. Player 1’s incentive constraint always slacks in stage 1 (when he is the
red player).
Conditional on being contacted at stage T , the player on the move at T faces
the same incentive constraint than the blue player in the 2-stage mechanism: he
knows that if the state is L, then the other player has already contributed, and
if the state is H the other player has already contributed with probability π. He
contributes if, and only if,
p(1 ´ π)(vH ´ c) + (1 ´ p)(vL ´ c) ě c(pπ + (1 ´ p)).
Then, as before, se ing π = pvpvHH´c makes this player indiﬀerent between contributing, and not contributing. Having π, we can solve backwards for the highest values of tqT ´1´t u consistent with incentive compatibility. We get:
pπ(vH ´ c) + (1 ´ p)(vL ´ c)
c + pπ(vH ´ c) + (1 ´ p)(vL ´ c)
qt´1 (E[v] ´ c)
(t P t2, ..., T ´ 2u)qt =
c + qt´1 (E[v] ´ c)
q1 =

Under this mechanism, the good is always produced in both states, and both
players contribute when the state is L. Hence, it suﬃces to show that the probability of exactly one player contributing in state H goes down as T increases to
show that adding stages (strictly) beneﬁts the principal.
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Note ﬁrst that, if T = 3, the probability that a single player contributes in H is
(1 ´ q1 )(1 ´ π) ă (1 ´ π), where the la er is the probability that only one player
contributes in the 2-stage mechanism. Hence, the 3-stage mechanism improves
upon the optimal 2-stage mechanism. More generally, the probability that only
Tś
´2
one player contributes when the state is H in the T-stage mechanism is:
(1 ´
t=1

qt )(1 ´ π) ă

Tś
´3

(1 ´ qt )(1 ´ π), where the la er is the probability that only one

t=1

player contributes, when the state is H, in the T ´ 1-stage mechanism. Hence,
the number of contributions collected increases with T .
We now want to calculate, as a function of T , the probability that exactly one
player contributes when the state is H. Manipulation of the above equations
shows that:
T
´2
ź

(1 ´ qt )(1 ´ π) = (1 ´ π)

t=1

(1 ´ q1 )qT ´2
cT ´3
.
q1
(E[v] ´ c)T ´3

Recall that:
q1 (E[v] ´ c)
c + q1 (E[v] ´ c)
q2 (E[v] ´ c)
q1 (E[v] ´ c)2
q3 =
=
.
c + q2 (E[v] ´ c)
c(q1 (E[v] ´ c)) + q1 (E[v] ´ c)2
q2 =

Let d1 = 1, and deﬁne recursively for t P t2, ..., T ´ 2u:
dt = q1 (E[v] ´ c)t´1 + cdt´1 .
Applying the above deﬁnition recursively, we can write:
qT ´2 =

q1 (E[v] ´ c)T ´3
,
dT ´2
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where
dT ´2 = q1

Tÿ
´4

(E[v] ´ c)T ´3´t ct + cT ´3 .

t=0

Consider ﬁrst, the case in which E[v] ´ c ă c. Then, we can write the probability
that exactly one agent contributes as:
(1 ´ q1 )(1 ´ π)cT ´3
=
řT ´4
q1 t=0 (E[v] ´ c)T ´3´t ct + cT ´3

(1 ´ q1 )(1 ´ π)
q1

Tř
´4
t=0

=

( E[v]´c
)T ´3´t + 1
c

(1 ´ q1 )(1 ´ π)
.
T ´4
E[v]´c ř E[v]´c t
q1 c
( c ) +1
t=0

As T Ñ 8, the last term goes to:
(1 ´ q1 )(1 ´ π)
q1

E[v]´c
c
E[v]´c
1´ c

.

+1

Expanding the expressions for π and q1 , one gets that the above equals 1´π H (C)
in the canonical extensive form.
Suppose now that E[v] ´ c ą c. Then, the probability that exactly one player
contributes when the state is H can be wri en as:
(1 ´ q1 )(1 ´ π)cT ´3
q1

řT ´4

T ´3´t ct + cT ´3
t=0 (E[v] ´ c)

=(

c
)T ´3
E[v] ´ c

(1 ´ q1 )(1 ´ π)
q1

Tř
´4
t=0

c
)t
( E[v]´c

+

.

c
( E[v]´c
)T ´3

As T Ñ 8, the second term is bounded, while the ﬁrst term goes to 0. Hence, in
this case, the probability that both agents contribute when the state is H goes to
1.
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B

P

T

₃.₁

Before proving the main theorem, we introduce some notation and deﬁnitions
that are useful in what follows.
An information set h precedes h1 if for all v P h, there exists v 1 P h1 such that
v ă v 1 . We denote this by h ă h1 . Perfect recall implies that for all h, h1 P Hi
either h ă h1 , h1 ă h, or neither hold.
For v P V , we denote by h(v) the information set to which v belongs. As in the
main text, we use Z to denote the terminal nodes, that is the set tv P V : (Ev 1 P
V )v ă v 1 u. Also, for v P Z, let γi (v) = projAi γ(v), that is γi (v) is player i’s action
in the action proﬁle γ(v).
Fix an admissible extensive form, Γ, that is, one that satisﬁes Conditions 1, 2,
and 3, and an equilibrium assessment (σ ˚ , µ˚ ) of Γ. For each i P N , partition the
set of i’s information sets as follows:
Hi = Hi1 Y Hi2 Y Hi3 ,
where
Hi1 = th P Hi : (@v P h)(@m P Mi (h))γi (v) = γi (v, m)u
#
+
γ
(h)
=
A
^
[(Da
P
A
)(Dm
P
h)γ
(v,
m)
=
a
,
v
P
h]
i
i
i
i
i
i
Hi2 = h P Hi :
^[(Da1i P Ai )(@m P h)a1i P γ(v, m) ñ γi (v, m) = Ai
Hi3 = th P Hi : γi (h) = Ai ^ [(@ai P Ai )(Dm P Mi (h))γi (v, m) = ai , v P h]u
Information sets in Hi1 are those in which player i’s moves are cheap talk: they
don’t commit him to any of his actions. Information sets in Hi2 are those in which
player i can commit to some of his actions in the base game, like ai , but he cannot
commit to all of them, like a1i . Those information sets necessarily have a cheap
talk move, that is, a move that allows player i not to commit to any of his actions.
Information sets in Hi3 are those in which player i has the ability to commit to
any of his actions. Note that these information sets may have a cheap talk move

38

- you can think of it as a move that allows player i to pass on the opportunity
of commi ing to any of his actions-, but since the extensive form is ﬁnite, these
information sets always precede another information set in which player i can
commit to any of his actions, and where no cheap talk moves are available.
For h P Hi2 Y Hi3 , if player i has a move that allows him to commit to ai P Ai at
h, then this move is denoted by mai (h).
The proof proceeds in two steps. Step 1 shows that, for any such pair xΓ,
(σ ˚ , µ˚ )y, if there exists i P N such that Hi2 ‰ H, then we can ﬁnd xΓ1 , (σ 1‹ , µ1‹ )y
such that for Γ1 , Hi2 = H, and (σ 1‹ , µ1‹ ) generates the same distribution over
action proﬁles in G that (σ ˚ , µ˚ ) did.8 Step 2 shows that any pair xΓ, (σ ˚ , µ˚ )y
such that (@i P N )Hi2 = H can be embedded in a canonical extensive form.

B.1

Step 1

We begin by making two preliminary observations, which are useful in what
follows:
Observation 1 If h P Hi2 allows to commit player i to ai , but not to a1i P Ai ztai u,
then there exists h1 P Hi , such that h ă h1 , and (@v 1 P h1 ).γi (v 1 ) = Ai
Ť
γi (v) = Ai . Perfect recall,
To see this, note that h P Hi2 implies that γi (h) =
vPh

and know your action imply that for all v P h, γi (v) = Ai . Since a1i P γi (v) for
all v P h, then for each v P h there exists mv P Mi (h) such that a1i P γi (v, mv ).
Noticing that we can always take m P Mi (h) not to depend on v, we have that
there exists m P Mi (h) such that (@v P h)γi (v, m) = Ai . No delegation, and
perfect recall imply that there exists h ă h1 such that γi (h1 ) = Ai .
Observation 2 If h P Hi2 , there exists h P Hi3 such that h ă h.
This follows from Observation 1, and the ﬁniteness of the extensive form.
Fix an admissible Γ, and an equilibrium assessment (σ ˚ , µ˚ ). Take i P N such
8

Step 1 can, of course, be skipped if Γ satisﬁes that (@i P N )Hi2 = H
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that Hi2 ‰ H. Deﬁne
Hi2,ă = th1 P Hi2 : (@h P Hi3 ) : h1 ă h, if h̃ P Hi is such thath1 ă h̃ ă h, then h̃ P Hi1 u,
to be the set of information sets of player i in Hi2 such that, if he chooses not to
commit to one of his actions, his next opportunity to do so allows him to commit
to any of his actions. Fix h1 P Hi2,ă , and let a1i denote the action player i cannot
commit to at h1 . Let m˚h1 be deﬁned by:
m˚h1 P arg

max

tmPM (h1 ):γi (v)=γi (v,m)u

˚
Ui (σim , σ´i
|h1 ),

where
#
σim (h)

=

σi˚ (h) if h ‰ h1
,
δm
otherwise

and
˚
Ui (σim , σ´i
|h1 ) =

ÿ
v 1 Ph1

µ˚ (v 1 |h1 )

ÿ

˚
P r(v|σim , σ´i
, v 1 )ui (γ(v)).

tvPZ:v 1 ăvu

Deﬁne:
Hi3 (h1 ) = th P Hi3 : (@v 1 P h1 )(Dv P h) : (v 1 , m˚h1 ) ĺ v ^ (Eh̃ P Hi3 ) : h1 ă h̃ ă hu,
to be the set of information sets in Hi3 that are immediate successors - amongst
other information sets in Hi3 - of h1 . Also, let
V ă (Hi3 (h1 )) = tv P V : (Dv 1 P h1 )(v 1 , m˚h1 ) ĺ v ^ (Dh P H3 (h1 ))(Dv P h)v ĺ vu,
denote the set of histories that follow (v 1 , m˚h1 ), for some v 1 P h1 , and precede
v P h P Hi3 (h1 ). Finally, let
V ą (Hi3 (h1 )) = tv P V : (Dh P Hi3 (h1 ))(Dv P h)(v, ma1i (h)) ĺ vu,
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denote the histories that follow from h P Hi3 (h1 ), when player i chooses to commit to a1i at h.
For each v P V ă (Hi3 (h1 )), let

λą
1 (v)

=

$
&

H

if v P

% vz(v 1 , m˚1 )
h

if

Ť

t(v 1 , m˚h1 )u

v 1 Ph1
(v 1 , m˚h1 )

,

ăv

and construct
λ1 (v) = (v 1 , ma1i (h1 ), λą
1 (v)),
for each one. Similarly, for each v P V ą (Hi3 (h1 )), le ing v(v) denote the node at
h P Hi2 (h1 ) such that (v(v), ma1i (h)) ĺ v, construct:
λ2 (v) = (λ1 (v(v)), mda1i , vz(v(v), ma1i )),
where the superscript d in mda1 signiﬁes that this will be a dummy move, not a
i
commitment move to play a1i .
We are now ready to deﬁne the transformation Γ1 of Γ. The tree is now given
by:
ď

V1 =V Y
vPV

ď

tλ1 (v)u Y

ă (H 3 (H 1 ))
i
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vPV

ą (H 3 (H 1 ))
i

tλ2 (v)u.

For each v P Z X V ą (Hi3 (h1 )), let γ(λ2 (v)) = γ(v).9
Let Mi1 (h1 ) = Mi (h) Y tma1i (h1 )u. For each v P V ă (Hi3 (h1 )),
1. If ι(v) = j ‰ i, then ι(λ1 (v)) = j, and λ1 (v) = hj (v). Extend µ˚ (¨|hj (v)) so
that µ˚ (λ1 (v)|hj (v)) = 0.
2. If ι(v) = i, and v R h P Hi3 (h1 ), set ι(λ1 (v)) = c, Mc (λ1 (v)) = Mi (v). If
ι(v) = i, and v P Hi3 (h1 ), set ι(λ1 (v)) = c, Mc (λ1 (v)) = tmda1 u.
i

3. If ι(v) = c, then ι(λ1 (v)) = c, and λ1 (v) P hc (v).
We now add the following information sets to Hc . For each v P V ă (Hi3 (h1 )) such
that ι(v) = i, let
hc (λ1 (v)) = tλ1 (ṽ) : ṽ P hi (v)u,
and extend σc so that σc (¨|hc (λ1 (v))) = σi˚ (¨|hi (v)).
For each v P V ą (Hi3 (h1 )),
1. If ι(v) = j ‰ i, then ι(λ2 (v)) = j, λ2 (v) P hj (v), and extend µ˚ (¨|hj (v)) so
that µ˚ (λ2 (v)|hj (v)) = 0.
2. If ι(v) = i, then ι(λ2 (v)) = c, and Mc (λ2 (v)) = Mi (v).
3. If ι(v) = c, then ι(λ2 (v)) = c, and λ2 (v) P hc (v).
As before, we add the following information sets to Hc : for each v P V ą (Hi3 (h1 ))
such that ι(v) = i, let
hc (λ2 (v)) = tλ2 (ṽ) : ṽ P hi (v)u,
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and extend σc so that σc (¨|hc (λ2 (v))) = σi˚ (¨|hi (v)).
We now argue that (σ ˚ , µ˚ ) continues to be an equilibrium assessment of Γ1 ,
where in a slight abuse of notation, we keep the same labels for the assessment,
even though the domain of σi˚ , and of µ˚ have changed.
Note that, for players other than i, their strategy continues to be a best response to σi˚ since their beliefs assign probability 0 to the new nodes in their
information sets. Therefore, we only need to show that player i’s incentives at
h1 have not changed. Indeed, in what follows, we show that the payoﬀ agent i
obtains from playing ma1i (h1 ) coincides with the expected payoﬀ, starting from
h1 , of playing ma1i (h) for h P Hi3 (h1 ) (expectations taken with respect to the probability of reaching h, conditional on being at h1 .) Since σi˚ satisﬁes sequential
rationality, for each h P Hi3 (h1 ), the payoﬀ of playing ma1i (h) at h is bounded
above by the payoﬀ of playing σi˚ (h). Thus, the payoﬀ of playing ma1i (h1 ) at h1 is
bounded above by the payoﬀ of playing m˚h1 . This implies that player i’s incen˚
in
tives have not changed, and hence σi˚ continues to be a best response to σ´i
1
Γ.
We start by showing that:
m˚
h1

Ui (σi

˚
, σ´i
|h1 ) =

ÿ

m˚
h1

P r(h|h1 , σi

˚
˚
, σ´i
)Ui (σi˚ , σ´i
|h),

hPHi3 (h1 )

where
˚
P r(h|h1 , σi m˚h1 , σ´i
)=

ÿ

m˚
h1

P r(v|h1 , σi

˚
, σ´i
)

vPh

=

ÿ
vPh

µ˚ (v 1 (v)|h1 )

|v|´1
ź
k=|v 1 (v)|
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σι(vk ) (vk+1 ),

where v 1 (v) is the element of h1 that precedes v. To see this note that:
m˚
h1

Ui (σi

m˚
h1

ÿ

˚
|h1 ) =
, σ´i

P r(v|σi

˚
, σ´i
)ui (γ(v))

tvPZ:(Dv 1 Ph1 )(v 1 ,m˚
)ăvu
h1

ÿ

ÿ

=

m˚
h1

ÿ

P r(v|σi

˚
, σ´i
, h1 )ui (γ(v))

hPHi3 (h1 )) ṽPh tvPZ:ṽăvu

ÿ

=

ÿ

ÿ

˚

1

µ (v (ṽ)|h )

ÿ

hPHi3 (h1 )

ṽPh

=

1

1

µ (v (ṽ)|h )

|ṽ|´1
ź

σι(ṽk ) (ṽk+1 )

k=|v 1 (ṽ)|
m˚
h1

ÿ

=

˚

σι(ṽk ) (ṽk+1 )

k=|v 1 (ṽ)|

hPHi3 (h1 ) ṽPh tvPZ:ṽăvu

ÿ

|ṽ|´1
ź

1

P r(h|h1 , σi

|v|´1
ź

σι(vk ) (vk+1 )ui (γ(v))

k=|ṽ|

ÿ

|v|´1
ź

σι(vk ) (vk+1 )ui (γ(v))

tvPZ:ṽăvu k=|ṽ|

˚
˚
, σ´i
)Ui (σi˚ , σ´i
|h),

hPHi3 (h1 )

where the second equality follows from noting that tv P Z : (Dv 1 P h1 ) : (v 1 , m˚h1 ) ă
Ť Ť
tv P Z : ṽ ă vu, and the last equality follows from noting that: (i)
vu =
hPHi3 (h1 ) ṽPh
m˚
h1

P r(h|h1 , σi

ř
hPHi3 (h1 )

m˚
h1

˚
) = 1, (ii) if P r(h|h1 , σi
, σ´i
m˚
h1

0, and (iii) if P r(h|h1 , σi

µ˚ (v 1 (ṽ)|h1 )

˚
˚
|h) =
)Ui (σi˚ , σ´i
, σ´i

˚
, σ´i
) ‰ 0 then multiplying and dividing through the
m˚
h1

term corresponding to h by P r(h|h1 , σi
ÿ

m˚
h1

˚
) = 0, then P r(h|h1 , σi
, σ´i

|ṽ|´1
ź

m˚
h1
˚
, σ´i
) k=|v1 (ṽ)|
ṽPh P r(h|h1 , σi

˚
, σ´i
), we get :

ÿ

σι(ṽk ) (ṽk+1 )

|v|´1
ź

˚
σι(vk ) (vk+1 )ui (γ(v)) = Ui (σi˚ , σ´i
|h).

tvPZ:ṽăvu k=|ṽ|

Consider now the strategy for player i, σ̂i , deﬁned as follows:
$
˚
1
3 1
’
’
& σi (h) if h R th u Y Hi (h )
δm˚1
if h = h1
σ̂i (h) =
.
h
’
’
% δm 1 (h)
if h P Hi3 (h1 )
a
i

44

Sequential rationality of σi˚ implies that for all h P Hi3 (h1 ),
˚
˚
|h) ě Ui (σ̂i , σ´i
|h).
Ui (σi˚ , σ´i
m˚
h1

Moreover, since σ̂i only changes σi
m˚
h1

Ui (σi

m˚
h1

ÿ

˚
|h1 ) =
, σ´i

after h1 , we have that:

P r(h|h1 , σi

˚
˚
|h)
)Ui (σi˚ , σ´i
, σ´i

hPHi3 (h1 )
m˚
h1

ÿ

ě

P r(h|h1 , σi

˚
˚
˚
, σ´i
)Ui (σ̂i , σ´i
|h) = Ui (σ̂i , σ´i
|h1 ).

hPHi3 (h1 )

Finally, we show that

Ui (σ̂i , σi˚ |h1 )

ÿ

˚
Ui (σ̂i , σ´i
|h1 ) =

ma1 (h1 )

= Ui (σi

i

, σ´i |h1 ). To see this, note that:

˚
P r(v|σ̂i , σ´i
, h1 )ui (γ(v))

tvPZ:(Dv 1 Ph1 )v 1 ăvu

=

ÿ

ÿ

ÿ

hPHi3 (h1 ) ṽPh tvPZ:ṽăvu

˚
P r(v|σ̂i , σ´i
, h1 )ui (γ(v))


˚

1

1

|ṽ|´1
ś

σι(ṽk ) (ṽk+1 )δma1 (h)
 µ (v (ṽ)|h )δm˚h1
i

k=|v 1 (ṽ)|+1
=
 |v|´1
ś

hPHi3 (h1 ) ṽPh tvPZ:ṽăvu
ˆ
σι(vk ) (vk+1 )ui (γ(v))
ÿ

ÿ

ÿ









k=|ṽ|
|ṽ|´1
ś

˚ 1
1
σι(λ1 (ṽk )) (λ1 (ṽk+1 ))
 µ (v (ṽ)|h )δma1i (h1 )

k=|v 1 (ṽ)|+1
=

|v|´1
ś

3
1
ṽPh
tvPZ:ṽăvu
hPHi (h )
ˆδmd1
σι(λ2 (vk )) (λ2 (vk+1 ))ui (γ(λ2 (v)))

ÿ

ÿ

ÿ

a
i
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k=|ṽ|







=

ÿ

ÿ

ma1 (h1 )

ÿ

P r(λ2 (v)|σi

i

˚
, σ´i
, h1 )ui (γ(λ2 (v))

hPHi3 (h1 ) ṽPh tvPZ:ṽăvu
ma1 (h1 )

ÿ

=

P r(v|σi

i

˚
, σ´i
, h1 )ui (γ(v))

tvPZ:(Dv 1 Ph1 )(v 1 ,ma1 (h1 ))ăvu
i

ma1 (h1 )

= Ui (σi

i

, σ´i |h1 ),

where the fourth, and ﬁfth equalities hold because if v P Z has positive prob˚
ability under σ̂i , σ´i
starting from h1 , then v P V ą (Hi3 (h1 )), and by construction
ma1 (h1 )

˚
P r(v|σ̂i , σ´i
, h1 ) = P r(λ2 (v)|σi

i

˚
, σ´i
, h1 ), and γ(v) = γ(λ2 (v)).

This completes the proof that (σ ˚ , µ˚ ) is an equilibrium assessment of Γ1 . Repeat the same step for each a1i P Ai that player i can’t commit to at h1 , and then
for each h̃ P Hi2,ă zth1 u. In each step, player i will not have any incentive to
change his move from what was originally prescribed by his strategy at h̃. Do
this for each agent j ‰ i, such that Hj2,ă ‰ H. If the ﬁnal extensive form satisﬁes
that (@i)Hi2,ă = H, move to Step 2. Otherwise, repeat Step 1. Since the original
extensive form Γ is ﬁnite, one proceeds to Step 2 in a ﬁnite number of rounds.

B.2

Step 2

Fix a pair xΓ, (σ ˚ , µ˚ )y, where Γ is an admissible extensive form that satisﬁes
(@i P N )Hi2 = H, and (σ ˚ , µ˚ ) is an equilibrium assessment of Γ. The proof of
Step 2 follows the same ideas as the one in Gershkov and Szentes (2009). We
ﬁrst explain the transformations in words, and then we expand on them more
formally.
Modify xΓ, (σ ˚ , µ˚ )y as follows:
i. For each i P N , for each hi P Hi1 , assign that information set to chance, and
extend chance’s moves so that σc (¨|h) = σi˚ (¨|h). This transformation does
not change incentives.10 From now on, we deal with Γ1 where Hi1 = H for
all i P N , that is, for all i P N , Hi3 ” Hi . Denote the new pair xΓ1 , (σ ˚1 , µ˚1 )y.
10

If we started from a sequential equilibrium, then we endow chance with trembles at these
information sets. Here chance represents the mediator, and not nature.
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ii. If at an information set, h P Hi , player i makes a move that does not ﬁx his
action in the base game with probability α, introduce a new information
set for chance hc (h). At hc (h), chance moves, and makes the same (random) move as player i. For every node preceding h, information set h is
reached with probability 1 ´ α, and information set hc (h) is reached with
probability 1 ´ α. Do this for every such h P Hi , and for every player i. Let
xΓ2 , (σ ˚2 , µ˚2 )y denote the new pair, and note that players’ incentives have
been preserved, i.e. the pair implements the same distribution over action
proﬁles in G as xΓ1 , (σ ˚1 , µ˚1 )y.
iii. xΓ2 , (σ ˚2 , µ˚2 )y is transformed so that players use pure strategies. Let xΓ3 , (σ ˚3 , µ˚3 )y
denote the new pair.
iv. The pair obtained in iii. satisﬁes that whenever an agent moves in the extensive form, he commits to an action in the base game G. We now transform xΓ3 , (σ ˚3 , µ˚3 )y by unifying all information sets of player i in which
player i commits to the same action.
Formally, for each i, let Hi4 be deﬁned as follows:
ď

hai i P Hi4 ô (Dai P Ai ) : hai i =

th̃PHi3 :σi˚3 (h̃)=δma

h̃
i

(h) u

Mi (hi ) = Ai
For each i P N , let σi˚4 (¨|hai i ) = δai . If Hiai ” th̃ P Hi3 : σi˚3 (h̃) = δmai (h) u has
positive probability under σ ˚3 , deﬁne for v P hai i :
µ˚4 (v|hai i ) =

P r(v|σ ˚3 )
,
P r(Hiai |σ ˚3 )

whereas if Hiai ‰ H has zero probability under σ ˚3 , deﬁne, for v P hai i :
µ˚4 (v|hai i ) =
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µ˚3 (v|h(v))
,
|Hiai |

where h(v) P Hiai is the information set in which v P hai i belongs in Γ3 .11

The extensive form we obtain after the successive transformations satisﬁes that
along each path of play, each player moves exactly once, and when he does, he
can choose to commit to any of his actions in the base, and he does so. Hence,
the distribution over action proﬁles in the base game G implemented by Γ can
also be implemented in the canonical extensive form.
We now go through items i.-iii. formally. With regards to item i., consider
xΓ1 , (σ ˚1 , µ˚1 )y deﬁned as follows:
(@i P N )Hi1 = Hi3
(@i P N )(@h P Hi1 )ι1 (h) = c ^ Mι(h) (h) = Mi (h)
ď
Hc1 = Hc Y
Hi1
iPN

#
σc1 (h) =

σc (h) if h P Hc
σi˚ (h) if h P Hi1

(@i P N )(@h P Hi3 )σi˚1 (h) = σi˚ (h)
(@i P N )(@h P Hi3 )µ˚1 (|h) = µ˚ (|h)

Remark B.1. If (σ ˚ , µ˚ ) is a sequential equilibrium, we need to endow the meŤ 1
diator with the trembles of the players at h P
Hi , so as to be able to preserve
iPN

agents’ beliefs oﬀ-path.
We now proceed to item ii.. For each i P N , write Hi1 = th P Hi1 : (Dm P
Mi (h))(@v P h)γi (v) = γi (v, m)u Y th P Hi1 : (@m P Mi (h))(@v P h)γi (v) ‰
γi (v, m)u ” Hi3,P Y Hi3,C . Recall that in Γ1 , all information sets of player i are
such that he can commit to any of his actions. Information sets in Hi3,P have
cheap talk moves, that is, moves that allow him to postpone commi ing to one
of his actions, whereas the only thing he can do in an information set in Hi3,C is
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to commit to one of his actions.
Suppose there exists i P N , such that Hi3,P ‰ H. Fix hi P Hi3,P . Recall the
convention that if m P Mi (hi ) is such that for v P hi , γi (v) ‰ γi (v, m) = ai ,
Ť
then we label mai (hi ) ” m. Denote by M ˚ (hi ) = Mi (hi )z
tmai (hi )u. For each
ai PAi

m P Mi (hi ), deﬁne:
Vmą (hi ) = tv 1 P V 1 : (Dv P hi )(v, m) ĺ v 1 u.
We transform V 1 as follows. For each v 1 P Vmą (hi ), let v(v 1 ) P hi be such that
v(v 1 ) ă v 1 . Deﬁne:

λ(v 1 ) =

$
Ť ą
& (v(v 1 ), mi , v 1 zv(v 1 )) if v 1 P
Vma
ai PAi

% (v(v 1 ), m , v 1 zv(v 1 ))
c

i (hi )

(hi )
.

otherwise

Let the new tree be given by:
V 2 = (V 1 z

ď

Vmą (hi )) Y

mPMi (hi )

ď

ď

t(v, mi ), (v, mc )u Y
v1 P

vPhi

Ť

tλ(v 1 )u.
ą (h )
Vm
i

mPMi (hi )

For each v P hi , let ι2 (v) = c, and Mc2 (hi ) = tmi , mc u. For all v P hi , let ι2 (v, mi ) =
Ť
i, h1i =
t(v, mi )u, Mi (h1i ) = Mi (hi )zM ˚ (hi ), and µ˚2 ((v, mi )|h1i ) = µ˚1 (v|hi ).
vPhi

Moreover, for all v P hi , let ι2 (v, mc ) = c, h1c (v, mc ) = t(v, mc )u, Mc (h1c (v, mc )) =
M ˚ (hi ).
Ť
For each v 1 P
Vmą (hi ), let:
mPMi (hi )

ι2 (λ(v 1 )) = ι(v 1 ),
Mι2 (λ(v1 )) (λ(v 1 )) = Mι(v1 ) (v 1 ),
hι2 (λ(v1 )) (λ(v 1 )) = tλ(ṽ) : ṽ P hι(v1 ) (v 1 )u,
1
˚1
1
σι˚2
2 (h(λ(v 1 ))) (|h(λ(v ))) = σι(h(v 1 )) (|h(v )),

µ˚2 (|h(λ(v 1 ))) = µ˚1 (|h(v 1 )).
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Finally, deﬁne:
$
’
&

σi˚1 (mai (hi )|hi )
if m = mi
ai PAi
2
σc (m|hi ) =
.
ř ˚1
’
σi (mai (hi )|hi ) otherwise
% 1´
ř

ai PAi

We have to consider three cases:
σi˚ (mai (hi )|hi )
,
σc˚2 (mi |hi )
˚1
σi (m|hi )
.
1´σc˚2 (mi |hi )

1. σc˚2 (mi |hi ) P (0, 1). Then, let σi˚2 (mai (hi )|h1i ) =
hi , for all m P M ˚ (hi ), let σc˚2 (m|(v, mc )) =

and for all v P

2. σc˚2 (mi |hi ) = 1. Then, σi˚2 (mai (hi )|h1i ) = σi˚ (mai (hi )|hi ), and (@v P hi )σc˚2 (|(v, mc )) P
∆(M ˚ (hi )).
Remark B.2. Note that if we had a sequential equilibrium, then we could pick
(up to a subsequence):
σc˚2 (m|(v, mc )) = lim

kÑ8

σ ˚1,k (m|hi )
ři
σi˚1,k (m1 |hi )

m1 PM ˚ (hi )

where σi˚1,k (m|hi ) are the trembles associated with the sequential equilibrium.
3. σc˚2 (mi |hi ) = 0. Then, let σc˚2 (m|(v, mc )) = σi˚1 (m|hi ) for all v P hi , m P
M ˚ (hi ), and pick σi˚2 (|h1i ) so that it is a best response at h1i to beliefs µ˚2 (|h1i ).
Remark B.3. In the case we were given a sequential equilibrium, we may want
to give the mediator |Ai | moves that lead to player i moving, so that the trembles
associated with player i playing tmai (hi )uai PAi can be replicated.
Note that we have not altered incentives for any agent. Hence, (σ ˚2 , µ˚2 ) constitute an equilibrium assessment of Γ2 .

Repeat this for every h P Hi3,P , and for every i P N . In a slight abuse of notation, let xΓ2 , (σ ˚2 , µ˚2 )y be the resulting extensive form.
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Remark B.4. Note that in Γ2 , for all i P N , Hi3,P = H, and, hence, all hi , h1i P Hi2
satisfy that neither hi ă h1i , nor h1i ă hi .
We now proceed to Step iii., that is, we turn all (possibly mixed) behavioral
strategies of players in σ ˚2 into pure behavioral strategies.
For each i P N , let Hi2,M = thi P Hi2 : |suppσ ˚2 (¨|hi )| ą 1u. Fix hi P Hi2,M , and
as before, let:
Vaąi (hi ) = tv 2 P V 2 : (Dv P h)(v, mai (h)) ĺ v 2 u.
Transform V 2 as follows. For each v 2 P Vaąi (hi ), for each ãi P Ai such that
σi˚2 (mãi (hi )|hi ) ą 0, let:
λ(v 2 ) = (v(v 2 ), ãi , v 2 zv(v 2 )),
where v(v 2 ) P hi is such that v(v 2 ) ă v 2 .
Deﬁne the new tree to be:
V 3 = (V 2 z

ď
ai PAi

ď

Vaąi (hi )) Y

ď

t(v, ai )u Y

vPhi ,mai Psuppσi˚2 (|hi )

v2 P

Ť

ai

ι3 (v) = c,
Mc (hi ) = tai : σi˚2 (mai (hi )|hi ) ą 0u
ι3 (v, ai ) = i,
Mi (v, ai ) =

ď

tmai (hi )u.

ai PAi
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tλãi (v 2 )u.

Vaąi (hi ) mãi Psuppσ ˚2 (|hi )

For each v P hi ,

σc3 (ai |hi ) = σi˚2 (mai (hi )|hi ),

ď

Deﬁne:
h3
i,ãi = YvPhi t(v, ãi )u,
σi˚3 (|h3
i,ãi ) = δma˜i (hi ) ,
˚2
µ˚3 ((v, ãi )|h3
i,a˜i ) = µ (v|hi ).

For each v 2 P

Ť
ai PAi

Vaąi (hi ), let:
ι3 (λãi (v 2 )) = ι2 (v 2 ),

hι3 (λãi (v2 )) (λãi (v 2 )) = tλ(ṽ 2 ) : ṽ 2 P h(v 2 )u
Mι3 (λ(v2 )) (λ(v 2 )) = Mι2 (v2 ) (v 2 )
2
˚2
2
σι˚3
3 (h(λ(v 2 ))) (|hι3 (λ(v 2 )) (λ(v ))) = σι2 (h(v 2 )) (¨|hι(v 2 ) (v )),
#
µ˚2 (v 2 |hι(v2 ) (v 2 )) if v 2 P Vãąi (hi )
µ˚3 (λãi (v 2 )|hι(λ(v2 )) ) =
0
otherwise

Note that player i, after moving at h1i , moves no longer in the game. The beliefs
of other players are speciﬁed so that they assign zero probability to the mediator
recommending ãi , and player i choosing ai ‰ ãi . Thus, for players moving after
i, the modiﬁcation leaves their incentives unchanged, whereas player i was indiﬀerent between all of the moves in suppσi˚2 (¨|hi ), and hence, the new strategy
is still a best response.
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